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2A B S T R A C T
This thesis is concerned with the structural behaviour of 
thin walled plastics pyramids which form a shear resisting medium between 
the upper and lower elements of double layer grids. The several aspects 
of the work are described under separate headings in seven chapters*
In Chapter 1 the various types of construction are discussed 
and the properties of the most important structural plastics materials 
reviewed. Chapters 2 , 3 &nd  ^contain a description of the experimental 
work undertaken on single pyramids and on a roof model consisting of 
sixteen pyramids. The behaviour of pyramids both before and after initial 
buckling is investigated and conclusions are drawn whenever appropriate.
Chapters 5» 6 and 7 are devoted to the theoretical treatment of 
stressed-skin pyramids and comparison of the observed quantities with those 
obtained from calculations. The theoretical part is of a fundamental 
nature and constitutes the author's own and original contribution. The 
stress distribution is determined by superimposing on the stresses existing 
in an infinite pyramid a linear combination of corrective solutions, each 
satisfying the boundary conditions at the inclined edges of the pyramid 
walls. By this means any type of simple or mixed boundary conditions at 
the base and cap can be satisfied. The displacements are derived by 
introducing displacement functions from which both the stress and displace­
ment components can be determined.
A finite difference approach is used for calculating buckling 
loads, while the ultimate load-carrying capacity is assessed by modifying
3 the known semi-empirical formulae for rectangular plates.
The theoretical part includes computer programs, which are 
fessential for the understanding of the numerical analysis. The results 
for typical cases are reproduced in Appendices A and B.
Design aspects and practical considerations have been taken 
into account throughout the work. .
' WOBK. SUBMITTED FOR PUBLICATION
In the course of this research and as an outcome of it the 
author prepared tv/o papers which have been published. (Refs.13 and 1*0.
The first paper was v/ritten jointly with R. C; Gilkie, the author being 
responsible for the part dealing with square based pyramids and his co- 
author for the part describing the use of hexagonal pyramids in barrel 
vaults; The second paper was entirely written by the author and summarised 
most of the work described in this thesis.
Both papers are submitted as part of this research, reference 
to them being made in the text.
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6C H A P T E R  1
GENERAL CONSIDERATIONS
1.1 Introduction
Standardised methods of construction are becoming increasingly 
necessary for economic reasons. Whereas a specially made roof structure 
was immediately thought of even a decade ago, there has been considerable 
recent development of studies which depend on mass-produced elements 
capable of assembly at will into various configurations. Into this field 
come double layer structures of various forms, including space grids and 
sandwich panels, where it is logical from the production aspect to use 
standardised components.
Double layer skeletal space grids may be defined as structures 
composed of discrete members and consisting of an upper and lov/er network, 
generally parallel to each other, and of an intervening webbing which 
connects the two layers and ensures that they act conjointly. In one of 
the more commonly used types the webbing members are so arranged that 
they form an assembly of closely packed skeletal pyramids which are inter­
connected at their bases and linked together in at least two directions 
at apex level. In sandwich panels, on the other hand, the upper and lower 
layers are formed by continuous membranes attached to a separating core, 
which may be either of a light-weight material, such as expanded poly­
urethane, or of multi-walled construction in metal, plastic or even 
resinated paper.
The difference between space grids and panels of sandwich 
construction is one of form and scale rather than essence. Both types of
7construction are suitable for transverse loads, can span in two directions 
and allow a high span to depth ratio to be achieved. In common with other 
double layer forms the upper and lower layers of these structures resist 
mainly bending moments while the webbing transfers shearing forces.
Between the two extremes, that is, between skeletal grids and 
structural sandv/iches, there is a wide range of intermediate forms. This 
thesis is exclusively concerned v/ith the case when the shear resisting 
medium between the two layers is provided by thin walled plastics pyramids.
Although any polygonal figure may be chosen as the base of a 
pyramid, considerable simplifications are achieved if only regular 
polygons are used. As the pyramids must normally be interconnected so 
as not to leave gaps over the covered area, there are good reasons for' 
restricting the choice to an equilateral triangle, a square and a hexagon. 
Bearing in mind that most areas covered by double layer grids are of a 
rectangular outline, the majority of detailed considerations will be made 
applicable to square-based pyramids, although many general conclusions 
will be equally valid for the other two types.
1.2 Double layer structures
V/ith the development of digital computers and introduction of 
matrix methods of structural analysis, the calculation of forces and 
displacements in a double layer grid has been reduced to almost a routine 
task. In fact the amount of information and the exactness of numerical 
operations which can be achieved by modern methods of analysis of skeletal 
structures seem to be out of proportion to the relative crudeness of the 
initial assumptions. Thus, for example, in a pin-connected, skeletal 
space grid consisting of 15 x 15 = 225 pyramidal units there will be
81800 members and, in the most general case, over 3200 forces and
displacement components.
^ simpler and from the engineering point of view often more
revealing analytical approach can be adopted by assuming that the
structural behaviour of the grid may be approximately represented by
replacing it by an analogous sandwich panel or by a system of intersecting
torsionally flexible beams.
In the latter case it is usual to assume initially that the
webbing of the space grid is infinitely rigid and that the El values of
analogous beams are equal to those of corresponding elementary strips,
each containing one complete row of pyramids.
For square based pyramids the deflected surface may then be
represented by the equation
^  + = J?_5L
Z)X* D y f £ j  U.-U
where to is the deflection due to bending, h is the width of an
elementary strip of the whole structure and y is the intensity of distri­
buted loading. This differential equation can be conveniently solved by 
using a finite difference approach. The author has found that results 
obtained by this method for a grid consisting of 10 x 10 = 100 units 
differed by less than 1# from those computed by the more commonly used 
link-force method (Ref.1). From the deflections u) both the shearing 
forces and bending moments can be determined by differentiation and 
therefrom, by elementary statics, the chord forces and the force compo­
nents P acting at the apex of each pyramid. The latter are shown in 
Fig.12, where also approximate formulae for the reactive forces R are 
given. It may be observed that, although the conditions of equilibrium
9are satisfied, no account has been taken of the elastic properties of 
the diagonals or of the fact that the pyramid bases would generally suffer 
distortion. For this reason the forces in the diagonals so obtained 
should be modified by superposition of the self-equilibrating system of 
forces shown in the right hand side of Fig,12, where the force Q is 
statically indeterminate. Z.S. Makowski (Kef.1, p.77) has proved, 
however, that for a large number of moduli the constituent Q is of little 
consequence for a uniformly distributed load and that the beam analogy 
provides a very good approximation. This conclusion can be extended to 
grids containing stressed-skin pyramidal elements by assuming that the 
effect of the bimoments B1 and B2 in Fig.13 way be neglected.
The total deflection may be obtained by adding to the value of u) 
determined from equation (1.1) the deflection due to shear deformation.
A numerical example of a suitable procedure is given in Chapter 3«
By solving the finite difference equations corresponding to 
(1.1) for a uniformly loaded grid, simply supported at the four edges of 
a square boundary, the following approximate formulae for the maximum 
bending moment and the vertical shear have been obtained
M = 0.077 byl1 S = 0^.3? bqL (1.2)
where L is the span of the grid.
Assuming that the effective depth d is equal to one twentieth 
of the span, a not uncommon ratio, the maximum value of the chord force 
is found to be equal to 1 ,^ k b c jL , about five times as much as the 
maximum vertical shear S. One may conclude that for large values of the 
span to depth ratio I jd , a weaker material could be employed in the webbing
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than in the chords. A good example is a sandwich panel with metal or 
similar facings where, typically, the average density of the core may 
amount to only 2 lb/ft .
The maximum deflection of a double layer grid expressed in 
terms of the span I may be represented by the formula
S - ' l l ( a . l * + b) (1.3)
where for a given set of other relevant parameters, the coefficients <X 
and b are constant and represent respectively the effect of bending and 
shear. It may be seen that as the span I increases the effect of 
deformation of the webbing on the total deflection reduces. This indi­
cates that the use of less rigid materials for the webbing than for the 
chords does not appreciably affect the overall rigidity.
It follows from the above considerations that there is 
structural justification for using plastics (v/hich are generally weaker 
and less rigid than metals) to provide the shear resisting core in 
transversely loaded double layer structures. It will be seen later that 
several constructional and functional advantages can be derived if skeletal 
pyramids are replaced by thin walled plastics pyramids. An’example of 
such a structure may be seen in Fig.11.
1.3 Structural plastics
Although a great variety of plastics materials is available, 
only those with the initial Young’s modulus exceeding about 230 000 lb/in2 
are of practical interest in structural engineering. Pneumatic structures, 
in which a plastics membrane is subjected only to tensile stresses, 
represent a special case when materials which are even less rigid may be 
suitable.
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The high cost of plastics as a raw material precludes their 
use in the form of solid or bulky components. Also their other special 
properties call for new design concepts. Structural forms which, because 
of the high cost of tooling, may be uneconomic for other materials are 
often well suited for plastics. Generally, one would try to avoid 
solutions which rely on the presence of bending stresses in flat and 
curved sheet elements. The configurations which fulfil this requirement 
are classed as stressed-skin structures and they can be divided into two 
groups.
To the first group belong domes, hyperbolic paraboloids, barrel 
vaults and other curved surfaces so designed that the prevailing distri­
buted loads give rise mainly to a membrane type of stress.
The second group of stressed-skin structures makes use of three- 
dimensional components comprising sheet elements so arranged as to be 
mainly subjected to force resultants acting in their middle planes. To 
this class belong plastics pyramids used in double layer construction.
Two of the better known thermoplastic materials are polymethyl 
methacrylate commonly known under its trade name of "Perspex” and 
unplasticised PVC. At an ambient temperature of 20°C these materials may 
be expected to withstand an applied tensile stress of over 5000 lb/in2 
almost indefinitely, the apparent Young's modulus reducing from its 
initial value of kOO 000 lb/in2 to about one half of that figure in a 
period of 11 years. Other properties of plastics in v/hich they differ 
from metals are their high coefficient of thermal expansion and a 
pronounced dependence of both the ultimate strength and of the rigidity 
on even moderate variations in the ambient temperature (Ref.2).
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For these reasons thermoplastics, if used on their own, that 
is, without being reinforced by other materials or combined v/ith them, 
are at present suitable only for relatively small spans or in secondary 
structural components.
Of greater importance to a structural engineer are thermosetting 
resins, mainly because of their ability to be easily combined v/ith 
reinforcing fibres. In the resulting composite material many of the 
disadvantages of thermoplastics are alleviated, while such a unique com­
bination of properties in a single material as light weight, resistance to 
corrosion, low thermal conductivity, ease of moulding and, if required, 
translucency is retained.
The best known of these materials is glass-fibre reinforced 
polyester resin, commonly known under its abbreviated name GRP. It 
derives its strength mainly from the reinforcing fibres, the resin serving 
principally as a matrix holding these fibres in place and protecting them 
from damage.
The diameter of glass filaments normally used is about O.OO^ f in 
and in order to facilitate handling, single filaments are bundled together 
into strands which in turn are formed into unidirectional rovings and 
fabrics. The ultimate tensile strength of a single glass filament is 
about 500 000 lb/in2 and that of a strand about 250 000 lb/in2 • The 
ultimate strength of the composite material depends on the type of re­
inforcement used and on the resin-glass ratio. With a unidirectional 
reinforcement a figure of 125 000 lb/in2 in tension can be achieved.
Chopped strand mat is the most popular type of reinforcement 
for structural building components. It consists of strands of about 2 in
13
length and random orientation, bonded together into a loose mat. In 
addition to being relatively cheap, it has the advantage of imparting to 
the laminate a uniform strength in every direction. The resin-glass ratio 
in GRP components, reinforced with a chopped strand mat, is usually 
2 to 1 by weight which corresponds to a volumetric ratio 4.18 to 1 and 
gives a specific gravity for the composite material of about 1*5 .
Some of the mechanical properties of plastics are compared with 
those of traditional materials in Table 1. Although there is a vast 
literature on the theoretical properties of GRP laminates reinforced by 
orthotropic fabrics (Ref.3 and k), surprisingly little has been written 
in this respect on the subject of chopped strand mats and it may be 
appropriate here to mention some aspects of their use.
If a laminate is subjected to unidirectional tension, the 
stresses in the glass fibres will depend upon their orientation. The 
fibres parallel to the direction of the applied tension will be subjected 
to a maximum elongation while the fibres at right angles to that direction 
will shorten, the amount of contraction depending on the Poisson's ratio 
of the laminate. Denoting by the stress in a glass fibre, and with 
(Tgm representing its maximum value and v the Poisson’s ratio of the 
laminate, the condition of strain compatibility, illustrated by Fig.1, 
gives
<5** Vym (c o ^ c f  -  sin'cp) * (1.*0
where ip is the angle between the direction of the applied tension and 
a given fibre.
Since the fibres In a chopped strand mat have a random
1*f
orientation, the converted average thickness of glass reinforcement 
parallel to any direction is t j / u r per radian, where represents the 
thickness of a glass sheet having the same weight per unit area as the 
chopped strand mat. The tensile load resisted by glass fibres in a unit 
width of the laminate therefore is
t
J  cr3 cos (p  cL(f (1.5 )
-7T/2.
Substitution of equation (1. 4) into this relation and integration give
Mg = t 3 <rsm (1.6)
For the Poisson's ratio v> = 0.353 this becomes = 0.354 ^  &gm .
Since the average thickness of the laminate for the 2 to 1 resin-glass
ratio is , the theoretical ultimate tensile strength of the
chopped strand laminate for (T^m -  230 000 lb/in2 , when tension- in the
resin is neglected, is given by
P u tt- ° * ^  x 230 000/3 .1 8 = 17 100 lb/in2 (1.7)
The expected value of the Young's modulus of this laminate may be
determined from the formula
. Ej = (0.33^ Ej + *+.18 Er)/5.18 (1.8)
where Ej, E^ and Er are the Young's moduli of the laminate, glass and
6resin respectively. For = 10 x 10 lb/in2 and E^ = **00 000 lb/in2 
this yields E^= 1 010 000 lb/in2 . It may be added that if in this 
laminate glass fibres were replaced by carbon fibres, whose Young's 
modulus could be expected to be of the order of 30 x 10  ^lb/in2 , then 
from formula (1.8) the resulting value of E would be 3 7^0 000 lb/in2 , 
which represents an increase of over 2 30%.
These theoretical values for GRP laminates reinforced with
chopped strand mats have been obtained on the assumption that there 
is no reduction of bond at the interface of the glass and resin and that 
all the reinforcement is fully effective. On the other hand, the contri­
bution of the resin matrix to the ultimate strength has not been taken 
into account.
Numerous tests carried out by various investigators indicate that 
the ultimate strength of such GRP laminates varies between 9 000 lb/in2 
and 16 000 lb/in2 (Ref.3) and mainly depends upon the care and skill with 
which the laminate had been fabricated. With a normal standard of work­
manship a strength of 12 500 lb/in2 can be expected.
Although glass is one of the most chemically inert materials, 
because of the small diameter of filaments, even a minute degree of 
surface corrosion has a significant effect on the strength of glass 
reinforced laminates. A humid corrosive atmosphere also reduces the bond 
between the resin and the fibres. In common with other plastics, but to 
a smaller degree, GRP exhibits the phenomenon of static fatigue, whereby 
its mechanical properties deteriorate with time under loading. It is 
therefore usual to assume that the long term strength of GRP laminates, 
when exposed to weather and continuously loaded, is only about k0% of 
its initial value. With a factor of safety equal to 2, the permissible 
working stress in tension becomes 2500 lb/in2• It is commonly assumed 
that the permissible compressive stress is about *10% higher.
Glass fibre reinforced polyester resin is now generally accepted 
as one of the structural materials of the building industry. It is in 
fact the best known structural plastics material. The ease with which it 
can be moulded into any desired shape and its other properties mentioned
16
earlier make it very suitable for the construction of thin walled 
pyramids.
1.*f Pyramidal forms
A regular point-ended pyramid is fully defined by three 
parameters, which must include the number of its walls n , one linear 
dimension and one angular dimension. The last of these parameters may 
also be expressed as the ratio of two independent linear dimensions. In 
this thesis the length b of one side of the base and the vertex angle £<% 
of the pyramid walls are chosen as the basic linear and angular dimensions.
The parameter n thus defines the topology of the pyramid, the 
angle oC its geometry and the length 6 its size. For a truncated pyramid 
a fourth quantity must be added to describe the degree of truncation and 
it is convenient to express it as the ratio a / b , the dimension a repre­
senting the length of the top edge of the pyramid. - It may be noted that
of the four parameters n } cc; a /b and b , the first three are pure numbers.
Two pyramids are considered geometrically similar if these three parameters 
are exactly the same.
For geometrically similar pyramids, made of materials v/ith the 
same Poisson's ratio \> and loaded in the same way, the in-plane stress 
components, the displacements and the initial buckling loads can be
conveniently expressed by the general formula q = kq , where q denotes
one of these quantities, q* is its dimensionless representation and k is 
the coefficient of proportionality. The values of q* are common to all 
the pyramids of the group and the coefficient k  depends only upon the type 
and magnitude of the applied load P, the base length b , the wall thickness
17
k and the elastic constants of the material. Use of this property will 
be made both in the presentation and interpretation of numerical results. 
Since the Poisson's ratio varies within narrow limits of 0.3 and O .k and 
its effect is generally small, the formula q s kq* is approximately valid 
also when this quantity is different from that assumed in the calculation 
of q', ,
The relationships between various angles in a square based
pyramid are indicated in Fig.4 and their variation v/ith the parameter n.,
(when the angle X between the inclined edges and the pyramid base is equal
to k5°) are shown in Table 2 . The relationship for a cone has been
*
included in the table for purposes of comparison. The last column of the 
table contains the values of the constant C = 2 (JJh* n e t ) which expresses 
in radians the angularity of the pyramid. Thus, for noL=OT one finds C = 0 , 
a case representing a flat plate. -When hoCcd, the angularity C attains its 
maximum value of 20T, which corresponds to a prismatic tube.
It may be seen in Fig.5 that for negative values of C the 
pyramid degenerates into a folded-plate surface comparable to a curved 
surface with a negative Gaussian curvature.
1.3 Typical uses of thin walled plastics pyramids in double
layer grids.
The first known example of the use of thin walled pyramids in 
double layer grids is due to Z.S. Makowski, who designed a roof of 
aluminium pyramids for a special exhibition building in London for the 
1961 Congress of the International Union of Architects. Since then 
similar roof structures have been built using both aluminium and GPP
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pyramids, examples being the aluminium roof over a hotel restaurant in 
Lagos, Nigeria (Ref.5) and a GRP roof in Genoa, Italy (Ref.6).
All these structures were either of type D or E which are 
diagrammatically shown in Fig.7. In the latter method of application no 
other roof covering was used, the pyramids providing not only an essential 
structural part but also space enclosure and, when they were made of GRP, 
light transmission as well. One of the disadvantages of using pyramids 
in structures of this type is the high cost of v/aterproofing the valley 
joints. When the pyramid walls are required to support directly applied 
snow loading, it may be necessary that they are either of sandwich 
construction or are provided with stiffening ribs, so as to be able to 
resist increased bending moments. If a separate non-structural membrane 
is provided (indicated by the dotted line in Fig.7), it could be of 
corrugated PVC or GRP sheets and would normally be translucent. One advan­
tage of such a solution is the lessening of the problem of condensation, 
invariably encountered in all single-skin roof coverings.
There are many other ways in which thin walled pyramids can be 
incorporated in double layer roof structures. The cases shown in Fig.7 
represent only a few typical examples.
Type A is suitable for sandwich panels, 5 to 12 in deep and 
not exceeding 20 ft in span. The upper and lower layers could be formed 
by metal, asbestos, plywood or plastics sheets and would be connected to 
the pyramids by adhesive bonding, riveting or in certain special cases, 
welding. A battery of several pyramids could be produced in a single 
operation, both thermoplastics and GRP being suitable materials.
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Type B in Fig,7 is an example of double-tier construction, 
suitable for larger spans than type A. In addition to a decorative soffit 
with a high standard of finish, a feature common to all pyramidal roof 
structures, this example provides excellent thermal insulation. The same 
effects are achieved by different means in type C.
It may be noticed that in the cases so far considered the 
apex caps of the pyramids are of relatively substantial dimensions. It 
may well be asked if similar results could not be achieved more simply 
by using tv/o sets of intersecting vertical web plates. The obvious 
disadvantages of such solutions lie in the expense and difficulty of 
forming vertical joints at the web plate intersections. By using pyramids 
not only are these disadvantages removed but some additional benefits are 
derived.
Thin walled pyramids can be easily mass-produced, by vacuum- 
forming in the case of thermoplastics and by cold-press moulding when GRP 
is used (Ref.7i p»39). In contrast to construction in metals and timber, 
in which structural components are literally fabricated out of several 
parts, equivalent components in plastics are normally moulded in one 
piece, the latter process being particularly suitable for continuous 
surfaces, uninterrupted by large openings. Thanks to their tapering shape, 
plastics pyramids can be stacked one on top of the other, thus permitting 
savings in storage and transport costs. Whereas in a skeletal construc­
tion at least six discrete members are required for each pyramidal unit 
containing eight complicated end-connections, only one factory made 
component performs the same task when stressed-skin pyramids are employed.
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For large spans it is generally both economically and structurally 
advantageous for the grid chords to be made of metal. Typical connection 
details are shown in Figs.9 and 10. In order to simplify joint details at 
the pyramid apexes and to avoid the appearance of high stresses in these 
areas, the pyramids should always be truncated at the top. If for archi­
tectural reasons only a moderate degree of truncation is desirable, then 
the pyramid walls must be locally thickened in the vicinity of the cap.
1.6 Stress distribution in thin walled pyramids
In order that thin walled pyramids in double layer grids may 
be treated as stressed skin components, it is necessary to ensure that 
bending stresses in the pyramid walls are small in comparison v/ith in­
plane stresses. Even when these walls are initially flat and free of 
lateral loads small local bending may result from in-plane deformations 
(Fig.6) and eccentric connections.
Another source of bending stress is the initial curvature of the 
pyramid walls. This aspect will be treated at some length with the con­
clusion that, as long as the maximum initial deflection does not exceed 
about one tenth of the wall thickness, the assumption of plane stress 
distribution leads to reasonably accurate values of in-plane stress 
components. In the post-buckling range the effect of initial curvatures 
is very small.
For a general assessment of the nature of the problems involved 
it may be useful at this stage to consider the simple case of a grid 
spanning in one direction and shown on the perspective sketch in Fig.13*
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Considering only the horizontal force components H and assuming 
that the lower chords are flexurally rigid, the normal force resultants 
acting at the valleys between two neighbouring pyramids are found to be 
either horizontal or vertical. As may be seen in the bottom right hand 
corner of Fig.13, the former event occurs at the bottom of walls facing 
the horizontal apex loads and the latter when the valley lines are parallel 
to the direction of these forces. If the bottom layer is formed by a 
continuous thin sheet then the whole length of the valley a (Fig.13) may 
be expected to be effective, while in the case of the valley b only the 
portions in the immediate vicinity of the corners will be able to provide 
significant supports to the wall bases.
When the bottom layer is formed by a grid of metal members, as 
indicated in Fig.10, then the intensity of the distributed reactions will 
be generally larger at the pyramid corners than in other portions of the 
base, the degree of variation depending on the flexural rigidity of these 
members. In general, one could say that the boundary conditions at the 
pyramid bases in such a case would be intermediate between those for a 
fully rigid foundation and those for supports at the four corners only.
The situation is further complicated by the possibility of the 
bimoments and B£ modifying the basic solution (Fig.13)« Making use 
of the analogy with a skeletal structure, these bimoments will be 
neglected, as already stated. Considerable redistribution of stresses in 
the pyramids can be expected to occur after initial buckling. One aspect 
of this problem is illustrated by Fig.3.
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1 .7  ffiie existing state of knowledge
Very little information is available concerning the theoretical 
aspects of thin walled pyramids loaded at their apexes and bases only. A 
series of tests was carried out by G.C. V/ong (Ref.8) who used point-ended 
pyramids and performed some experimental work on a one-way grid, in which 
a continuous sheet formed the lower layer. His observations agree with 
the conclusions reached in the preceding section where the stress distri­
bution at the valley joints is discussed.
Reinforced concrete pyramids were investigated by J. Born (Ref.9)i 
who suggested that in-plane stresses in point-ended pyramids could be 
approximated by those existing in similarly loaded infinite pyramids.
Most of the theoretical v/ork described in Chapters 6 and 7 of 
this thesis is consequently of a fundamental nature and represents the 
author’s own contribution to the knowledge available.
From the analogy between skeletal and stressed-skin pyramids
(Fig.3) one may infer that the angle of inclination of the side edges of 
the latter should be about the same as that which is the most suitable for 
the diagonals of a corresponding skeletal space grid. Mainly for this 
reason the angle X in Fig.*f was chosen as for all the pyramids used 
in the experimental work and also in examples of the numerical analysis. 
This,choice seems to result as well in the most visually acceptable 
proportions.
Although numerical results of the analysis are relegated to the
Appendices, they refer to what is probably the most commonly adopted shape
and may thus be of special value in design*
TABLE 1
TYPIC AL PROPERTIES OF SOME BUILDING M ATERIALS
23
M A T E R IA L p s i
111 
8.
&
a t  (Tfr
6 For 
AT2B°G
T y p ic a l T h e rm o p la s t ic Jooo 300 000 d'003% O'0018
GRP Chopped S tra n d  L a m in a te 2500 000 000 o '0028 0 '0006
T im b e r  -  a lo n g  th e  g r a in 1200 1 000 000 o '0012 O'OOOl
S t r u c t u r a l  A L u .m in iu m 16 000 10 000 000 0 '0016 0 '0006
M i l d  5 1fee/ 22 000 30 OOO 000 0 '0007 O'ooos
0V  -W o rk in g  s tre s s  ; £ -  s t r a in , AT-  -tem pe ra tu re  r is e .
F IB R E  E L O N G A T IO N  IN
GRP LAMINATE UNDER. 
U N IF O R M  T E N S IO N  FOR 
PO/SSONs R A T I O  V» = 0 BEFORE BUCKLING,
dy -  cLr cos Q -  cLe sin 6 
ctx = dp sinQ + d& cosQ
U Ail the displace m en t  
components shorn here 
are posit ive
F I G . £
DISPLACEMENT COMPONENTS
AFTER BUCKLING
F I G .  3
FORCE RESULT A NTS AT BASE
DUE TO HO RIZO NTAL LOAD  
-AT THE P Y R A M ID  APEX
oO.
2 k
cosfi = tancL.
TZ t a n  y =  tcui ft
sin 6  ~ fZoosoc
FIG.'f
SQUARE BASE P Y R A M I D
s ^ s e n OL° 0 ° <f° c r T A B L E  Z
Trictngie 3 37-8 63-4 39-Z GEOMETRICAL P R O ­
Squ&re 4 30'0 54-7 54-7 2-03 P E R T I E S  O F REGU­
Hexagon G 2 0 ' / 49 •/ C7-8 1-94
L A R  P Y R A M I D S  
W H E N  14=4-5°
CircLe oo O'O 45'0 90 '0 1-84
C =: 2 ( J T - n o L )
i
i
F I G .  5
E X A M P L E  OF A N T !  -  
P Y / Z A M I  DA L S U R F A C E
FIG. e
WALL D E F O R M A T IO N  IN  A N  
IN F I N I T E .  P Y R A M ID  UNDER 
VERTICAL A P EX  L O A D
25
ROOF PDA N ■ 
T Y P E S  A, B & D
^ y v A 7^7\I/ A. SANDWICH C0N5TR.UC- : '770 A/, L <  10 PL
B. ■ DOUBLE T IE R  . 
UPPER PYRAM IDS  
FILLED WITH FOAM
C. UPPER LAVER OF 
SANDW ICH CONSTRUC­
TION. METAL GRID  
A T  BOTTOM .
D, METAL GRID TOP 
A N D  BOTTOM . NON 
STR U C TU R AL ROOF 
C O V E R I N G .
FIG. 7
E. ~AS T Y P E  D BUT
p y r a m i d s  r e v e r ­
s e d . NON STRUCTU­
RAL ROOF COVERING 
O P T IO N A L ...
TY P IC A L  e x a m p l e s  o r  THE u s e  o f  p l a s t i c s  P YR A M ID S  
IN D O U B L E  LAYER R O O F  S T R U C T U R E S .
26
PI G . 8  
P L A N  S H O W IN G
M e t a l  g r i d
r « Q
F-1 G »
Cruciform MetczL C O N N E C T IO N  O F  M E T A L  G R ID
Connector TO P Y R A M I D  A P E X
MelaL Frame 
bonded to F IG . 10 
Pyramid, CONNECTION A T
P Y R A M ID  B A SE

R.& = a f f  F  bfz F  b l1 
jR.g *• Cl F j +• b F [ ~ b f3 
FLC=  CLFj-bPz -  bP3 
Rp — cuff— bf^  bbf^
V  ^ f s c n ' r '
^ > bY iW E E  ^
I* ' ■ /
fts / A
R G . /£
28
MEMBER. FORCES IN A SKELETAL P YR A M ID  OF SPACE GRID
f l E5ULTA N T FORCES
r> / CTING ON PYRAMID 
to WALLS A T  CAP DUE
TO B IM O M E N T  8 /
-Afe r/sfi, 
BASIC SOLUTION
/ ?  11l - N ,  f h f i ' •
BIMOMENT B, AT BASE
PERSPECTIVE VIEW  SHOWING 
FORCES A C T IN G  A T  p y r a m id  
CAPS [N A  SPACE GRIP SPAN­
N IN G  IN  O N E  D /R E C T I O N
■ ■ ■ ■ ■ \  \ - N £
f ' i - T z l  - T \
I [ Y%
-N% I ~Nz
BIMOMENT Bn AT BASE
CROSS'SECTIONS
TH R O U G H  VALLEYS
a - a  AND b -b
FIG . IS
STRESS R E S U L T A N T S  A T  H O R IZ O N T A L  B O U N D A R IE S  OF
P Y R A M ID  WALLS I N  A D O U B L E  L A Y E R  SPACE GRID
29
C H A P T E R  2
TESTS 01'? GRP PYRAMIDS
2.1 Introduction
A series of tests was undertaken on individual thin walled 
pyramids, with the main object of investigating their behaviour in the 
post-buckling range of vertical and horizontal apex loads. The pyramids 
were of glass-fibre reinforced polyester resin and were produced by contact 
moulding. They had a base size of in by 36 in and less than 0 .0 6 in 
thick walls reinforced by one layer of 2 oz/ft2 chopped strand mat. Accor­
ding to the theoretical considerations in Chapter 7 the initial vertical 
buckling load for such pyramids is very low, only about 100 lb, which is 
less than the smallest load necessary to induce measurable strains. .
• All the pyramids subjected to individual testing came from an 
experimental batch and contained more than the usual proportion of flaws, 
consisting mainly of pin-holes and pockets of entrapped air. The finishing 
coat of polyester resin (gel-coat) was on the outside faces of the pyramid 
walls causing the external surfaces to become slightly concave. This is 
a common occurrence in thin laminates whenever the reinforcement is not 
exactly in the middle plane and the curing shrinkage of the resin-rich 
face is not inhibited by stiffening ribs or other restraints. Since the 
thickness of the gel-coat is independent of the total thickness of the 
laminate, the effect of differential shrinkage of the tv/o faces will be 
more pronounced in thin laminates than in thick ones. It is the author's
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view that GRP laminates used in structural•work should be not less than 
0*1 in thick.
Partly because of these imperfections, some of the experimental 
results could be interpreted only qualitatively. Nevertheless, the tests 
allowed the verification of the formulae given in Chapter 7* from which 
ultimate loads can be predicted. The most important conclusion drawn from 
these tests is that, as long as the inclined edges remain essentially 
straight, the initial curvature of the walls has almost no influence on 
the ultimate load-carrying capacity of pyramids loaded at their apex.
Since it is unlikely that pyramids used in double layer grids will have 
thinner walls or contain more imperfections, it may be inferred that the 
final conclusions are on the safe side and satisfactory for use in design.
2.2 Testing apparatus
■ Full details of the typical GRP pyramid used and the loading 
apparatus are shown in Figs.14 - 16. At the base the pyramid walls were 
bonded to a unidirectionally reinforced square frame of a constant cross- 
section, 1.5 in deep and on the average 0.51 in thick. The corners of 
this frame were bolted to steel cleats, which in turn were clamped to a 
foundation formed of rolled steel joists. As may be seen in Fig.2*f, 
the steel cleats were not sufficiently rigid to provide full restraint 
against horizontal movement of the lower edges of the walls and hence the 
actual support conditions were not consistent with the assumption of a 
state of plane stress existing in the pyramid walls. It may be deduced 
from the force diagram in Fig.2k that a horizontal deformation of the 
support cleats will cause a reduction in the magnitude of the component (fc 
and therefore will induce local bending at the corners of the pyramid base.
For this reason the detail shown in Fig. 16 is structurally not satis­
factory. In order to compensate for the presence of bending, the walls 
should have been strengthened at the junction with the base frame. The 
required strengthening was incorporated at the four corners of pyramids 
Mk B and C (Fig.17)» but not in pyramids Mk A.
The inclined edges of the pyramids were chamfered, the width of 
the chamfer increasing from about 0.5 in at the base to about 2.0 in at 
the top. As may be seen in Figs.'ll and 15, the cap of the pyramid formed 
a regular octagon, A.8 in wide across the flatSj and was sandwiched betv/een 
two 0.25 in thick steel plates. Some form of metal strengthening of this 
kind would seem to be an unavoidable feature in the design of large 
plastics pyramids subjected to concentrated apex forces. The use of metal 
inserts built into the pyramid caps would probably have been more satis­
factory than the adoption of two separate metal plates, which had to be 
bolted to the caps after the pyramids had been fabricated.
Vertical and horizontal apex loads were applied by means of 
hydraulic jacks acting through proving rings, as shown in Fig.1^ -, and 
the behaviour of the pyramids under these loads was investigated mainly 
from the following three aspects.
1. Deformation of the pyramid walls by measuring initial and final 
curvatures.
2. Ultimate strength of the pyramids by tests to destruction and by 
observation of stress variation at the inclined edges.
5. Displacement of the cap in relation to the base.
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Before starting the tests several specimens were cut out of 
one pyramid and tested in tension in an uInstronu testing machine. The 
shape of the specimens is shown in Fig.22, their average thickness being 
0.055 in with a maximum variation of ±9%. By using electrical resistance- 
strain gauges the average value of the Young's modulus E at an intensity 
of loading corresponding to 25% of the ultimate tensile stress was found 
to be 8k0 000 lb/in2 . Most of the specimens failed by rupture at an 
average stress of 9 000 lb/in2 .
2.5 Measurement of curvatures
The curvature of the pyramid walls at various stages of testing 
was measured by a very simple instrument. This consisted of a horizontal 
bar, to which were attached two pointers, k in apart, and a deflection 
gauge. The tip of the plunger of the deflection gauge was exactly at the 
centre of the distance between the ends of the two pointers (Fig.25)» 
Denoting by f  the difference between the deflection gauge readings for a 
flat and a curved surface, the curvature of the latter can be expressed by 
k = y r  = & f / l 2~ I f  i n  *. By using this method of measurement it was found 
possible to determine curvatures with an estimated accuracy of about 
+ 0.002 in*”\  Since M /E I=  Z tf'/h E i for E = 8*f0 000 lb/in2 and h =
0 .0 5 5 in, this curvature corresponds to a bending stress<?- lb/in2 .
Changes of curvatures in vertical planes through the centre lines 
of the walls are shown in Table *f, and those in horizontal planes at 
various sections through the pyramid in Figs.19 and 20. It might be
-1added that the observed maximum initial curvature of the order 0 .0 3 in 
corresponds to a bending stress of 700 lb/in2 in a flat plate bent into 
a cylindrical surface with the same value offe. The observed changes of
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curvature due to applied apex loads were occasionally even higher.
Probably because of the irregularity of the initial configuration of 
the walls and also due to variations in the elastic properties of the 
material, the buckled shape of the vertically loaded pyramids was also 
irregular. There was, however, a noticeable trend for the adjacent areas 
of two neighbouring walls to buckle in opposite directions (Fig.23). At 
high loads this phenomenon was accompanied by visually objectionable 
twisting of the inclined edges. However, as long as the deflected shape 
of all the walls v/as approximately the same, with little or no.rotation 
of the inclined edges, the appearance of the pyramids was far from 
unacceptable, in spite of the presence of large curvatures.
As the result of large initial deflections of the walls, only 
the narrow strips at the inclined edges were in effect carrying the total 
applied load and therefore the variation of curvatures along these edges 
had a greater effect on the ultimate strength of the pyramid than was the 
case nearer to the centre lines of the walls. From the results shown in 
Tables 5 and 6 it may be seen that there was no significant change in the 
curvature of the centre line of the inclined chamfered edges. On the other 
hand, at a distance as close as 0*5 in from the edges of the chamfers 
subjected to compression, the general tendency for the walls to deflect 
into a wave-like form could be detected (Fig.21). It was found by visual 
observation that the central half-lengths of these waves varied between 13 
and 20 in or approximately between 0.3 and 0.7 of the total length of the 
inclined edge. As one could have expected, in the pyramid parts subjected 
mainly to tensile stresses there was a general tendency for the initial 
curvatures to decrease.
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2.4 Stress-measurements and ultimate strength 
Although strain readings were taken at the centre lines of 
the walls and at the inclined edges, only at the latter locations were 
the increments large enough to be meaningful. In view of the low value 
of the Young's modulus of the material and because only approximate 
quantities were sought, "Demec" mechanical strain gauges (Ref.11, p.27) 
v/ere used. With the adopted gauge length of 2.0 in, the estimated accuracy 
of strain readings was 0 .0 05%  corresponding to a stress increment of about 
i  40 lb/in2 . The stations at which the radial stress components were 
determined are shown in Table 7« As it was not possible to measure strains 
in tangential directions, that is, at right angles to the centre lines of 
the inclined chamfered edges, only the values of the combined surface 
stress 0% could be derived by this means. Nevertheless, it is
considered that the quantity <F gives a good indication of the actual 
maximum stress for two reasons. First3.y because, as will be seen from 
the tests on a Perspex model described in Chapter 4, the in-plane stress 
components ^  shorn in Fig.4-7 are small at the inclined edges, and secondly 
because the bending stresses are unlikely to be large when these edges form 
contraflexure lines and remain approximately straight, as has in fact been 
observed.
The combined stresses (T derived by multiplying the radial strains 
by the Young's modulus are shown in Tables 6-8. It may be observed that 
in the case of compression they increase more rapidly than the applied 
loads and are approximately proportional to these loads when the inclined 
edges are subjected to tension. One concludes that the effective width 
of the edge zones decreases with increase of compression but for practical
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purposes does not change when there is tension. Since the stress IF 
represents the sum of the in-plane and bending stresses, it is not 
surprising that its distribution is less uniform when bending is more 
pronounced, that is, for compressed edges. This variation is particularly 
noticeable at the cap and base.
In view of the fact that only the edge zones were effective 
in resisting compression, it was logical to investigate the influence of 
strengthening the pyramids only in these areas. The method adopted is 
illustrated in Fig.17. It was found that the increase in the load carrying 
capacity of the pyramids so strengthened was more than proportional to the 
additional material used. A further insight into the behaviour of thin 
walled pyramids is provided by the results of tests on pyramids Mk B f and 
Cjf , which differed from pyramids Mk B and C by having 13®5 in diameter 
circular•areas cut out from each wall. No significant changes in the 
maximum stress levels were observed as a result of these modifications.
In large pyramids made of opaque materials, for instance of sandwich or 
reinforced concrete construction, it is thus possible to provide circular 
openings for daylight illumination without significantly impairing the 
strength.
A graphical representation of the variation of the maximum 
recorded stress f as a function of the applied vertical apex load is shown 
in Fig.27® By extrapolation of the curves shown by dotted lines it may be 
deduced that at stresses close to the ultimate value of 9000 lb/iriy the 
curves are asymptotic to the lines representing the ultimate loads. It 
may be noticed that these loads compare very well with those determined 
by the use of the formula derived in Chapter 7 and reproduced in the graph.
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2«5 Displacement measurements
In order to be able to predict shear deformation of double 
layer pyramidal grids and its contribution to the total deflection it 
is necessary to know the magnitude of the displacement of the pyramid cap 
in- relation to the base for a given combination of applied loads. In 
skeletal structures this information can easily be derived from the member 
forces and elastic properties of the diagonals. In sheet pyramids the task 
is more difficult since the displacements are influenced by the highly 
complex stress distribution in the whole pyramid. In fact, the amount of 
analytical work involved is so large, as will be seen in Chapter 6, that 
sometimes it may be preferred to determine these displacements by direct 
measurements.
In order to compensate for any movement of the base during tests, 
readings were taken for both the central point on a rigid bar connecting 
two corners of the base and for a point on the cap plate. The difference 
between both readings represents the relative displacement. By means of 
two fixed cathetometers it was found possible to determine displacements 
to the nearest 0.01 mm, as may be seen in Table 3, where they are also 
expressed in inches per 1 lb of the applied apex load.
Although the measured displacements were small and therefore 
considerably influenced by experimental errors, they were sufficiently 
consistent to be used as a basis for calculating the expected deflection 
of the roof model described in the next chapter.
In this context one incidental observation deserves mentioning. 
Before testing the pyramids for horizontal loads it was found necessary
y?
to apply a small vertical apex load so that the whole loading assembly 
at the apex would stay in place. It was noticed that, when subsequently 
the horizontal test load was applied, there occurred some reduction of 
the vertical load, this reduction being caused by a downward displacement 
of the cap. There is only one explanation of this phenomenon, namely, 
that as the result of buckling of the pyramid the wall areas effective in 
compression were smaller than those in tension. Otherwise, the shortening 
of the compressed edges would be the same as the elongation of the edges 
subjected to tension, with the result that the centre of the cap would not 
move vertically.
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C H A P T E R  3
TESTS ON A ROOF MODEL
3.1 Introduction
It was found during the tests described in the preceding chapter
that the actual vertical apex load causing failure of a GRP pyramid
which had no additional reinforcement at the inclined edges (Mark A) was 
1900 lb. From the formulae given in Rig. "12 it may be deduced that a 
horizontally loaded pyramid of similar properties should fail by the 
material being crushed at an inclined edge when the load ratio V/H is 
equal to fZ , that is, v/hen H = 1350 lb. To provide an adequate factor 
of safety the maximum horizontal apex load to which such pyramids would 
be subjected in a double layer grid should not exceed one third of that 
figure, that is, 450 lb.
In the hope that more could be learnt by using pyramids which
were rather too weak than too strong the applied test loads Were taken
to over twice the design load. In particular, fuller information on the 
manner in which the forces in the grid chords are transferred through the 
cap into the pyramid walls was considered to be of practical interest. 
Finally, it was intended to verify an approximate formula for the grid 
deflection, in which the rigidity of the pyramids, is expressed by a single 
parameter equal to the horizontal displacement of the cap when a horizontal 
unit force is applied at the pyramid apex.
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3*2 Hoof model and.loading arrangement
The roof model shown in Figs.28 and 29 consisted of 16 pyramids 
Mk A arranged in two rows to span about 21 ft. The upper and lower 
chords were aluminium sections bolted to the base frames at the top of 
the grid and to the pyramid caps at the bottom. Although these chords 
were the smallest aluminium sections obtainable at that time, they were 
still much too strong for the intended purpose. In the context of the 
tests, however, this fact tended to simplify rather than obscure the 
interpretation of the results. Since a greater part of the total deflec­
tion was induced by shear deformation the role of the pyramids in the roof 
model could hence be discerned more clearly.
Various details of the roof model are shown in Figs.29 and 30 
and its photograph may be seen in Fig.11. In order to ensure that the 
model would not sag v/hen fully loaded it was pre-cambered by shortening 
each 3 .0 ft length of the bottom chords between the panel points by about 
0,13 in. For this reason the actual span was approximately 0.1 ft shorter 
than the theoretical one.
Test loads were applied at the corners of the pyramids of the 
grid by means of stranded wires supporting loading trays made of "Dexion” 
slotted steel angles (Fig.31). These trays were loaded with ordinary 
building bricks to provide approximately uniformly distributed loads of 
average intensities of 10, 15 and 20 lb/ft2 over the whole area of the 
roof. A test was also made with loads applied only at central upper joints 
of the roof. Full information on the loading cases is given in Fig»3A 
where the symbol P indicates the loads on each of the two 3*0 ft wide 
strips.
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The loading trays were arranged to rest on a grillage of steel 
girders supported by four hydraulic jacks. These could be raised or 
lowered, special care being taken to ensure that all the stranded wires 
supporting the loading trays were slack before releasing the jacks and 
thus loading the structure. The loading arrangement is diagrammatically 
represented in Figs.28 and 29 arid may also be seen in Fig.26.
As the Young’s modulus of the specimen shown in Fig.22 had 
been determined one hour after applying the load, the same time interval 
was allowed in taking the strain and deflection readings for the roof 
model. In this v/ay the interpretation of experimental results was not 
obscured by the effects of creep.
3.3 Deflection of the roof model
Since the structure spanned in one direction only and was 
subjected in effect to transverse line loads of a uniform intensity, the 
chord forces can be considered as statically determinate quantities.
These forces are shown in Fig.31 for the four loading cases adopted. In 
calculating the deformation of the upper chord it was assumed that the 
aluminium sections acted jointly v/ith the GRP edgings only over the J>0 in 
distance between the end fixings of each pyramid. The assumed values of 
the quantity AE, where A is the effective cross-sectional area of the 
lower and upper chords, are given in Fig.3*+.
The calculation of the theoretical deflection at the centre of 
the roof span is in two parts. First the deflection cT*due to elongation 
of the chords is determined and then the deflection cf^ due to distortion 
of the pyramids. In the latter case the horizontal rigidity of the
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pyramids was used as determined experimentally by the tests summarised 
in Table 5* The total deflection S is equal to the sum of the deflections 
S and S . The method of calculation is explained in Figs. 55 anc* 5 ,^ and 
the calculated and observed values are compared in Table 9«
The increments of the angles ct, ft and ftzin Fig.5 5, due to the 
chord elongations may be determined by differentiation. In the case of the 
angle oC, for example, one would obtain
da =~ d a/h —  - a  M/h^ (A £•) a
The elementary rotations of the pyramids due to shear are equal to A/h 
the quantity A representing here the horizontal displacement of the pyramid 
apex in relation to its base (Fig.35)* These rotations will induce elemen­
tary vertical displacements equal to aA/h the total shear deflection 
being expressed by the sum of these quantities over the distance between a 
given point and one of the supports.
The deflections were measured by means of a cathetometer, the 
targets being the lower panel points. Since the structure had two vertical 
planes of symmetry, it should have deflected by an equal amount at four 
points. The results in the bottom row of Table 9 are the average values.
It may be seen that in all cases the deflection caused by the 
distortion of the GRP pyramids constitutes about two thirds of the total 
deflection.. The conclusion is that whenever the maximum deflection of a 
double layer grid is one of the design criteria the shear deformation 
cannot be neglected.
On the whole, the calculated and observed deflections agree well. 
The noticeable discrepancy in Case D, when shearing forces are high, may
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be explained by the presence of more extensive local distortions at the 
pyramid apexes than those which occurred in tests on single pyramids. It 
may be recalled that in the former case only a single bolt was used for 
attaching the 3 in diameter metal plates to the pyramid cap (Fig.30), 
while in the latter case there were four bolts and the metal plates 
covered the cap more fully.
Calculation of the maximum deflection in a double layer grid ■ 
spanning in two directions could follow a similar procedure. For this 
purpose a central row of pyramids running in one direction should be 
selected, the chord forces determined and the known elastic constants for 
the chord members and the distortion rigidity of the pyramids used to 
determine the two constituent deflections cT^ and < t^l,
3A  Stress measurements
Four pyramid walls as shown in Fig.32 were selected for strain 
measurements in two most critically stressed pyramids. The stress 
components in two perpendicular directions were calculated from the 
corresponding strains, which were obtained by using "Tinseley" electrical 
resistance strain gauges, affixed to both faces of the walls at points 
indicated in Fig.37. Poisson's ratio was assumed to be equal to 0.333 
and the value of the Young's modulus was taken as 8^0 000 lb/in2 in tension 
and 10$>higher in compression. One temperature-compensating gauge was used 
for each group of about 20 active gauges. The pyramid walls v/ere assumed 
to be of a constant thickness equal to 0.035 in.
Normal stress components, determined from the strain readings, 
were separated into in-plane and bending stresses. In this form they
5^appear in Fig.37. It may be noted that in the areas, which are not in 
the immediate vicinity of the inclined edges (points 3 and 8 - 11), the 
recorded stresses are relatively low. The same observation applies to 
points 6, 12 and 16, which are on the centre lines of walls and only 6 in 
away from the caps. It may be seen that the middle-plane stresses at all 
these points generally increase at a slower rate than the applied loads, 
while the variation of the bending stresses is more erratic with no easily 
discernible trend. Since the latter are influenced by the initial curva­
ture, the self weight and the buckling, they are not amenable to a simple 
interpretation.
Very high stresses occur at point 1? for Case D, indicating that 
structural failure may be imminent. Since in this case the applied shear 
is at least six times as large as the initial buckling load, these high 
stresses are principally caused by buckling and subsequent rearrangement 
of the stress pattern. It is interesting to observe that, although point 
17 lies on an axis of skew-symraetry and therefore according to the laws 01 
plane stress distribution the two recorded stress components should be of 
the opposite sign, they are in fact both tensile.
An approximate value of the maximum shearing stress at the top 
of the pyramid can be assessed in this case by very simple calculations.
At the very apex the total cross-sectional area of the pyramid is equal to 
8 x 2 .0 x 0 .0 3 5 = 0.38 in2 and with the external shear being equal to 
969 lb the shearing stresses at the axes of skew-syrnmetry would approxi­
mately amount to 2 x 969/0.38 = 2200 lb/in2 . ^his stress, in itself high, 
has been calculated on the assumption of no buckling taking place and the
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stress distribution being the same as in a circular tube subjected to 
a transverse shearing force. When the existence of bending stresses due 
to buckling is considered, a very high value of the maximum combined stress 
could be expected.
The pyramid should therefore have been either strengthened at 
the top by a local thickening of the walls or a larger part of the apex 
truncated. The required strengthening would have also been achieved if 
an additional reinforcement according to Fig.17 was used at the inclined 
corners. If the pyramids Kk C were adopted the span of the roof could 
have been increased safely to up to 60 ft. With a snow load of 15 lb/ft2 
and a self-weight of 5 lb/ft2 these.pyramids would allow a two-way grid 
supported at all four edges only to cover an area of 75 ft by 75 ft.
To counteract the effect of deflection, all roofs using plastics 
pyramids should possess a generous initial camber, which often would also 
be required in similar structures made of materials with greater rigidity 
and lesser creep, to ensure adequate drainage.
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C H A P T E R  k
TESTS ON A PERSPEX MODEL
k,1 Introduction
For the reasons previously explained the GRP pyramids used in ,
the tests described in Chapter 2 were not suitable for an experimental 
determination of critical apex loads or for an investigation of their 
behaviour before the onset of buckling. In order to gain some information 
about these aspects a Perspex model was produced as shown in Figs.3 8 - 
It had 0.125 in thick trapezoidal walls tapering from 30 in at the base to 
6 in at the cap, the angle 2.cc subtended by the side edges being equal to
initially flat, this requirement was only partly satisfied. The average 
weight of the gauged wall was of an intensity 1.6 lb/ft2 . (One half of 
this weight was due to the cables connecting the strain gauges to the 
strain indicators.) In spite of the smallness of this lateral loading the 
resulting deflections were far from negligible. Their maximum value for 
triangular or trapezoidal walls can be approximately assessed by assuming 
it to be equal to the deflection at the centre of a simply supported circu­
lar plate similarly loaded and of the same diameter as that of an inscribed 
circle. Using the formula (Ref.17* p.62)
where u) is the deflection, cp is the intensity of lateral loading and Co 
is the radius of an inscribed circle and substituting V= 0.375i
Although it was desirable that the walls of the model should be
Of.1)
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Cf, = 1.60 cos#/122 = 0.0064 lb/in2 , E = 440 000 lb/in2 and a = 8.66 in, the
value CO = 0.026 in is obtained. It will be seen that this deflection, 
approximately equal to only one fifth of the wall thickness, had a signifi­
cant effect on stress distribution and the magnitude of initial buckling 
loads.
It is considered that allowance should be made for the 
possibility of deflections of about one half of this order being present 
in plastics pyramids of a double layer grid, regardless whether the pyramid 
walls are or are not required to support directly applied lateral loads.
In the first case the walls will be normally of such thickness that the 
ratio Lo/h- 0.1 is likely to represent the upper limit, while in the second 
case deflections of a similar magnitude may arise in thin walls solely due 
to their own weight and small accidentally applied loads. In this respect 
the Perspex model may be considered to exaggerate the effect of the self­
weight.
It was found during the tests on the GRP pyramids that with the 
adopted ratio of the cap and base dimensions, equal to 4 .8 /3 6 .0  = 0 .13 i 
the stresses at the cap were considerably larger than the stresses in other 
parts. This ratio in the Perspex model was therefore increased to 0 .2 .
4.2 Testing apparatus and stress measurements
Vertical and horizontal apex loads were applied by means of 
mechanical jacks (Fig.38). The arrangement and location of electrical 
resistance strain gauges are shown in Figs.43 and 45. Altogether 84 
gauges were used to give three strain components at both faces at each
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of the fourteen stations shown in Fig.45. The strain rosettes were formed 
by using separate gauges instead of standard pre-assembled units which had 
been found less reliable. Although only one temperature compensating 
gauge v/as used for every group of 25 active gauges, it is thought that the 
results obtained are reasonably accurate. In order to minimise the effects 
of self-heating of the dummy gauges, both the initial and final readings 
were, always taken in the same.order. The tests were carried out in very 
good draught-proof conditions with the temperature never falling below 
19*5°C or exceeding 21°C. For this reason the average value of Young’s 
modulus of the Perspex determined at 20°C v/as used for the whole series of 
tests and it v/as not thought necessary to introduce thermal corrections.
The elastic constants of the material were determined by means 
of a beam specimen subjected to pure bending. The set-up of this test is 
shown in Fig.49 and the net readings in Table 10. The recorded strain 
readings have to be multiplied by a factor of 2.00/2.57 = 0.344 in order 
to obtain strains in 10  ^units. The value of E v/as determined in two ways, 
from the observed deflection M l^ /s S l) and from the strain readings
was obtained very simply as the negative value of the average ratio of the 
transverse to longitudinal strains. The elastic constants so determined 
for a load duration of one hour were E = 440 000 lb/in2 and \) = 0.575*
somewhat higher than the values given by Imperial Chemical Industries Ltd. 
(Ref.10).
the two values were found to be very close. Poisson's ratio
$hey agree well with those quoted by A. W. Hendry (Ref.11, p.5)» but are
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Before taking the final readings the. pyramid was left under load 
for one hour, at the end of which time the effect of creep was removed by 
readjusting the loading jack until the correct magnitude of load was indi­
cated on the proving ring. In the course of taking the strain readings, 
which lasted over J>0 minutes, a small reduction of the applied load could 
be noticed. This was caused by stress relaxation. The pyramid v/as allowed 
at least Zk hours to recover from the after-effects of the previous tests 
before re-loading.
The five basic loading cases A - E are shown in Fig,^6. Two 
types of boundary conditions were investigated for each of these cases, one 
with the pyramid rigidly supported along the whole base and the other with 
it resting on four corner pads only. These two conditions are denoted by 
the suffixes 1 and 2 given to the loading designation letters A - E. Since 
only half of one v/all was fully gauged, the various orientations of hori­
zontal load were achieved by rotating the pyramid and the supporting frame 
about a vertical axis, the position of the jack remaining unchanged.
It may be seen from Fig.that the strain components v/ere 
measured at each point in three directions, all of which were either 
parallel or perpendicular to the edges of the wall. It was therefore 
found particularly convenient to determine in the first instance the normal 
stress components acting in these directions. The adopted system of 
notation is shown in Fig.^8. Appropriate formulae (7*18) for converting 
strains into stresses are developed in Chapter 75 while an example of the 
actual calculation is shown in Table 11. Account is taken of the fact that 
strain gauges with a gauge factor of 2 .3 7 v/ere used while the strain
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indicator was calibrated for a gauge factor equal to 2 .0 .
It should be observed that according to Fig.50 at the boundary 
line 6~~(L (Fig. *+7) the in-plane stress component Oq^O and the ratio of the 
bending stresses %/^ =V. The first of these relationships is of fundamen­
tal importance in the theory expounded in Chapters 5 and 6 , while the 
second confirms the previously observed fact that the inclined edges of a 
pyramid loaded at its apex remain approximately straight.
The relatively large bending stress 0^ = 0^ at point D calls for 
an explanation. It can be shown that for a deflected surface defined by 
formula (*f.l) the maximum bending stress at the centre of the plate is 
given by (Ref.17* p.62)
from which by using the same data as previously, IP -  39 lb/in2 . Since 
the considerations that follow will be of an approximate character, it 
may be assumed that the bending stresses at the inclined edges due to 
fixity of the wall are of the same order of magnitude.
As will be explained in Chapter 7 existing bending stresses can 
be expected to increase when the plate is subjected to axial compression, 
the rate of increase depending on the ratio of the actual load to the 
initial buckling load. When this ratio is equal to unity both the deflec­
tions and bending stresses theoretically become infinitely large, but in 
practice it means that these quantities are no longer single valued. 
Returning to Fig.50 and assuming that the critical load = 1*KX) lb 
one finds that the initial bending stresses should be multiplied by the 
factor 1*+00/ (1*100-1200) = 7*0. Therefore the maximum bending stress at
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point D may be expected to be of the order 7*0 x 39 = 270 lb/in2 , v/hile 
the observed value was equal to 0.99V /h b - 320 lb/in2 . In this particular 
case there is a reasonably good agreement between these two values. In 
view of the crudeness of the assumptions on which these calculations are 
based it should not be expected that in other cases they would produce 
other than a very approximate estimate of the magnitude of maximum bending 
stresses.
4.3 Discussion of experimental results
Some of the experimental results shown in Tables 12-17 are 
compared with the corresponding theoretical values in Tables 19 ~ 21 and 
both sets are also graphically represented in Fig,59* In this section only 
general comments on the observed stress distribution will be expressed, 
a fuller discussion on the correlation- between the observed and calculated 
quantities being given in the final parts of Chapters 6 and ?•
The numerical results should be read in conjunction with Fig.43 
which shov/s the location of the gauge points A - 0, and with Figs.46 and 
5 6, which represent the actual and theoretical loading cases respectively. 
In order to obtain the stress components, the tabular values must be 
multiplied by a coefficient m, the value of which is given in the tables 
for each loading case. Thus for the case represented by Table 12 and for 
V = 1600 lb, m  = V/6/7 = 427 and therefore at point F, for example, one 
would obtain0^ = 427(-0.30 + 1*96) = 214 + 880 lb/in2 . In this case the 
maximum compressive stress component in the direction y occurs at the 
inside face and is equal to - 1094 lb/in2 , the corresponding figure for 
the outside face being + 636 lb/in2 , the plus sign denoting tension.
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This illustrative example represents the rather exceptional 
case brought about by buckling of the wall. More generally, bending 
stresses are smaller and, as far as can be ascertained, their signs are 
compatible with the presence of hogging moments at the edges and of sagging 
ones in the middle part of the wall. A general tendency may be observed 
for the maximum bending stresses to increase faster than the applied load, 
especially when these stresses are large. This is particularly obvious in 
the results shown in Table 13 which refers to a vertically loaded pyramid 
supported at four corners of the base (Case A2).
Although Case A1 was intended to represent a similarly loaded 
pyramid supported by a rigid foundation, the latter requirement was not 
fully achieved in practice. Taking as an example the case v/hen V = 1200 lb,, 
the average intensity of the vertical reaction at the base is found to be 
10 lb/in.- The partially fixed mild steel angles, out of which the support­
ing frame was fabricated, will deflect under this load a maximum of about 
0.005 in. Although this is a very small deflection, it can be shown to 
have a significant effect on stress distribution. By considering an 
infinite pyramid, which in other respects is similar to the Perspex model 
investigated, and making use of the data in Table 27* the vertical displace­
ment of the central point at a section corresponding to the base length b 
-  3 0 .0 in can be calculated in the following manner
&Y = 0.10H sin & X IQ.00/(0./25 X 4-4-0 000) = 0. 002. in 
which is less than one half of the amount by which the supposedly rigid 
base may be expected to deflect. Similar calculations performed for the 
same load when the pyramid is supported at four corners of the base
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(Case 132, Table 36) yield -<TV = 0.02b in. It seems that the experimental
results in Table 12 could be approximated by a linear combination of two
theoretical conditions, one for a rigid base and the other when corner 
supports are provided, the actual values of the coefficients of linearity, 
whose sum must be equal to unity, depending upon the interaction between 
the•pyramid and the supporting elements..
The most important conclusion drawn from these considerations 
is that the in-plane rigidity of thin walled pyramids made of plastics can 
be expected to be greater than the bending stiffness of supporting metal 
elements forming the grid chords. An additional strong confirmation of 
this conclusion is furnished by the results for Case D1 shown in Fig.39? 
when the in-plane stress components tfy being tensile, diminish any effect 
of the initial curvature of the wall. Nevertheless, as may be seen, there 
occurs a pronounced reduction of observed reactive stresses Ojj near the 
centre line of the wall, in comparison with the theoretically predicted 
distribution. This discrepancy cannot be explained in any other way, 
except by ascribing it to the deformation of the supporting steel frame.
It may be observed that in all the cases when the gauged wall was
symmetrically loaded, the in-plane stress components Oy at the cap level 
were slightly larger at the centre line than at the side edges, though 
the opposite should have occurred if the pyramid, instead of being 
truncated at the top, was point-ended. This difference in stress distri­
bution at the cap can be ascribed to the presence of a very rigid cap 
assembly, which may be seen in Fig.Al. In consequence of this observation, 
it will be assumed in the analysis, described in Chapter 6 and illustrated
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by graphs in Fig,59i that the cap behaves as a completely undeformable 
element.
By far the most important outcome of the tests summarised in 
Table 12 is the observed sudden change in the pattern of bending stresses 
at- a load of between 1200 lb and 1600 lb. The largest variations occurred 
in the upper part of the wall, v/here there was not only a very considerable 
increase in the absolute values of these stresses but also a reversal of 
their signs. These variations lead to the conclusion that the pyramid 
buckled at a load of about 1**00 lb and that its buckled configuration was 
very different from the initial deflected shape. The important aspect of 
initial buckling of thin walled pyramids is considered more fully in 
Chapter 7? where a method of analysis is developed and numerical results 
are obtained.
• With the completion of tests on the Perspex model the intended 
programme of experimental work was brought to an end. As a concluding 
comment on this part of the research, it may be appropriate to mention that 
many of the conclusions which now seem obvious were not so before the 
commencement of the experimental work. The tests often inspired and 
influenced the theoretical considerations described in the next three 
chapters. In the course of the research it was found appropriate to follow 
the old engineering tradition of allowing mathematical considerations to be 
preceded by experiment and by occasionally following intuition.
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C H A P T E R  5
STRESS DISTRIBUTION IN INFINITE SHEET PYRAMIDS
5.1 Introduction
Before investigating the stress distribution in an infinite 
sheet pyramid, loaded at its apex by concentrated forces and moments, it 
•will be useful to examine first the available formulae for a similarly 
loaded infinite plane wedge. Using the polar coordinate system (P; 0 ) 
shown in Fig.k? and assuming that the concentrated forces H0 and Vc applied 
at the origin 0 , act in the positive directions of the axesx andy and that 
the bending moment M0 is anticlockwise, the stress distribution in an
otherwise unloaded infinite wedge is expressed by (Ref.15i P»328 & 367)
^  iMo oo3 6 _ 2 Ho sin 6 2 Mo sin 26 •
 ^ K i h r K$ h n Kshn2 J (5.1)
^ “0; Zre = (oosZe-cosM).
In these formulae the stress components are considered positive 
if acting in the directions'indicated in Fig.V7, in is the wall thickness 
and the coefficients , K2 and K3 have the values
= Id-bsCnlci'j 'Kz^2a-sin2ciL* = s in H d - ld to s ld . (5.2)
The quantity Id. is measured in radians and represents the angle included 
between the two edges of the wedge. By means of formulae given in Fig.^7 
the polar stress components (Or,ffe , V r&) can be converted to the stress 
components associated with the rectangular coordinate system* (X/{/J‘
Formulae (5«1) may be used to provide a particular solution of 
plane-stress problems encountered in the analysis of triangular and trape­
zoidal plates whose inclined edges are free of external loads. In order
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to obtain the final solution F, satisfying prescribed boundary conditions 
at the loaded edges, this primary solution P should have imposed on it a 
corrective solution C. This procedure may be symbolically expressed by
F = P + C (5.5)
In using the solution P the quantities V0 , H0, and M0 should be 
statically equivalent to the actually applied apex loads. It follows 
that at any horizontal section through the plate the corrective solution C 
is associated with a self equilibrating system of stresses, reducible to 
zero force and zero moment.
O.C. Zienkiewicz (Ref.18, p.25) describes a method whereby the 
corrective solution C = F - P is determined by using a finite difference 
approach. Although this method is straightforward when the boundary 
conditions at the base of a triangular plate are expressed in terms of 
stresses only, it becomes troublesome when displacements are involved. An 
attempt to use this approach to satisfy boundary conditions at the narrow 
end of a trapezoidal plate would lead to the use of a dense finite differ­
ence mesh and a large number of algebraic equations. The method was tried 
by the author (Ref.13t p.166) but has been abandoned in favour of a more 
universal approach.
This consists in expressing the corrective solution C as a linear 
combination of a number of particular solutions each of them satis­
fying the boundary conditions at the inclined edges of the plate.
Thus
F= P-hH. CLkC k (5.4)
where are arbitrary constants that need to be determined for each 
particular case.
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The same reasoning may be extended to square based pyramids.
The primary solution will then represent the case of an infinite pyramid 
loaded at its apex by concentrated forces and moments.
It may be mentioned that, by virtue of Saint-Venant's principle, 
the effect of corrective solutions C ^  is of a very local character in many 
engineering problems, a good example being that of a long, axially loaded 
column. For short columns however, especially hollow ones, and for rela­
tively squat sheet pyramids used in double layer grids, the effect of 
corrective solutions could be extensive and should not be ignored.
For a square based pyramid there are four basic parts of the 
primary solution, classified according to the type of the applied apex 
load. These comprise two force components H and V and two moment compo­
nents M and T, where H is a horizontal force acting in the plane of the 
centre lines of two opposite walls, V is a vertical apex force, M is a 
bending couple acting in the same plane as H, and T is a torque about a 
vertical axis. In the general case of the plane of action of the force H 
and the bending couple H being arbitrary these are resolved into components 
lying in the two planes bisecting opposite walls and the stresses obtained 
by superposition.
The theory of primary and corrective solutions will be based on 
the following assumptions:
1. The pyramid walls are initially flat and remain so
2. They are not loaded laterally
3* The inclined edges of the pyramid are free of external line loads 
The pyramid walls are in a state of plane stress
8 7
It should be observed that an important corollary of the last 
two conditions is that the stress components <r& must vanish at the inclined 
edges of each wall. If it was not so, these stresses could only be balan­
ced either by transverse shears in the adjacent wall or by externally 
applied edge loads, both conditions being in contradiction with the basic 
assumptions.
5»2 Primary solutions with two planes of symmetry
When the stress distribution in a square based pyramid is 
symmetrical with respect to the two vertical planes through the diagonals 
of the base, then all the walls are similarly loaded and there are no 
shearing stresses at the inclined edges.
The most obvious example of such condition is the case of a 
vertically loaded pyramid. This is a very simple case to solve. With the 
notation of Fig.Jf the vertical apex load V is apportioned to each wall 
according to the relation
V = v  =, Vco-ioc (5.5)
0 4 sin £ 4 '/cos 2. oc
where V0 is the central apex load acting in the plane of each infinite
wedge forming one wall of the pyramid. The stress components may now be
determined by means of (5«1)
V COS o( COS &  , ■ rtv t r ' /) f  s  \
^  ZK,hr>VE5sW ' 6 = V r e ~ °  (5.6)
where the angular coordinate 0 is measured from the centre line of each 
wall in an anticlockwise direction, as shown in Fig.57» and the minus sign 
in the first formula indicates that for a downward direction of V the 
stresses <rr are compressive.
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In this case it is possible to determine the displacement
components at the inclined edges by elementary means. Observing that
rcos 9 and using the notation
. _  V cos a  . .
4 K t h r z 5 n z  ^ ' 7)
one obtains
< r n = ^ - c o s zO j s in 29cos~Oj ^ - c o s ^ e  . (5.8)
Since X -y  tan 8 and therefore at any horizontal section through the pyramid 
wall ctx = y  dQ /cos'Q 1 the horizontal displacement of the edge' Q—cL 
with respect to the centre line may be determined as follows
cL oC
£ d x X!SJ ( ffx - ^ ^ y ) d x ^ 2 c f ( s L n z8 - v c o s z6 ) d d -
0 (59)
~ c [ ( l  + v) SitlX COSct -  (1- v) ccJ  .
Observing that the elongation of the inclined boundary between the points
( { , cl) and ( r, cl) is given by
-i- f<rr cLn= d r  = ~ -  CoScL Lnt'B f  £ / r  £
the corresponding vertical displacement may be expressed in the form
£  d y =  l c  Lnr + k (5.10)
where if1 denotes natural logarithm and k is an arbitrary constant 
representing a rigid body translation in the y direction. With the aim 
of obtaining the most simple expressions for the radial and tangential 
displacement components, k = c (U v)sL tlZdi is chosen. By using (5.7)» (5.8) 
and formulae given in Fig.2, the following relations can now be determined
E d n = d x sind.+-dLy cosai~c[2cosd. t n r +  (1- v )d  s in  ol]  ( 1 1)
E d s  - d K cosd- dyS Lno i~ -c [2 .s inc t in r-f-(U y js in d -  ( l - v ) d c o S d f
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The deformed shape of a part of one wall of an infinite pyramid loaded 
by a concentrated vertical apex force is shown in Fig.6. It is obvious 
that the condition of continuity at the inclined edges can be met only if 
the pyramid walls deflect laterally.
In order to assess the magnitude of the bending stresses due to 
this cause, it is necessary to establish first the influence of the in­
plane stress components on the geometry of the pyramid. Denoting by AcL 
the increment of the angle between a tangent to a deformed inclined edge 
and the centre line of the wall, one has
Provided that A oCis small, the variation of all the other angles shown 
in Fig.4 may be determined by the method of differential increments.
Normally, the pyramid walls will be integrally connected with 
each other and under the action of an axially symmetrical apex load will 
behave as if they were fully fixed against rotation at the inclined edges. 
Denoting by to the lateral deflection of the wall, positive if directed 
towards the inside of the pyramid, and by n the direction of an inward
(5.12)
Thus using the relation cosfi=  £an d one obtains
and therefore
E A f i~  EAd*COSdLVcosZd,
M ia n  io c 
j - K / h r c oS  d (5.13)
In a similar manner the relations
fT  tan  y - tan B ;  f l  sin < f = ~ (5.14)
lead to
, fz cosdL _ VfZco^d tanld
VcosloL ~ ~ 4-K, h. r
ta n c j \HanJ.tanQ.<k
(5-15)
(5.16)
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normal to the inclined edge 6sd  , the condition of the full fixity of the 
two walls meeting at that edge may be expressed by
rr _£. ^ 6 0  -  A s ?
bn r D Q
and therefore on the strength of (5*16)
\Jianoi tccnZcC
— j K T h —  <5.17)
From the condition of symmetry of the edge displacements with respect to 
the vertical plane through that edge it may be deduced that
£ BAY Sind = - ^ 0  (5.18)
The above two boundary conditions will be satisfied if the deflected 
surface is represented by the equation
£ w  = W ; r £ o h d  (co*£e-4-COS* Inn) (5.19)
Since the right hand side is a biharmonic function, this equation also 
satisfies the requirements of the small deflection theory for plates 
loaded laterally at their boundaries only. Using the standard formulae 
for bending moments (Ref.17» p*259) the following relations may be obtained 
by differentiation
~ l ip v * }  iT P -  f  *  &  3 F  * -fa - £ $ ) ]  =
~ 24-(I-v*)Ki zosZj ' p * [ cos*-~ v(cos£& 1. cos%c)J; (5.20)
Me * " to$U ' j *  &  COj Z<i ~ (c0526 4 '
The corresponding bending stresses and cr6 at the inside face of the 
wall can be now determined by dividing these moments by the sectional 
modulus hl/ e . In order to reveal more clearly the relationship between 
the in-plane and bending stresses, the latter will be expressed in terms 
of the radial stress component given by (5*6). For v> = 0.333 one gets
cosKWBsW (2c0Sc<-~C03^ d) '  ^
* ~ - h  U Z s u  (l c o A  f  5 cos£9) ' f  *
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For & = 30° it is found that at the centre line
± 0.0 8 8 0.7$3y  <r ; 
and at the inclined edges
qi; = 10'17& y  Of, ; Pg = T 0 .5 2 3 ^ -  <% ,
the upper signs referring to the inside face* When h = 0.125 in, as 
in the Perspex model, at a distance y = 1 in from the theoretical apex 0, 
the radial bending stresses constitute only 2% of the maximum combined 
stress. In the case of bending stresses in a tangential direction this 
proportion is less than 10$.
It is seen that in this case the bending stresses induced by the 
in-plane deformation of the pyramid wall are of a very local character. It 
should be noted that this conclusion does not extend to shallow, vertically 
loaded pyramids. According to (5*21) the ratio of bending to radial in­
plane stresses becomes very large when the angle c( approaches ^5°« In the 
limiting case of a flat plate loaded by a vertical concentrated force, all 
the stresses are entirely due to bending, as one would expect.
Defining a thin walled pyramid as one in which the zone of 
significant bending stresses constitutes only a small proportion of the 
total area, it may be concluded that this definition covers all pyramids 
suitable for double layer grids. In practice it means that these pyramids 
may be analysed on the assumption of a state of a plane stress distribution 
existing in each wall.
When V0 = 0, formulae (5»1) may be written in the form
A5r L—  ■+ - - —j - 9- ;- o i * 0 )  ; vn —  H w s^ c o s U }  (5.22)
where a and b are constants. In this case the stress distribution is
antisymraetrical with respect to the centre line of the wall. Such 
condition can exist in an infinite pyramid, without any external loads 
being applied at its apex, when two diagonally opposite inclined edges are 
in compression and the other two are in tension. This case is denoted by 
B^.and is represented diagrammatically in Fig.13* The existence of the 
bimoment B< in a finite pyramid is connected with a distortion and often 
deplanation of its base. If the pyramid walls are rigidly connected to 
each other these deformations may induce large bending stresses at the 
inclined edges, or, alternatively, it must be concluded that thin walled 
square based pyramids, considered in isolation from the rest of the 
structure are statically unstable.
However, in a double layer grid provided with adequate boundary 
restraints, the degree of distortion and deplanation of the pyramid bases 
is very limited and the danger of failure due to this cause may be excluded 
from practical considerations.
5.3 Primary solutions with one plane of symmetry
When a horizontal force acting in a plane through the centre 
lines of two opposite walls of an infinite pyramid is applied at the apex, 
one part of it v/ill be resisted by the two antisymmetrically loaded side 
walls and the other by the front and rear wall, both of them being central­
ly loaded. By definition, the rear wall is the one in which compressive 
stresses predominate.
At the junction of any two walls all the stress components must 
be single valued quantities and therefore from the first of formulae (5»1)
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it follows that
l\!o c  os a  ^ IH0 sinec 
Kjhfi Kz hn
which leads to
V» = ~ K l  iaM * (5,23)
where V0 and H 0 represent the apex loads acting on the infinite wedges 
forming the pyramid. The resultant of these loads must be equivalent to 
the concentrated horizontal force H applied at the apex of the pyramid. 
Therefore
H = ZV0 cosB ± 2.H0 = Z (y o iancL -b H0)
Using (5.23) and (5*2) it may be deduced that
11 — ni i  K itanZdO-K^  4-c(-scn4<£ u
' • Ki. ' ; “ K2 cos2d 0
and finally
w -  K 1 SLtlcLCOSdj f t  u  -  Cos'd u  / r
Vo 4oC- sCn 4-oL H I c t - SL ' nU
In order to obtain the stress distribution in the rear wall the first of 
these quantities and H0 = M0 = 0 must be substituted into (5*1)* Simi­
larly, the stress components in the side wall, whose right hand edge forms 
the junction line v/ith the rear wall, are obtained by using the second of 
the above formulae and by putting V 0 = M 0 = 0. It is seen that when an 
infinite pyramid is subjected to a concentrated horizontal apex force, of 
the three polar stress components, only the radial stress <rr is different 
from zero.
In investigating the stress distribution in an infinite pyramid 
when a concentrated bending couple is applied at its apex it is convenient 
to consider first the case of a bending couple acting in a vertical plane 
through two diagonally opposite corners of the base. Because of the
9**
symmetry, only one half of the pyramid need be considered. This problem 
is essentially the same as that of an infinite plane wedge formed by un­
folding two adjacent walls and subjected to a concentrated apex moment.
The corresponding stress components may be determined by means of 
and are given by
rB- 0 } (c o s 4 c L -c o s i ip )
where cp is the new angular coordinate, measured in the anticlockwise sense 
from the centre line of the wedge, and c is a constant yet to be determined. 
As the new and old coordinates are related by it follows that
^ - -j— z. (sin 26 cos 2d. t  cos 26 sin 2d) j Gq ^O
Vre (cos4d - cos26 cos2d ± sin 20 sin Id ) v
It may be noticed that each of the above expressions consists of one 
part associated with a symmetrical stress distribution and another part 
representing an antisymmetrical case.
To determine the stresses due to a bending couple acting in a 
vertical plane through the centre lines of two opposite walls, the pyramid 
could be rotated through 90° in plan and the stress components for this 
position added to those given by (5*25). It is simpler, however, to 
achieve the same end by separating the two parts of the right hand sides 
of formulae (5*25)* For an antisymmetrically loaded wall the second of 
these formulae gives
( c o s  i d  -  COS 2d, c o s £ & )
Using this expression the constant c, can be determined from the following
equation expressing the condition of equilibrium between the applied moment
M and the internal stresses+ci
-  M ‘  2 h  s i n $ f  r re  f d e
-cC ^
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where f i is the angle of inclination of the wall, as may be seen in Fig.4. 
On substitution of sin fi=  fcos 2.cL / C05 <K and performing the integration
indicated in the right hand side, it may be found that
/v/= . J[w s fa  r  S£n ^
2 Cosoi v '
Putting M = 2 C/ K^ ., where K4 is a new constant, the final formulae for 
stress components are obtained. For a symmetrically loaded wall these 
are
I M  hi
^ hr,2 sen£c(cos28; c% = 0 ; V ]^ j - p - s w U  s M 9  (5.26)
and for an antisymmetrically loaded wall
2.M
0r = jq jrFTC os2d s in2e ;  <re - 0 ;
Z re *■ —  -£■ ( cos4 -d -  cosid . c o s Z d )
where K 4 = fc o s lk  (  SLn4d.~ 4d. C0s4~cC)/c05cC .
With the sign convention for 6 in accordance with Fig.57» the 
stress components in the other two walls are to be taken as being of the 
same magnitude as those given by the above formulae but of the opposite 
sign. An easy to apply check is provided by the condition that at an 
inclined edge the component <rr in the adjacent two walls must be exactly 
the same. Since the stresses are inversely proportional to tr2" , formulae 
(5*2 6) and (5*2 7) represent solely the case of an apex bending moment 
acting in a vertical plane parallel to two sides of the base. This con­
clusion follows from the dimensional compatibility of both formulae with 
this type of applied load and from the assumed conditions of symmetry.
The most important opportunity to use the above formulae occurs 
when an infinite pyramid is truncated at its apex and a horizontal load 
is applied at the level of truncation. Such a case can be represented by 
a statically equivalent system consisting of a horizontal load of the
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same magnitude as the actual load and of a bending couple, both components 
being applied at the theoretical apex 0. With the exception of a portion 
of the pyramid in the immediate vicinity of the cap the stress distribu­
tion for these two cases will be very similar.
Torque at the apex
In certain cases it may be important to be able to assess the 
behaviour of a thin walled pyramid under the action of a torsional moment 
applied at the apex. Such loading condition may arise when both the upper 
and lower layers of a double layer grid are continuous membranes. It is 
then essential that the cap plate of the pyramid is sufficiently large in 
plan to be able to transfer the applied torque into the pyramid walls. 
Apart from these reasons the case of an applied torque is included here 
for completeness.
By retaining in formulae (5»1) only the expressions which are 
independent of & , the following case is obtained
<rn =<r0 = O j  v r0 = -iL (5«28)
h r2
These components satisfy the conditions of equilibrium and compatibility 
for a state of plane stress. It is easy to see that if all the walls of 
a pyramid are subjected to the above stresses, the stress resultants at 
the apex are reducible to a horizontal moment.
By considering the internal shearing stresses at a radial 
distance n from the apex, this torsional couple is found to be
7~= 4h  cos&fz-re r~cLO = Sc<Ltand
-<k
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and therefore (5*2 8) can be rewritten in the form
<rr ~ r 6 = 0 ; * (5,29)
where Ks -  $ d  t& H  oi .
5»5 Presentation of numerical results
The primary solutions for five cases are shown diagraramatically 
in Fig.57 where they are denoted by three-digit numbers. The first digit 
indicates the type of the applied load and varies from 1 to 5 » as indica­
ted. The last two digits, both equal to 1 , denote that the pyramid is 
point-ended and infinite. As in Chapter k the stress components O' will be 
related to their dimensionless representations Q* by
W  <r'i e~= ¥fC r ' (5,30)
where P is the apex force and C is the apex couple. Similarly, for
displacements the relationship between d and d is expressed by
d - j f e - a 1 d = b 7 r r d '
The numerical results in Appendix A are presented in this 
dimensionless form. They refer to the Perspex model and geometrically 
similar pyramids and apply to the points shown in Fig. 51* There would 
be no difficulty in obtaining similar information for any other set of 
points should this be required. The tabulated values apply to one half of 
a symmetrically and one half of an antisymmetrically loaded wall. These 
parts are marked by thick lines on the plan of the pyramid in Fig.53*
The computer calculations are very simple. The co-ordinates 
of points 1 - 3*f in Fig.51 and the setting out and numbering of these
points are all generated by the computer, the remaining part of the program
consisting of instructions for substitution of data into appropriate
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formulae and tabulation of results. These are expressed as rectangular 
stress and displacement components and are shown in Tables 27 - 3^ * A 
similar procedure is used in the computer program in Chapter 6. At this 
stage of the exposition of the theory no formulae for determination of 
displacements for a general case are as yet available. A method suitable 
for an arbitrary case is developed in Chapter 6.
The variation of the components and v jy is graphically
represented in Fig.53 where the dotted lines indicate the average values.
The method adopted for the determination of the average values of (Ty1 and 
I
is elementary and is explained in Fig.5n. Although this is a very 
crude approach it should not be dismissed as of no value. Many engineers, 
if faced with the problem, would use it in a preliminary design. Even in 
an advanced analysis approximate quantities of this nature may be 
valuable in detecting gross errors.
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C H A P T E R  6
CORRECTIVE SOLUTIONS FOR THIN WALLED PYRAMIDS
6,1 Introduction
This chapter is mainly concerned with the theory and use of 
corrective solutions. As in the preceding chapter, it will be assumed 
that at the inclined edges of each wall the stress components are 
equal to zero and that the laws of plane stress distribution apply* The 
numerical analysis will be limited to the cases when the corrective solu­
tions have the same planes of symmetry and skew-symmetry as the primary 
solution, although the theory can also be used in the absence of these 
conditions.
Because of the many new and original features involved, the 
exposition which follows will be fully comprehensive and will start with 
the derivation of a general expression for the Airy stress function for 
the adopted system of variables ( Z j & )  . This expression will be found to 
be similar to that quoted by S.P. Timoshenko (Ref.16, p.110) for polar 
coordinates when r= e is substituted into the latter. Although in the 
process of developing the theory it is necessary to use certain complex 
parameters, the final expressions are in terms of real stress functions in 
real variables z and Q .
A new method of determining displacements is developed, which 
allows both the components of stress and the components of displacement to 
be derived from the same function. This function, subsequently colled the 
displacement function ^ , being biharmonic, belongs to the same class of 
functions as the stress function ^ . By allocating suitable values to
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the arbitrary constants and by taking into account a sufficient number 
of corrective solutions, any type of simple or mixed boundary problem can 
be solved with the required degree of accuracy. An important adjunct to 
the theory is provided by the computer program used in the analysis of the 
Perspex model. Numerical results are given for three sets of boundary 
conditions, both for a horizontal and a vertical apex force (Appendix A). 
By linear combination of these solutions an infinite number of other cases 
can be obtained.
In the concluding section of the chapter, experimental and 
theoretical values are compared and when the difference is significantly 
large the main causes of discrepancy are discussed.
6.2 General form of the stress function
The three basic stress components in the polar coordinates (r,Q)
shown in Fig. **7 may be expressed in terms of a single function 4> of r
and 6 by means of the formulae (Pef.16, p.36)
-  L  14. + -L  M  • - « »  —  ;
<r' ’ ~ r  d r  r 2 h d 2 > 6 ^
r  -  - L  1 L  _ J_ - . i^re "  r *  r  2>r dO
In plane-stress problems the function 4> , which is known as
the Airy stress function, must be biharmonic, that is, it must satisfy the
differential equation
= (6.2)
1
where V denotes the biharmonic operator, obtained by double application
t-2.
of the harmonic operator / . The latter is represented in rectangular
coordinates by
10*f
2. -*.■*-
^  “ 23X7- ** z y 7' (6.3)
and in polar coordinates by
n‘ iL x i l  i i  J L  rr  i.\
V Zr* r hr r2- 3SZ (6.*0
It may be observed that
(rr +-<rQ ~ V z$ (6.3)
and therefore
V Y  C7p 4- (Ta) = 0
The general solution of equation (6.2) is assumed to be of
the form
<P = f f e )  (6.7)
with k being an arbitrary parameter and -f a function of the variable & 
only. Formula (6J+) then yields
v t* - r < * r ' H c k + d t f + $ t ]  . - ;, ; <e.8)
By another application of operation (6.*f) and rearrangement 
of the right hand side this produces
V^>= £ + ■ £ (& l) ^ e *  * " ^ 0 + ]  (6.9)
In order that (6.7) can be used as a stress function, the function -f(&) 
must satisfy the following linear homogeneous equation with constant 
coefficients
f g  * 2 (k% 1) ^  ^ t e -  P  - 0 (6.10)
The corresponding auxiliary equation .
m * 2- ife^Orn- 4 - 0  (6.11)
has four roots mn = ± l ( k ±  j )  , where I is an imaginary unit such that £*<=-/ 
and all four possible sign combinations are to be used. The solution
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(Ref.2*+, p.292)
f-(Q) = Cf 005 (h-f)04- Cj> C,os(k+ 1)& +• CBSin (k - l )o  + c+ sin (k h i )0  (6.12)
contains four arbitrary constants and is therefore the general solution 
of the fourth order differential equation (6.10).
For k c i i  the auxiliary equation has double roots m*Q and the 
above solution should be supplemented by • When k~0 there are two 
double roots of equation (6.11), f f l=± i , and the expression c j)  cosB +
Cr Q s in  & should be added to (6.12). In order to obtain the general 
expression for the stress function in polar coordinates all the solutions 
of (6.10) are combined into one expression, viz
<£= CfB 4- c2 rQcosd + c3 r $  s in e  + c+ r *e  +
fk.+ i)c (6*13)
H r 1 cos ftz-f) e -f-b^cos (k+l)e -t $in(fi-t)d + d f i SLn(k4-})d]
Although this form of the stress function does not contain 
solutions of the type L n r ) r ' L n r, r c o s B t r i r (Ref.16, p. 110) it does, never­
theless, include all the component functions necessary for the analysis of 
thin walled pyramids. In fact, as will be seen later, only functions over 
which the summation extends would be sufficient for this purpose. 
Observing that for a symmetrical stress distribution with respect to the 
coordinate line 3 = 0 the stress function 4> is also symmetrical, two types 
of formulae will be considered separately. For a symmetrical case
[ a  c ,o s (k - l ) d  4- b cos ( k  +-1) e j (6.14)
and for an antisymmetrical case
<p = r ( M )  [ a  3 in (k - l ) e  4- b sin (k -h i )e j (6.15)
where a, and 6 are arbitrary constants and k can assume any finite 
value.
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It may be deduced from (6.1) that for dimensional compatibility 
the stress function 4* should be expressed in units of force and therefore 
the constants a and b could not be abstract quantities. In order to 
avoid this complication both the stress function and the stress components 
v/ill be initially obtained in dimensionless form.
Introducing the variable z related to the variable r by
r -  cLe*'; z= L n ( r / d ) (6.16)
where d is any representative dimension and 6 is the base of natural 
logarithms and putting c£ = /v the following relations can be obtained
±.= 2-.dz = . Jil-J- £  .LSL (A
"dn dz d r  n 2>z 1 Tin2- pz r  Dz. \ o . \ n
The substitution of these formulae and of ^  into expressions (6.1) 
results in
( 7)Z V  i ~ e I 3Z2- ■ *d z j 7
(6>18)Lre - e \ ?>e 2>z 2>e)
where the primes denote that.the three stress components are presented in 
a dimensionless form. At the end of the computation work these components 
should be multiplied by a constant coefficient having the dimension force/ 
area in accordance with (5 »^ 0 ).
By adding the left and the right-hand sides of the first two
relations (6.18) and bearing result (6.5) in mind one obtains
0-J+ <%'• v U  = e'Zz( ^  + ~ v e t) (6.19)
For all finite values of z the condition of the stress function being 
biharmonic may therefore be expressed as
(£. 4. + -£L)l=0 (6.20)
Uz2 7 > e y L  V "az* 1> b z)J
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In addition to the convenience of generally simpler formulae 
another advantage of using the variable .z instead of the variable- r  is 
connected with the singularity of the origin 0 of the ( f } 0) system of co­
ordinates when a concentrated force is applied at the pyramid apex. Since 
as r - * 0  , the singular point 0 at which some stress and displacement 
components are either infinitely large or multi-valued is, so to speak, 
removed to infinity and thereby computational difficulties are alleviated.
6.3 Corrective solutions for trapezoidal plates with
unloaded radial edges..
Considering first a symmetrical case represented by formula (6.1*0 
and rewriting it in the form
<£= [ a c o s  ( k - i ) o  +• b cos(k -h l)e ] (6.21)
the associated stress components derived by using (6.18) can be expressed 
as follows
o - k  e ^ ~ ^ z [a ( k - 5 ) c o s ( k - l ) 9 -t- b (k+ f)co s(k -h i)9 ]
0$'“ k ( k - t - i ) e ^ ~ ^ z[&  cos(k -f)Q  4-bcos(k+1) 0] (6.22)
?re « k e (k~f) z [& ( k - l ) s L n ( k - l ) 9  + b (k i- l)sLn (k -h  1) b]
Two particular cases will be examined first.
V/hen k=0 all the stress components vanish for all finite values 
of the constants CL and 6. To exclude this trivial case one may assume that 
_&k-> q! and bk~^ !o as k~^0, where CL and b are new arbitrary constants, and 
obtain
# r=(3 a!- b‘)  e~z cos Q (oJ-t- b)e~2 cos 6
(6.23)
b)e~z SLtlO
108
If a!=-lo , these expressions represent a simple radial stress distri-
/ , /
bution. For other relations between the constants a and b the basic
t
assumption of <rB being equal to zero at the inclined edges is not satis­
fied and therefore this case must be excluded.
When k = - i one obtains by direct substitution into (6.21) and
(6.22)
cj) = a  cos IB
< ' i / (6-25)
<rn= -4 -ae  cosle; <r9 - 0 ;  Tr 9 = -2 a e '22sLn2e,
a case representing the stress distribution already encountered in 
Chapter 5 when consideration was given to an infinite pyramid subjected to
a concentrated bending moment at the apex.
Apart from these two particular cases, the condition of the 
inclined wall edges being free of the stress components 0q will be satis­
fied only if the constants a. and b are related by
a= c cos/V/Joc; b = -  c cos(k-i)cL , (6.26)
where C is a new, arbitrarily chosen constant. Further consideration of 
a symmetrical case can therefore be limited to the stress function
ce.^*'^z[cos(k-bl)c{ cos(kri)e-cos(k-i)da>s(&4-f)e] (6.27)
and the stress components
<j^/= c [ - (k+' i )co$(k-hl)c{ cos(k~l)9 4-(k4-f)cos(k-i)d cos(k+ l)e)
Ob * [cos(ktf)c{cos(k-f)e - co s (k - i)d  cos(k+ l)6 ] (6.28)
W *  - c k e ^ z [(k-f) cos(k+l)d s in (k - ( )& -{k t f )  c o s (k - i)d s in  ( k + i ) e )
At the inclined edges B - i  oi and therefore for this part of the boundary
l c k e ^ z (cosioC f cosZk°t) } ' (629)
e k e  ( k sin I d  4- s in £ kd ) .
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The side edges of the wall will be free of the shearing 
stresses 4Vr0 if the parameter k satisfies the condition
k sin Id a scn£ko( = o (6.30)
It may be found by inspection that k^O is a solution of this equation* 
Before attempting the determine other solutions an antisymrnetrical case 
will be considered. Since for any angle (p
sincp« cos(<p - 'fl'M) , . (6.31)
all the expressions associated with the antisymrnetrical stress function 
given by (6.13) can be derived from the corresponding expressions for the 
symmetrical function (6.1*0; it is only necessary to reduce the arguments 
of the trigonometrical functions appearing in these expressions by the 
constant quantity ff/2. •
Adopting this transformation to (6.28) and then substituting 
6=±dt , one arrives at the expressions for the components of stress at the 
inclined edges of an antisymmetrically loaded wall
<rr l--±Z cke& -1) z (cos2.cL -cos£k& )}
^re  = ~ c  k e  ( k  s in  2d -  s in  £ k d )
In this case the boundary shearing stresses will vanish if
k s i n l d -  S L t\ ik d = Q  
The obvious real roots of this equation are 0 j  + j . Equations
(6.31) and (6.33) can be now combined into
k s tn 2 d ±  sCn2.kd=o (6.3*+)
where the upper sign refers to a symmetrical and the lov/er sign to an 
antisymrnetrical case.
The case of triangular plates with no boundary stresses at the 
radial edges was investigated by M.L. Williams (Ref.19) who obtained an
(6.3 2)
(6.3 3)
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equation for k in the form
k zsinz£ d -  s in 2' i k d ~  0  
which closely corresponds to (6, 3k). Williams made the radial line Q *0  
coincide v/ith one of the side edges of the plate. This assumption does 
not allow the important aspects of symmetry and skew-symmetry to be con­
sidered. In his paper Williams stops at determining the real parts of the 
smallest complex roots k by producing a graph for oC varying between 10° 
and 130°. Following his lead, by assuming that some of the roots k  are 
complex, k= p -h <%L is substituted into equation (6.3*+)» which then becomes
(p-h $ i)$ inU  ± Sin lp<k Cosh Iqd ± i  coslpd, s inh2qd = 0
After separation into real and imaginary parts this can be written as two 
simultaneous transcendental equations
p s in ld  ± sinlptk cosh2.cjd=0
! n (3*35)
 ^Sin 2d, £ cos Ipd  sin h I  = d
It may be inferred by inspection that'if is a solution
of this equation then k = p ~ y L ,  as well as k * -p tq c , are also solutions and 
it is therefore necessary to determine only positive values of p and q  • 
It may also be observed that for $/£ , that is, for sin2d> 0 the 
terms tinflpd and COS2pc{ must both be negative for a symmetrical case 
and both be positive for an antisymrnetrical case. It is concluded that 
the quantity 2p<i lies in the third quadrant in the former and in the first 
quadrant in the latter case and therefore
np < 2pndi < np Acr/£
n being here a positive integer. This inequality can be expressed more 
conveniently as
2p„c( = r(n ■t-m) 0< m  < 0.5
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Since scnlpc{ is equal to - s in jf/n when n is an odd and to +-sinJTn7 
when it is an even integer, these tv/o cases correspond respectively to a 
symmetrical and an antisymrnetrical stress distribution and equations (6.35) 
may be rewritten as
-irr (n 4-m) s i n l d  = s in T m  c o s h I q d
1 7 (6.36)
y s i n l d ^  cosTm  s in h Z q d i
which is a form particularly suitable for computer calculations.
A typical computer program written in Algol 60 language is 
reproduced at the end of this chapter. At first the value of /?? is 
assumed to be equal to 0 .2 5 and coshtc fe i is calculated from the first 
equation. If this quantity is positive the function C05/?2^ <^ . is inverted 
and substituted into the second equation, from which a more accurate 
value of m is determined. The process is repeated until the difference 
between two consecutive values of m becomes negligible. When the hyper­
bolic function in the right hand side of the first equation has a negative 
value and therefore is an imaginary number, the function C0S2(^ c{ is 
inverted instead.
The results are reproduced in Table 18. It may be seen that 
for oC approaching I f jz the values of ^  can be imaginary and therefore 
the corresponding roots k= p  + Q i real. For all the roots are real
and equal to i 0, 1,2, 3» etc.
Table 18a shows the values of 
Pn - 2pn 0L/r q'n - 2.qn 0t / r
for (A = 5°(5°)85° and for n = 1, 2 , 3 , b and it may be seen that these 
values vary more slowly with the angle cc than those of pn and Cjn •
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■For this reason Table 18a is more suitable for interpolation than 
Table 18.
Before rewriting expressions for the stress function in an 
expanded form, certain basic formulae for a complex value of the parameter 
k. are established
e (Pt(} ^ z- e ffec ts  q z t  L scnqi.)
Cos k(p= cos(p±qL)cp= cospcpcoshqep+ L sinpcf s in h q p (6.37) 
sin k sin (p£qi) <f = sinpfcosh cqcp ±  I  cos pep sin hqy>
When k- k rp K fi- and k 'h z -p -q u are substituted into formula (6.27) then 
with the notation
<4= COS(p+l)e coshq& &= Cos(p-l)ecosfiq9
' . (6.38)
C= sinip-f-])e sin h q o  D = sin(p-l)d s in h q o
and with the corresponding expressions for#=cX designated respectively 
by A0 , B^ , C0 and Dc, the following two relations are obtained
<Pt^c,e<pl' ^ z(c o s c fz - f is ln q z ) l f j [<>-C0 i) (B -D i) - (6 .-D c i- ) (A - Ci] l  
4>z = C2 e ^Ycos <fz- i s t n qz) [(A0f-C0 i) (B/• D i) -  (80'-A.i)(A-hCi)]
Using the notation
Fr-A08 -B J -C 0D + D,C; F2-AJ>-8„C +C06 -D 0A (6.39)
these expressions may be transformed to read
4>is C / e ^ ^ z (cosqz / i s i n q z )  (Ff -  Lh1)
<f>2* C2 e ^ z(cosqz - LSioqz) (F{ + iFz)
It can then be established that
<£/= c , e ^ 2[(F1coscjz-bF2SLnqz)-f-i(Ffsinc}Z-Fz co5<jz)j 
$2 = c2e [ ( F f cos <jZFF2 sinqzij-  c f a  s in q z -  F% cosqzj]
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These two complex functions could be combined to yield a single real 
function with two arbitrary constants by allocating to cf and c2 a pair 
of arbitrary conjugate complex values. The same result is achieved more 
simply, however, by taking the real and the imaginary parts as two real 
stress functions which, after being multiplied by arbitrary constants c l 
and b , are combined to become
^=g (f# {) zj^ (ff coscji+Fz 9z) i~ b(FfSin qz- F2 cos qz)] (6. bo)
that may also be written more compactly
4 = a!e Ft c o s i l y ) + fz SLnfyzFh')] (6 .in)
Although the latter form is useful in studying the general nature of the 
corrective solutions, it is not suitable for numerical computations. 
Observing that
St'nqz* -to5 (qzt-TT/z); Co5(jZ= sin (tjz+rlz) (6.te)
the second part of the expression in the square brackets in (6.4o) can be 
obtained from the first part very simply by increasing the arguments of 
two trigonometrical functions by the constant amount T/Z . The change of 
sign due to this transformation is immaterial at this stage, since the 
constant b is still arbitrary.* All the formulae necessary for calcu­
lation of the stress components need therefore to be based on
$  = a e ^ ^ 2 (Ff cosqz. h Fz S tnqz) (6 A 3)
The full set of these formulae in a step-by-step arrangement is shown on 
the next page. In order to adapt this set for the case of an anti- 
symmetrical stress distribution, it is only necessary to reduce the
* Although this method was employed in the computer program, a
transformation based on reducing the argument q z by T/Z would be 
equally valid. The sign of the constanth would then be unaffected.
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P t - p H i  h = H ;
A= Cosp,9 coshy6 
B= Cosp2d coshq9 
C= sin p/9 sinh yd 
D^sinp2e s in h jO
P r f - P h  P i - f - p l i
A0~ COsp,d.coshqc( 
B0^cosp2d  c o s h q t  
C^sinprt sinhqK
Da - sin p2c{ sin hq<K
Ps*2p,$; p&~2Pzq;
£= Cosp, 9 s in  h qS  
F= Cos pz9 s in h  q 9  
G =sinp ,0  cosh q 9 
H~$inp29 coshqB
F(= A0& - B0A - C0D a DqC; 
Fz=Ao0-BoC -f- C0& -D0A /
F= F[ CosqZ + Fz Sinqz:
4>~ a e P '^ P ;
Jf- - A, (cjf'fljH) - Be (qE-p,&) - Cc (<jH+pzF) + D0 (q& +p, £); 
— Ac(qUtpf)-8e(</G + p,E) + Ce(<?F-p2H) - De(qE-p,G);(Jty r • t. ' - r ■ j - - r ■ • - s • f / /
=  A 0  ( p *  &  - P e D ) - 8 0  ( p s A  -  psC) - C0 f a  D * p e B )  +  D c  ( p 3 C  * p s A ) ;  
£ & =  A c ( p * D + p e B ) ' - B c ( p i C * p s A )  + C c ( p * B - p £ D ) - D c ( p s A - p s C ) )
~  = 9 (- F, sin cjZ+Fz .cos <jz); = - fP;
r f P  _ ’d h  r n * n7 , t fF z  < ifnn7 • 
dez~ be3- ^ be3- SLn<l z >% $ c o s 9 z + % t * ’ > H z ;
f a '  i  ( -  m  ” " ? z <- I f
( » > * £ ) ;
l i  = a e •
b e ae b &  •
t p / = a e ' 2 ( ^  
t r a c e r 21 - af|gj;
g -  o e ^ P . 2 p , g ) ;
Pz4  e r P ’ ^ b ' P  . 
be3- u bd* '
% ( & - W ;
D E T E R M I N A T I O N  OF S T R E S S  CO M PONEN TS FROM THE 
STRESS FUNCTION <f> =■ Ct£ f/y COS CjZ + Fz sin <JZ.)
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arguments containing oC or 8 of all the trigonometrical functions by Of/2. 
but not those of hyperbolic ones, as explained earlier.
Although the exact expressions for derivatives of the function 
<f> will be used in.the computer program, it may sometimes be more expedient 
to calculate the numerical values of certain expressions by using finite 
difference approximations, particularly in the case of derivatives with 
respect to 0 . Since only the first and the second derivatives are in­
volved, the values of the stress function require to be calculated at a 
given point (z t 6) where the stress components are sought, and also at two 
neighbouring points (x j  6 - A & )  and ( Z j d * A 6 ) . Derivatives with respect to 
the variable Z are of a much simpler form and can be more easily computed 
by direct evaluation of the exact formulae.
For the purpose of a general discussion it will be convenient to 
express the formulae for the stress components of the corrective solution 
in the general form
d e ^  (U co syz  +- VsLncpz) (6.M0
U and V being here the functions of Q , but also dependent on the para­
meters oL, p  and . Since for any constant value of 8 the bracketed 
expression is a periodic sinusoidal function in the variable Z. , with the 
half-period JT/fy , its values at Z ' Z \ and Z = Z dTT/c^ will be of equal 
magnitude when /? is an integer. Remembering that Zs Ln ( f / d ) one may say 
that for a given value of 8 the value of o* in ( 6 . kk ) will be the same, 
except for the sign, at the radial abscissae 8 and when Ltl( $ /& ) * £ t l ^ *  
ForeC = 30° and the first complex root of equation (6.3*0 
= p i  - f - c j i U  ± 4 - . 0 5 d  ± 1 . 9 S Z l  
the half-period JT/q=-Zf-corresponds to the ratio /?/^ = S ’ O , by
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coincidence the same as the ratio of the radial abscissae defining the 
base and the cap line of the Perspex model. From formula (6.^) it follows 
that the corresponding stresses for any constant value of 6 are related by 
of *-02. e^P'h^  ^  . It has been calculated that in this case <r\Jq\ is equal 
to -137 .5 when p is positive and to -1/3^37 when it is negative.
The conclusions are:
1. The stress distribution along any radial line is of a wave-like form 
(Pef.1*f). The wave lengths are proportional tc the distance r from the 
origin 0 and the amplitudes vary monotonically.
2. The stress damping is towards the origin 0 when p>0 and in the opposite 
direction when p < 0 .
3. This damping is more effective when the disturbance originates at the 
narrow, top end of a trapezoidal plate, i.e. for p<0 than when it originates 
at its base.
k. The wave lengths decrease with the increase of <£• Since p grows faster 
than. <£3 the damping is more pronounced for the higher orders n of the com­
plex root k n = ± pn ± qn L •
V/hen the side edges of the wall are unloaded, the condition of 
equilibrium requires that the resultant force components (V, H, M) should 
be constant at all horizontal sections. On the other hand, in the case of 
the corrective solutions with <£-4=0 , it has been found that these components 
can be of the opposite sign at two parallel sections. The two conditions 
can be reconciled only if the stress system represented by formula (6.Mf) 
is self-equilibrating at every section and thus constitutes what is knov/n 
as a bimoment.
117
Typical examples of the stress distribution at a horizontal 
section for k n~±Pn±<^nL and n ~ 1, 3* 5 and are shown in Fig.55* It may be 
seen that the normal stress components are indeed statically self-equili­
brating and that the solutions pertaining to each of the four possible sign 
combinations in the expressions for the root kn are linearly independent.
The corrective solutions that have been developed in this 
article are of practical use when the primary systems are symmetrical with 
respect to the two vertical planes defined by the inclined edges of the 
pyramid. Symmetrical solutions derived from equation (6.14) will be used 
for a pyramid with a vertical apex load, while antisymrnetrical solutions • 
can be employed if required in the case of the bimoments (Fig.13)•
It is not possible for symmetrical and antisymrnetrical correc­
tive solutions, so far described, to co-exist in two adjacent, walls of the 
pyramid. Since the compatibility of stresses requires that the stress 
components a? are single valued at the common edge of any two walls and 
these stresses are proportional to. the condition can be satisfied
only if . k  is the same in both cases. As this is not so, one may infer 
that the corrective system of solutions for an antisymrnetrical case of 
loading is associated with the appearance of shearing stresses at the 
inclined edges.
6.4 Corrective solutions for a square-based pyramid 
as a whole.
The corrective solutions so far considered have been based'on 
the assumption of both.C^  and being equal to zero at the inclined 
edges. Each wall could therefore be treated as a separate unit and the
118
only condition imposed by the continuity at the common edges of two walls 
was the equality of the radial stress components. Within each wall the 
stress components due to these corrective solutions formed a self-equilib­
rating stress system.
This section will be concerned with corrective solutions in 
which only the stress components normal to the boundary will vanish at the 
inclined edges. ,
V/hen there is only one vertical plane of symmetry defined by the 
centre lines of two opposite walls and the other two walls are antisymmet­
rically loaded, the stress functions to be considered are of the type
4>a. -  c<i {)<* cos (k -1) e -  cos(k-t)d cos(k+t)d]
<pi •> C6e ^ z[sin(k+tfd sin (k-i)e - sin (k-ijd sin(k-n)Q] (6.%5)
where the subscripts a, and b refer to a symmetrical and an antisymrnetrical 
stress distribution respectively. The relation between the constants 
and and the value of the parameter k will be determined from the condi­
tion that at the line of junction both and must be single valued. 
With the sign convention for 6 in accordance with Fig.57* the edge defined 
by and O ^ -c L is chosen for setting up equations of equality of
stresses at the common edge of the adjacent walls a and b . The relation 
between the arbitrary constants C^ and can now be determined by use of 
formulae (6.29) and (6.32). The conditions f o )  b an  ^(rr&)as (^re)b  
that edge lead to
ca (cos id-f- cosikd) f cy (cos id  -  cos lk d )« o
(6.*t 6) 
CaiksLnid+SLnikd)-Cy(kSLnZrt'-S ir) 2koi)~ 0
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Excluding the trivial case. C^Cy=D , the first equation will be 
satisfied if
c(cos2c{-cos2koi); Cb = c(cos2oC-fcos2kd.) (6 A 7 )
where c is an arbitrary non-zero constant. Using these relations, the
second equation can be reduced to
k $ u i4 d - s c n 4 k c c ~ 0  ( 6A S )
which is of the same type as equation (6.33) and for 4dL^.4T possesses,
in addition to real roots, an infinite number of complex roots.
It will be recalled that for a symmetrical case and the complex 
roots the stress function derived from (6.27) rnay be represented
<f>a. = Co. e H z(Wa + 1 N o )
where . M et* % c a s q z  + F2 S in <£Z. } Fz COSCjZ-F, s in y z
the corresponding expressions for the antisymrnetrical stress function
<t>b = Ci3e^p 'h^ z (Hy4-LNb)
being obtained, on the strength of relation (6.31)* by reducing the 
argument of all the trigonometrical functions appearing in and Fg by 
the constant quantity Ipj? .
For P+tyb formulae (6.^ 7) become
c<z~ - c ( m f -m 2 + im 3) ;  c ( m i  + m2 - im$)
where . m ^  cosicL; h)z= cos2pd cosh 2 yd.) m3 ~ sinlf><L s in h  iq c L  ,
On substitution of these expressions for ca and Cb into the above formulae 
for the stress functions ■ *a and <}>i these become
$ b z c e + m2)Mb -h 171s N&J ^  i  [(n?f f m2) iV^ - m 3 Mjj
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As in the case of formula (6.40), both the real and imaginary parts in 
the right hand sides are taken as separate real stress functions. If 
instead of the right hand edge of the symmetrically loaded wall the other 
edge was chosen for setting up the conditions of stress compatibility, the 
sign of. $a. would have to be reversed.
The significance of the real roots_& = -1, 0, +1 of equation 
(6.48) will now be investigated. For k = -1, equations (6.45) may be 
rewritten as follows
ca (cos2Q - cos 2d:); 4>b ~ c b (k + 1) (esin 2d -  a  sen 29)
These two functions can represent a non trivial case only if the constant 
!Cb is assumed to be infinitely large. With the aim of expressing 
and Cb in terms of a single constant . C , the following two auxiliary 
quantities are introduced
Cb (h-t-i)sin2tL; y* cb[k^i)d
As the term COS 2d. in the brackets of the first equation has no effect on 
the stress components it will be omitted. The two equations may now be 
presented in the form
fa. * Co, cos2 9; <&> = x 6 -y  sin29
The application of (6.18) to these.functions results in the following 
expressions for the boundary stresses at the common edge of the walls a 
and b
(4 )a r  - ic ^ e '^ c o s E d . ;  ( t r l  -2 c aeri *sin2ct.
(d)t, = "fy e_ Zz Sin 1 ct; (v'rg')i!=e~2z(x-2ycDs2cL)
By equating; components of the same kind, one finds
cCLcos2oc« ysin2dL] ~ Pepsin 2d <=ji-2y cos 2d
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from which by putting ca= CSUitd ?ind solving for X and y 
X.= 2ccds4cL} !J~ C cos 2cL
The final expressions for the stress functions when K - -1 are therefore 
4 ^  csin2cn cosZe; 4}b -c (29cos4cc- cosZd sinZ&) (6.50)
The corresponding stress components are expressed by
~4 c . s i n I c k .  cos 20]  (<Tq1)j= 0 ; fare)* ~4ce~Zzcos2cC sin 29
(ch%= 4ceru  cosZdsinZOj (vrQ)y = I c z ^ c o s  4d-cos2d cosZe)
i f  c=M/2Ki.b1h is substituted into these formulae then, excei) t for sign, 
they will become identical with (5*26) and (5.27), v/hich were obtained in 
a different manner.
V/hen k-*o, the following substitution can be made into 
equations (6.V?)
COS ( k ± i )  <L = COS*. +  kcLsind .)  S in (k± l)dL^±S incL-{-kC 05cL
and similar expressions for the argument 9 with the following outcome
4a = 2 Co,k e z(0cosd. s ine  -  d send cos&)
4b~ 2.Cbkez’(QsincLCos& -ct cosoi sinO)
The second terms of the bracketed expressions represent the trivial case 
v/hen all stress components are equal to zero and thus may be omitted. It
follows from (6,by) that for k-+~0
c& -  2c s inLd  ) Cb -  2c cos^d. 
and therefore, with the common constant multiplier 2k Sc’noLCOSc( omitted, 
the stress functions become
4>a,= cez£ sind. sinQ; ^b^ce^Q cos A cose (6.51)
These give rise to the radial stress components
(Vja= I  c e zsln dcosQ; (<&% = - 2ce~^cos d sin 9 (6.52)
all other components being equal to zero. Since C is arbitrary, one may
122
choose
c -  UKj  CQSd.
bh (4d-sinty
Expressions (6.52) will then represent the stresses in a pyramid loaded 
by the horizontal force H at the apex. There are no non-zero solutions 
for the third real root of equation (6 .^-8), jfl -  1.
For completeness two other types of corrective solution are 
now described.
In the first type all the walls are symmetrically loaded and 
the normal stresses at corresponding points of any two adjacent walls are 
of opposite sign.. It follows that the radial stress components must vanish 
at the inclined edges. Such condition is represented by the equation
cosHdL 4- cos£kd = 0 (6.53)
which is satisfied for k- riJf/ZdL i/ where i:/? = 1, 3* 5 ••• For cL - 30°» 
the roots of (6.53) are £. k* - 2, 4, 8, 10, 1*f, 16 etc. In this case, as 
in the other cases with' real k. » the stress components increase mono- 
tonically, away from the origin of the polar coordinate system v/hen k > 1 
and towards that point v/hen fe<1. (When k. = 1 the stress components are 
independent of the radial abscissae r). This type of solution is denoted 
by B£ and is diagraramatically represented in Fig.13«
In the second type the radial stress components at the side 
edges of all four walls also vanish, but the stress distribution is now 
antisymrnetrical with respect to the centre line of each wall. The para­
meter k, must then satisfy the equation
c o s 2 d -  c o s 2 k d = o
Therefore k^ nJlfed. £ / , where ±n = 0, 2,'^ f, 6 ... ForoC.= 30° the roots
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are 1, 7i 111 13? 17 etc. This type of corrective solution can
be useful in cases when the applied external load constitutes a torsional 
moment.
6.3 Displacement function and displacement components
In order to be able to solve mixed boundary problems, i.e. when 
the edge conditions are expressed partly in terms of stresses and partly 
in terms of displacements it is necessary that the method of analysis 
adopted should allow the determination of both these quantities. As part 
of this research a new approach has been developed whereby both the stresses 
and displacements can be determined from a single function, which will be 
referred to as the displacement function $ •
Although all the basic formulae have been obtained by mathematical 
deduction, the processes involved are too lengthy to be reproduced on these 
pages. Instead, the final expressions are given first, and then, by 
comparing them with proved existing formulae, their validity will be 
established.
The displacement function and the stress function fi are 
biharmonic functions related by •
e’z^ =az5e (e'z9) (6.5*0
The two dimensionless quantities representing the radial and tangential 
displacement components are obtained from the formulae
‘'6'55>
where S? is Poisson’s ratio. It may be noted that the functions 
and are both dimensionless.
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Formulae (6.55) way be rearranged to read
4 '  e z[ ( &
4- e-*[($E-L)(& * w) -OwJr
(6.56)
Recalling that according to (6.19)
^  = e ZzVz- (6.57)
and that by virtue of (6.5*0
(6.58)
the displacement components can also be expressed in the form
4 " e zf e ( v t y - ( H - v ) e - z-$ £
Introducing a harmonic function ‘A/ such that V *A= *// and applying operator 
(6.57) to both sides of
, _ ^ L  _ M l  
r  = 2>z'de 2>s
one obtains
(6.59)
<?2zvV> = ( £ d e  ' d d ) f e ^ ^ )
from which it follows that
. D M
7 < P = i z J e  (6.60)
Since P-C2' and therefore ~^^ r, relationships (6.59) and (6.60) may 
also be written in the form
<6'6”
Allowing for the dimensionless representation of the displace­
ment components, these formulae are found to be the same as those given by 
Coker and Filon (Ref.15, p.168) and generally quoted in the literature.
It is thereby proved that expressions (6.5*+) and (6.55) are correct. The
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advantage of the author*s method lies in its allowing the determina­
tion of all the quantities required in the analysis from a single function. 
Thus using (6.18) and (6.58) the stress components may be expressed by
In rectangular coordinates the basic formulae corresponding to 
(6.5*0 and (6.55) take a much simpler form ■
where is again a biharmonic function.
It will be seen that the solution of equation • (6.5*0 by integra­
tion presents no major problem in all the cases considered in this> thesis. 
V/hen necessary, the indefinite integral will be supplemented by a suitable 
expression as required to make p  a biharmonic function.
ponents (6.55) those due to a suitable in-plane rotation and translation of 
each wall as a rigid body. In all cases it will be assumed that the lower 
corners of the pyramid wall do not move in the direction y and that their 
horizontal displacements are symmetrical with respect to the centre of the 
base.
Fig.2. Since the displacements obtained by differentiation of the function 
^  are compatible with the type of stress distribution, to the extent of 
there being no horizontal movement of the centre line of the wall when this 
distribution is symmetrical and no vertical movement of points on that line
(6.62)
It will be generally necessary to add to the displacement com
Both the notation and the sign convention adopted are shown in
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when it is antisymmetrical, the corrective displacements due to the rigid
body translation and rotation can be expressed quite simply. For a sym­
metrical case the relation is
d*x - O j dy ~ '~ (c^ y )s (6.65a)
and for an antisymmetrical case
d-Xt= ~(dx%  + y~xe* (dy)<l / dy (d.!j)e (6.63b)
In these formulae d/ and dy denote the displacements to be added to those 
calculated by using (6.55) i (&l)e> and fa y ) g are initially calculated 
horizontal and vertical displacements of the bottom right hand corner of 
the pyramid wall and X& and y&are the Cartesian coordinates of that point.
It should be noted that both the polar and rectangular coordinate systems 
are local to each wall, which for the purpose of determining the displace­
ments is treated separately from the other walls.
Returning to equation (6.5^)i the solution may be presented in 
the general form
<P- ez I f  G (z ) -t-fH (e ) (6.64)
where I= f f e ~ z<f> dzcfe (6.65)
is an indefinite integral and G and H are suitable supplementary functions 
of one variable only, so chosen that the function W becomes biharmonic.
It will be seen that the functions G and H will not often be required.
When it is not obvious by inspection whether ty is a biharmonic 
function, formula (6.20) may be used to assess if it is so. This procedure 
could however be quite laborious and frequently it is much simpler to take 
advantage of the fact that functions of the type
Fe^cos&j FeT 's ind;
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are biharmonic if F is a harmonic function (Ref.15i p.256). The latter 
property can be more easily verified by application of formula (6,19) to 
that part of the investigated function which corresponds to the function 
F in the above expressions.
Considering first the case of a vertical force at the apex of 
an infinite pyramid when 
<f>v s c ez0 sin 9 
it is found that
I=//e"z^ d z d e  = cz (s in 0 - 6 co s6) 
and therefore
Vv = c z e : (5 L n 9 -e c o s 9 )
Since both z and z & are harmonic expressions, ^  is a biharmonic function 
and therefore suitable for determining the displacements without using the 
supplementary functions G or H. On substitution of lpv into (6.95) and after 
simple manipulation one arrives at
dp -  c f i z c o s  6 -f- ( i~ v )e  s in s ]
, r , x (6*68)
cLq  ^ - c[ iz  sin6 +(1-hv) sin 6 -  (f-v)6 cose]
Both these expressions will agree with (5«11) in Chapter 5 when Q-cL and 
c - -  cos d / f K f  fc o s ld  are substituted. Using relations shown in Fig.2 the 
displacement components in rectangular coordinates can be determined
d x ~ -C [(ft-v)$Ln6 cos9 - (t-v)ej; dy « c[h + (i+v) sin^e] (6.69)
The displacement function associated with a horizontal force 
acting at the apex of a plane infinite wedge is derived in a similar manner 
from the stress function 
*  C &Z0  COS B
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and has the form
¥h = c z e 2 (cosQ *  6 sCnQ) (6.70)
For an infinite wedge with a bending couple acting at the 
apex, the stress function is
= c(Z0 cosld-sin2.G)
from which by means of formulae (6 .6*0 and (6.65) the following displace­
ment function is derived
‘Pm - i r  [ £ ( ^ 9 z)c o s U -c o s 2 .& ] (6.7 1)
In this case the supplementary function 
&(z) - Iz 'c o s td .
had to be included in the expression in the square brackets to make ^
a biharmonic function.
Formulae for both the displacement functions and the displacement
components for these and other primary solutions are shown on the next page.
Expressions for the displacements associated with corrective
solutions are of greater complexity. It can be found by means of (6 .6*f)
that for a symmetrical stress distribution the displacement function
corresponding to the stress function given by (6.2 7) is represented by 
p(k-hi)z. r
9 = g jjf7 - j)L (k i-0 c o s (k M )4  s in (k - l)& ~  (k-i)cos(kri)<ksLh (k*-\)Q (6.72) •
Since the cases when fc = 0 or k = t 1  , which lead either to primary or 
trivial solutions, have already been discussed, they will be excluded 
from further consideration. The function in the above formula being 
biharmonic, can be substituted into (6.5 5) which after some simple but 
rather lengthy operations and with p-ht^L may be transformed to read 
R e (d l )  = COSQZ + 72 s in a z ) - ( f + v ) [ L f  ( f i - J z ) + L 2 fe-/*]]?
(6 7 5)
Re (da)* e^ lzO-v j t iscosyz- jysLnqz) - j e) -L 2
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4>V=- -17 cez0 sensK \
Lpv^-^ze2 (sin 6 - 9 cose) 
dp ^ [ 2 z  C05 0 v j o  SLf l O]
d j~  j^fezsLnQ+O-h v)sin G -  (l- v)dcos &]
‘f>H ^ e z e c o s e
zez(c,os&+Osind) 
dr =  'g J izs in O - (l-y)&co5B]
d e ^ —j? [2zcosd+(l*-v)co59- 
1 Q - v ) d s L n & ]
INFINITE WEDGE
<Ph (20  cos 2 4 -  sin2&)  
% 4 -K / ^ z ”^cfls2<<-cas20j
■ 4 s e ~Z s in 2 B
de = - ~  e '7[(ii-v)cos2ai+(i-v)cos2d]
t
X 4>a,= -  fP  3Ln2c(C0s2e
2 .K
d j ~ - E i e ^ O + v ) *
K$ *= 8 a ,- tc v n c c . 5 in B
d r  ^ 0  ;
IK.
% ^  =
Uj , /
S; d p *
O I
X dg =
«)
o <f>d = Yp.(2&cos4ci- cosM s in ie )
^  (z ' ^ co5^ ' cos2<^ c o s 2 6 ]
I N F I  K I T E  P Y R A M I D
3  4/=
I d'e
S K f
sch2c( sin 26  
- 4  eTzsinlc(. cos2&
--4 e~z(/-v)s ih2d sin2eK/f.
tr \±
e~ cos2c(s/'n2d 
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where Ho. denotes "the real part of" and the coefficients and
to Jg are given by formulae (6.7^) on page 129* These displacement 
components are associated with the real part of the symmetrical stress 
function <p represented by (6.27)« The displacement components corres­
ponding to the imaginary part of that function con be obtained by 
increasing the argument in (6,73) by the constant quantity 37]'/2- .
In general, the same operations must be carried out on the 
expressions for the stress and displacement components as on the stress 
functions from which these components are derived. Thus, for example, if 
in order to obtain the stress function for an antisymrnetrical loading case, 
the arguments of trigonometrical•expressions in the original symmetrical 
formula had to be reduced by.'JT/2, , the same type of transformation must 
also be applied to the derived quantities. Formulae (6.^9) may serve as 
another example. To obtain the stress and displacement components asso­
ciated with -W and h  the expressions
e<P ^z M " .  . eM z W t; e ^ dzH  (6.75)
must be replaced by the appropriate stress and displacement components 
corresponding to these stress functions.
The final solution will consist of the sum of the primary 
solution and a chosen number of corrective solutions, to each of the latter 
being allocated a suitable value of the arbitrary constant, so as to make 
the result agree, as far as it is possible, with the prescribed boundary 
conditions.
Remembering that a corrective solution becomes of a more local 
character as the absolute value of p  in increases, the corrective
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must contain all the solutions corresponding to the smallest integers
in equation (6.36), from which the roots k are determined. Details 
of the technique of numerical analysis adopted are described in the next 
section.
6 .6 Computer Analysis
Since at the pyramid base and cap the boundary conditions 
furnished by the corrective solutions do not constitute a set of ortho­
gonal functions, it is difficult to ascertain a priori whether their linear 
combination together with the primary system can provide a complete solu­
tion. From an engineer's point of view the more important problem is to 
devise a method of numerical computation which will allow, if at all pos­
sible, an approximate solution within acceptable limits of accuracy.
The cases that will be considered can be divided into two' groups: 
the first when the pyramid is fully restrained at the base and the second 
when this condition applies only to the four corners, the remaining parts, 
constituting 90% of each side of the base, being free of boundary stresses 
and completely unrestrained. All the calculations apply to pyramids having 
the angle a = 30° and the ratio of the plan dimensions of the cap to those 
of the base equal to 0.2. A three-digit code number is allocated to each 
case, the coding system being reproduced on every page of the out-put in­
cluded in Appendix A. As in the case of the primary solutions, the first 
digit of the code number indicates the type of the apex load, the second 
represents the boundary conditions at the base and the last those at the 
cap. The adopted coding system is illustrated in Fig.3 6. In all the cases 
considered in the analysis it is assumed that the cap plate is perfectly 
rigid in every respect.
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The computations are carried out in three stages.
1. The- primary solution is combined with a number of corrective solutions, 
the arbitrary constants being so chosen that the boundary conditions at the 
base are approximated in the best possible manner.
2. This state is now treated as a new basic solution and the process 
repeated for the boundary conditions at the cap.
3. The arbitrary constants of the corrective solutions determined during 
these two stages are now used to produce the final values of stress and 
displacement components.
In the first stage of computation only the corrective solutions 
corresponding to k.~p^<^L are included, while the second stage is based on 
k,= -p ±  C[L in accordance with the conclusions reached when formula (6.M+) 
was discussed. Since, as already proved, a self-equilibrating disturbance 
at the narrow top end of a trapezoidal plate dies out very rapidly and has 
almost no effect at the base, there is no need for repetition of the first 
or the second stage.
The preparation of the computer program was a task of considera­
ble magnitude and complexity. It must be pointed out, however, that even 
the simplest type of calculation based on formulae forming the theory of 
corrective solutions is unsuitable for a desk calculator. On the other 
hand, a properly formulated computer program is, in a way, a "once for all” 
undertaking, and requires for its application only the data and a few sim­
ple additional instructions.
In the author's view, the adopted computer program is an essen­
tial extension of the theory expounded and therefore it is reproduced here 
in full.
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The program is written in Algol 60 language with the symbol 
modifications necessitated by the use of Elliott 503 Computer (Ref.12).
A large part of the program is taken up by various procedures, usually 
given mnemonic designations indicating their function in the program.
Thus, for example, the procedure "vstress" is so named as it calculates 
stresses due to a vertical apex load, and the procedure named "sedispl" 
determines displacements associated with a self-equilibrating stress dis­
tribution. With some knov/ledge of Algol 60 and the aid of the formulae 
given previously it is possible to read the program relatively easily.
The program makes an extensive use of two values, one of which 
is the parameter "type" which is equal either to zero or to unity, depen­
ding upon whether it applies to a symmetrically or an antisymmetrically 
loaded wall. The other is the parameter nmu which is used to differen­
tiate between two corrective solutions corresponding to one value of p 
in k= p±C ji*
Apart from the procedures, all of which were especially devised, 
and the initial declarations, the program contains in its last part a few
brief instructions consisting mostly of procedure calls. The data, which
is reproduced at the end. of the program, contains the value of oC , the 
Poisson’s ratio v> , the magnitude of the applied apex loads and the number 
of the corrective solutions to be included in the computations. In this
case, it contains in addition the values of p and
The output is programmed to apply to one half of a symmet­
rically loaded wall and one half of an antisymmetrically loaded wall. The 
inclined edge OA (Fig.53) is chosen for establishing the condition of the 
stress components being single valued at the inclined edges.
13^
The output is in two parts. The print-out output contains the
stress components C y’ and T Xy for all the points shown in Fig.^1 and
the displacement components d-x and dy for the points on the boundary. The 
1 1 1values of <7£, 0/ and (Tx representing the normal stress components parallel 
to the boundary lines, calculated by the procedure "data”, are recorded on
a tape and will*be used as data in another program determining the initial
buckling loads.
The calculation of stresses and displacements follows closely the 
formulae previously developed except that in the procedure "sestress" four- 
term expressions are represented as vectors, from which by applying rules 
of scalar multiplication and summation the functions F-* and Fg, and their 
derivatives are obtained. The procedure "convert” converts the rectangular 
stress components into polar components. A call of procedure "correct" 
superimposes on the calculated displacements the rigid body displacements 
necessary to comply with the support restraints. For the loading cases, 
other than those when H = M = 0, the two corrective solutions associated 
with each value of p must be combined in accordance with (6 .^ 9)1 this 
result being achieved by calling the procedure "adjust".
These and other basic procedures shown on the first four pages
of the program are sufficient to determine both the stress and the displa­
cement components at any point, provided that the arbitrary constants of 
the corrective system of solutions are known. Since generally two of the 
five components of stress and displacement given by the matrix S will have 
prescribed values at boundary points, there are twice as many conditions 
as there are points to be considered.
Because there are two independent corrective solutions for each
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value of the parameter p , two possibilities are open. Either as many 
values of p are included in the computation as there are points at which 
it is required to satisfy exactly the boundary conditions or a smaller 
number of different values of the parameter p is used. In this latter 
situation, the best possible approximation to the prescribed boundary con­
ditions at a larger number of points is accepted. The danger of the first 
approach lies in the possibility that, while at preselected points the 
assumed boundary conditions will agree exactly with those prescribed, in 
other parts very large and undetected differences may arise. For this 
reason the second approach is chosen.
When only V^O, all the walls are equally loaded and it is 
sufficient to explore the stress distribution in one half of any wall. It 
has been decided to use in this case the first ten values ofp and to sub­
divide one half of both the base and the cap of the pyramid wall into
equal intervals. There are therefore 20 equations and 92 conditions. De­
noting by the sought arbitrary constant for the i-th corrective solution 
and using the symbols P and C£ for boundary quantities due to the primary
solution and the i-th corrective solution respectively and the symbol F for
the prescribed values of these quantities, the basic relationship at an 
arbitrary point of the boundary may be expressed by ' .
? + T > C L £ i = F f £. (6.76)
where £ represents the error. It will be sought to give to the constants 
XL such values that the sum of the squares of errors over the considered 
part of the boundary attains a minimum. Since there are generally two con­
ditions at every point of the boundary, there will also be two errors
£, = P-f'+Ec/X I ; £4.p- F ’ + Z C i ' x i
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where the summation extends over the total number of the available correc 
tive solutions. The overall error for the boundary of a length.! can be 
assessed quantitatively by evaluating the integral
where s is the distance from a fixed point of the boundary. The above 
integral will attain its minimum value when each unknown x*j satisfies the 
equation
and can be represented by a system of algebraic linear equations with the 
coefficient matrix A consisting of the elements
and with the right hand side of the i-th equation being equal to
hi* I[Ci(F'-P') f-C!(Fe-P")]ds (6.80)
L
Normally, numerical^integration will be used for evaluation of 
such formulae and one based on the Simpson's rule has been adopted. Because 
of the large computer storage required, in excess of that available at the 
time when the program was ready, it was decided to use an iterative method 
of solving equations (6.78).
tions are formed and solved to give the first approximation to X1 and . 
The primary solution P is then modified by adding to it the combined solu-
£3X3 f C? added to the modified primary solution. The program then returns 
to the first value of p  , the iteration including this time three pairs of
(6.77)
This is equivalent to
(6.78)
(6.79)
Starting with the lowest value of p the first two linear equa­
tion • The process is then repeated for the next value of p  and
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solutions. This process of sweeping in each iteration through an increas­
ing number of solutions continues until the last available solution is 
included. Thereafter, each iteration sweeps through all the corrective 
solutions. At the end of every iteration the average errorfStef+£%)ds/i 
is calculated and the program stops when two successive values of this 
quantity differ by less than 1%. The running total values of X i are stored 
so that these can be used in the next stages of computation. The process 
described is carried out whenever the procedure "iterate" is called. This 
procedure uses the procedure "least sq" which forms and solves a pair of 
linear equations corresponding to each value of p and the current state of 
the attained boundary conditions.
After completing the calculations for the lower boundary and 
modifying the primary solution at the upper boundary by including the 
effect of the corrective solutions so far determined, the second stage is 
reached.
This time only the negative values of p are used to satisfy the 
stipulated requirement of the cap being a rigid body. Using the previously 
described iterative method the constants 5c; are determined. The final solu­
tion is
P  * -  I L & i  C i  . +  U 2 i  C c  (6.81)
where P is the original primary solution and the two sums refer to the 
solutions satisfying the prescribed conditions at the lower and upper boun­
daries in turn. By calling the procedure "result" the final stress and 
displacement components are evaluated.
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For antisymmetrical loading cases there are two walls to be 
considered and the total number of intervals into which one quarter length 
of both the upper and lower boundary is subdivided was made equal to 9 0. 
Twenty values of determined from equation (6.^ -8) are used in this
case.
V/hen the pyramid is supported at four corners only, (Cases 132 
and A32), the specified conditions are that over the lengths of k.5 inter- 
vals dL% * ciy ~0 • Although these conditions are of the mixed type, they do 
not create any additional difficulties in programming or computation. An
example of the accuracy achieved is shown in Fig.3 8.
The lessons learnt during the analytical work deserve recording. 
It was found that the iterative process adopted was monotonically conver­
gent in all cases, the rate of convergence in the last stages being very 
slov/. For Case 3^2, 27 iterations were required to reduce the rate of 
convergence to less than 1 % per iteration. The technique used requires 
a greater amount of computation than a direct solution of all the linear . 
equations simultaneously eind is less accurate. It is felt therefore that 
better results could be obtained more quickly by reducing the number of 
both the available corrective solutions and the intervals into which the 
boundary is subdivided and by solving the full system of linear equations 
directly, without resorting to iterative methods. This applies especially 
to the cases in which the prescribed boundary conditions vary smoothly. In 
the case of the rigidly supported base the average error was reduced
from 0.0778 to O.OO36 for Case 122 and from O.O568 to 0.0060 for Case 4-22
v/hen only the two solutions corresponding to the lov/est value of p were 
included.
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The two basic loading cases (of a vertical and of a horizontal 
apex force) were investigated for three types of boundary conditions,
(Cases 112, 122, 132 and Cases *+12, *+22, *+32). From these an infinite num­
ber of other solutions can be derived by superposition. Thus, for example, 
one has
C -  k j C/f£ kz Cjzz + 1^30. (6.82)
where kj + k£ + k 3 = 1 and the three-digit indices refer to the various 
boundary conditions considered for the vertically loaded pyramid. By 
judicious use of this formula and of the tables in Appendix A, approximate 
solutions of other important cases can be achieved. This approach may be 
especially valuable when applied to the displacement of the apex in rela­
tion to the base. It would be difficult to determine this quantity by 
other approximate methods with equal ease.
6 .8 Comparison of the experimental and theoretical results.
In comparing the in-plane stress components determined analytic­
ally v/ith those obtained by strain measurements during tests on the Perspex 
model the following facts should be borne in mind.
1. Because of the relatively small thickness of the Perspex 
sheets used for making the model, the ratio of an inscribed circle to the 
wall thickness being equal to 138, the pyramid walls deflected a consider­
able amount under their own weight, with the result that from the start 
they were less rigid in the middle than at the inclined edges.
2. V/hile theoretical values of the stress components were 
computed in the first instance at the points shown in Figs.*+5 and 311 
strain readings were taken at the centroids of triangular areas defined 
by these points. For comparison purposes, the mean algebraic values of
1*K)
the theoretical results at three neighbouring points were used. Therefore, 
in addition to the inherent inaccuracies of the experimental stress values, 
this averaging of theoretical results may be a source of further discre­
pancy, especially in zones of rapidly varying stresses.
3. It was assumed in the analysis that the cap plate was 
perfectly rigid in every respect. While this assumption was found to be 
approximately true in the case of a vertical apex load, it was not entirely 
confirmed when the pyramid was loaded horizontally.
k , It was not found possible tp provide fully rigid foundations 
required for Cases A1 - E1 (Tables 12, 14 and 16).
With these reservations, there is a good correlation between
experiment and analysis.
The theoretical and experimental results are compared in Tables
1 9 - 2 1  and in Fig.59* It may be seen that in all the cases with symmet-
/
rically loaded walls the actual distribution of the stress components at 
the base was significantly different from those calculated on the assump­
tion of the pyramid being supported by a rigid foundation. It has already 
been mentioned that such a behaviour was not limited to compressive stresses 
but was noticed also, although to a smaller degree, in the case of tension 
(Case D1). These differences were limited to a lower part of the pyramid,
the agreement between the observed and calculated stresses at lines DF and
GJ being very good.
It may be noticed that at the centre lines of the antisymmet-
/
rically loaded walls the stress components ^ were generally compressive 
instead of being equal to zero as required by the theory. This is not
i*n
surprising, since the redistribution of stresses, brought about by a wall 
subjected to compression being less stiff than that under tension, is 
caused by bimoments B^ coming into action. Their effect is to reduce com­
pression in the tv/o symmetrically loaded walls and to increase it in the 
other two walls.
/
Rather large differences in the stress components exist in 
cases C1 and E1 (Fig.59)• This fact leads to the conclusion that in hori­
zontally loaded pyramids the effect of yielding supports is smaller for the 
side walls than for either the rear or front wall. It seems that better 
theoretical values would have been obtained if some yielding of the founda­
tion under symmetrically loaded walls had been incorporated in the analysis. 
The actual stress distribution in this case, however, cannot be completely 
explained so simply, since there is a good correlation between the shearing 
stresses, as may be seen in Table 21.
As already mentioned, the assumption of the cap plate being rigid 
was too optimistic in Gases G1, C2, E1 and E2. Better analytical results 
would have .been obtained, if a state intermediate between the conditions' of 
a fully rigid cap and of its bending stiffness being equivalent to that of 
the cut-off pyramid apex was assumed.
It was not found practicable to measure the displacement com­
ponents at the apex of the Perspex model. For Case the horizontal 
displacement component according to Table kO in A.ppendix A should be equal 
to 3.25^7 H/Eh. In the case of the Perspex model this results in £^= 59 x
r
10 in/lb. For a geometrically similar GRP pyramid with E = 8^0 000 lb/in2
- 6and h = 0.055 in, one obtains dx -  70 x 10 in/lb. With the base length
1lf2
b = 36 in, this similarity implies that at the cap each wall of the 
GRP pyramid should taper to 0.2 x 36 = 7*2 in. For the GRP pyramids used 
in the roof model and shown in Fig.1 5, this dimension is equal to k,S in. 
Because one can assume that according to (6 .69) the displacements at the 
apex are approximately proportional to the logarithm of the radial distance 
from the origin 0, it follows that for these pyramids
d t-7 o * lo ~ Q in (4tf/3G*o)/ln (7.2/ 36.0)  = 88 k I0 ' g in/Lb.
-6while the observed average value was 9^ x 10 in/lb (Table 3)*
It is concluded that the method of corrective solutions leads to 
valid results when the basic assumptions of the theory are fulfilled. In 
other cases, these results, although approximate, can provide useful infor­
mation for a designer. Without knowledge of the values of the in-plane 
stress components it would not be possible to predict the initial buckling 
loads. As will be seen in the next chapter, these are of vital importance 
for the purpose of estimating the ultimate strength of pyramids in double 
layer grid structures.
1^3
ALGOL 60 PROGRAM. ROOTS OF THE EQUATION k *s in < 2 *a lp h a )+ s in < 2 *k *a lp h a > = 0 ;
beg in  re a l aa5beta ,a q ,c c f ch £,e»m,niin,p,pi jp im * q , r a ,s ,s h ; 
in te g e r  a , b , o , n : a r ra y PQ[1:4 ,1 :1 7 ,1 :2 ] ;
boo lean a rra y  b o o [l :4 ,1 :17  ] ; swit c h  s s := L l,L 2 ;  
comment beta=?*a lpha k = p + a * i; 
p i := 3 .1415926536; ra := p i/1 8 0 ; m :=0.25;
fo r  ns=l ,2 ,3 ,4  do .for a := l s t ep 1 u n t i l  17 do 
beg in b e ta : - I0 * a * r a ; s : = s in (b e ta ) ; a a := s /b e ta ;
L is  pim s=pi*m ; c h := p i* (n + m )*a a /s in (p im ) ; j l f  ch<t then
beg in  q s = a rc c o s (e h )/b e ta ; b e := q * s /s in (q * b e ta ) ; b o o [n ,a ] : = tru e  
end e lse
beg in  a q := ln (c h + s q r t (c h * c h - l) ) :  q := a q /b e ta ; e :=exp<aq);
sh: =0 05 * (© ~ l/e )  ; c c : =q*s/sh  ; b o o [n ,a ] :~ fa ls e  
end ; m m := a rcco s (e c )/p i; jb f abs(m-mm)>10-7  then 
b e g in ms-mm; goto L I
end ; ps=p i*(n+m m )/bo ta ; PQ [n ,a , 1 ] := p ; P Q [n ,a ,2 ]:= q
ond ; c S =0 ;
L2s p r in t  ££1??; to p o ffo rm ; p r in t  ££15t2?ROOTS' p AND q FOR n = l,2 ,3 ,4 ? ;  
i f  c= l then p r in t  £ DIVIDED BY p i./2 *a lp h a ? ; fo r  b := l,2  do 
beg in  p r in t  ££17??; fo r  a := l s tep 1 u n t i l  17 do
beg in  p r in t  £ £ lt2 ? ? ,s a m e lin e ,d ig its (2 )  ,5 *a ,££s2?? ; 
fo r  n : = l f 2 ,3 ,4  do
begin i f  c = l then •P Q [n ,a ,b ]:= a /1 8 *P Q [n ,a ,b ];
p r in t  s a m e lin e ,a lig n e d (3 ,6 ) ,g ro u p in g (3 ) , P Q [n ,a ,b ]; 
i f  boo[n»a] and b=2 then p r in t  £ * i?  e ls e  p r in t  ££s2?? 
en d ; i f  a=(a d iv  5 )*5  then p r in t  ££1??
end
end; p r in t  ££12sl3?NOTE. * i  DENOTES IMAGINARY VALUE.?; 
o s -o + l;  j l f  e-1 t hen goto  L2 
end OF PROGRAM; ~
T A B L E  1 8
Hoots p n -h of equation ( 6 .Jib)
oC° Pi P i P3 P+
5 24.141 144 42.962 087 61.380 388 79.642 915
10 12.079 480 21.486 415 30.694 316 39.824 488
15 8.062 965 14.330 295 20.467 215 26.553 054
20 6.057 831 10.754 120 15.355 023 19.918 401
25 4.857 356 8.609 989 12.288 843 15.938 498
30 4.059 329 7.181 958 10.245 727 13.286 016
35 3.491 404 6.163 214 8.787 233 11.392 m i
40 3.067 434 5.400 374 7.694 333 9.972 376
45 2.739 593 4.808 251 6.845 135 8.868 826
50 2.479 215 4.335 766 6.166 669 7.986 691
55 2.268 096 3.950 456 5.612 503 7.265 694
60 2.094 139 3.630 729 5.151 730 6.665 690
65 1.949 023 3.361 713 4.763 022 6.158 948
70 1.826 869 3,132 890 4.431 251 5.725 760
75 1.723 454 2.936 721 4.145 508 5.351 848
80 1.635 747 2.767 841 3.897 956 5.026 856
85 1.561 657 2.622 724 3.683 379 4.743  732
CL° q* q* q3 q-4-
5 12.864 085 15.833 151 17.749 986 19.177 215
10 6.384 389 7.871 079 8.830 192 9.544 128
15 4.202 867 5.196 414 5.836 601 6.312 919
20 3.095 366 3.843 105 4.324 075 4.681 697
25 2,416 840 3.017 748 3.403 396 3,689 896
30 1.952 050 2.455 673 2.777 963 3.017 136
35 1.608 491 2.043 230 2,320 450 2.525 903
40 1.339 586 1.723 331 1,966 946 2.147 197
45 1.119 025 1.463 928 1.681 635 1.842 384
50 0.930 373 1.245 342 1.442 616 1.587 890
55 0.762 118 1.054 390 1.235 373 1.368 159
60 0.604 585 0.881 226 1.049 330 1.171 985
65 0.446 356 0.717 109 0.875 646 0.990 228
70 0.261 695 0.551.572 0,705 012 0 .813 755
75 0.189 5 94 *i 0.363 747 0.523 156 0 .629  920
80 0.347 333 *i 0.108 9 57 *i 0 .288 052 0 .409  390
85 0.436 560 *i 0.369 5 9 2 * i 0,294 836 *i 0.202 2 1 9 * i
NOTE. * i  DENOTES I  IMGINARY VALUE.
T A B L E  1 8 a
Values of p n~ jLpncL/(T  and q !n = Z
0L° iPi
1
P2.
i
P3
i
P4
5 1.341 175 2.386 783 3,410 049 4.424 606
10 1.342 164 2.387 380 3.410 480 4.424 943
15 1.343 828 2.388 383 3.411 202 4.425 509
20 1.346 185 2.389 804 ■3.412 227 4.426 311
25 1.349 265 2.391 664 3.413 568 4.427 361
30 1.353 110 2.393 986 3.415 242 4 .428  672
35 1.357 768 2.396 805 3.417 277 4.430 265
40 1.363 304 2.400 166 3.419 704 4.432 167
45 1.369 797 2.404 125 3.422 568 4.434 413
50 1.377 342 2.408 759 3.425 927 4.437 051
55 1.386 058 2.414 167 3.429 863 4.440 146
60 1.396 093 2.420 486 3.434 487 4 .443  793
65 1.407 628 2.427 903 3,439 960 4.448  129
70 1.420 898 2.436 693 3.446 529 4 .453  369
• 75 1.436 211 2.447 268 3.454 590 4.459 874
80 1.453 997 2.460 303 3.464 850 4 .468  317
85 r1 0 £». -a CO CO 2 .477 018 3.478 747 4.480 191
06°
/
q*
i
Q2
i
qs
j
q+
5 0.714 671 0,879 619 0.986 110 1.065 401
10 0.709 377 0.874 564 0.981 132 1.060 459
15 0.700 47 8 0.866 069 0,972 767 1.052 153
20 0.687 859 0.854 023 0.960 9O6 1.040 377
25 0.671 344 0.838 263 0.945 388 1.024 971
30 0.650 683 0.818 558 0.925 988 1.005 712
35 0.625 524 0.794 589 0.902 397 0.982 296
40 0.595 372 0.765 925 0.874 198 0.954 310
45 0.559 512 0.731 964 0 . 84 0 817 0.921 192
50 0.516 874 0.691 857 0.801 454 0.882 161
55 0.465 739 0.644 350 0.754 950 0 .836 097
60 0.403 057 0.587 484 0.699 553 0.781 323
65 0.322 363 0.517 912 0.632 411 0.715 164
70 0.203 541 0.429 000 0.54S 342 0.632 920
75 0.157 995*1 0.303 122 0.435 963 0.524 934
80 0.303 7 4 0 * i 0.096 851*1 0.256 046 0.363 902
85 0.412 307*1 0.349 0 6 0 * i 0.278 5 03 *i 0.190 9 8 5 * i
NOTE. * i  DENOTES IMAGINARY VALUE.
\FIG. 55
VARIATION OF STRESS COMPONENTS \  
(Fa OF CORRECTIVE S O L U T IO N S
CASE 311CASE 211
CASE 5/1CASE 4-11
V
H H
CASE 132.
F I G . E G
LOADING’ AND BOUNDARY CONDITIONS INCLUDED IN THE ANALYSIS
PYRAMID PLAN SHOW/NG
THE P O S IT IV E  SEN SE O F
A N G U L A R  PO LAR  CO-ORDINATES
ALGOL 60 PROGRAM FOR A SQUARE PYRAMID. CASES 122, 132, 422 AND 432;
beg in  re a l a l ,a 2 ,a 4 , a lp ,a lp h a ,c l,c 2 ,c 4 ,c a s ,e e ,m l,ra 2 ,m u ,p i,s l,s 2 ,  
s 4 ,sa s ,tl,zO ,K 5 ,K 6 ,K 7 ,H ,M ,V ;
in te g e r  a , b , c , d , e , f , g , h , i , i i , j , k , l , m , n , c a s e , s o l , s t a g e , t y p e ; 
a rra y  PQ [1:20, 1 :2 ] ,Z 1 ,Z 2 [1 :4 0 ] ; sw itch  s :=LA l,LA 2 ,LA 3 ;
L A I:  read a lp ,m u ,V ,H ,M ,s o l; p i :=3.14159265; a lp h a := a lp * p i/ l8 0 ;
c a s e := l;  a ls= a lp h a ; a 2 := 2 *a l; a 4 := 4 *a l;  t l : = t a n ( a l ) ;  
c l := c o s ( a l) ;  c2 := c o s (a 2 ); c 4 := c o s (a 4 ); c a s := c l* c l ;
s l : = s in ( a l ) ;  s 2 := s in (a 2 ) ;  s 4 := s in (a 4 ) ;  s a s := s l* s l;
m l:= l+m u; m 2:= l-m u; K 5 := 0 .5 * c l/s q r t ( c 2 ) / (a 2 + s 2 ) ; 
K 6 := 2 *c l/(a 4 -s 4 )  ; K 7 := c l/ ( s 4 -a 4 * c 4 ) /s q r t ( c 2 ) ;
f or  a := l s tep  1 u n t i l  s o l _do read n ,P Q [a , l ] ,P Q [a ,2 ] ;
LA2: s ta g e := l;  i i : = 9 0 ;  k := 9 0 ; z 0 ° = 0 .5 * ln (0 #0 5 * c l /s a s ) ;
LA3: i f  stage=3 o r sol=0 then beg in i i : = 2 ;  k := lO  end; c := 0 ;
fo r  i : = i i  s tep  1 u n t i l  k do fo r  j := 0  s tep  1 u n t i l  k do 
i f  i > j  and i+ j = ( ( i + j )  d iv  2) *2 then c := c + l;  
beg in  re a l c o l,c o 2 ,c s ,d x ,d y ,d d ix ,d d iy , j j , k k , p , q , r , r r , r s , r t , r r r , 
s i l , s i2 , s is , t h e t a , t t , x , y , x x , y y , z , z z ;  boolean b o o ,s tre s s ; 
a rra y  A [ l : c ] , R T , X Y [ l : c , l : 2 ] ,S 1 ,S 2 [1 :c , 1 : 5 ] ,S E 1 ,S E 2 [1 :c ,1 :5 ,0 :1 ] ;  
boolean a rra y  B O O ,S T R E S S [l:c ],B B B [l:so l]; sw itch  s s := L B l; .  
boolean procedure even(a) ; va lue  a ; in te g e r  a ; 
even:=a=(a d iv  2 )*2 ;
boolean nroceduro odg o (b ); va lue  b ; in te g e r  b ; 
edge: = (a b s ( th e ta -a lp h a )< ]0-4  _or a b s (y ~ X Y [l, 2] )<10-4  
o r a b s < y -5 *X Y [l,2 ])< 10- 4 ) ;  
procedure c o n v e r t(s ) ;  a rra y  S;
beg in S|‘ 1] : = r r * s is + t t * c s + r t * s i2 ; S [2 ] := : r r+ t t~ S [ l]  ;
S[ 3 ] : = ( r r - t t ) * s i2 /2 + r t * c o 2
end ;
procedure v s t re s s (S ) ; a rra y  S;
beg in  r r : = -K 5 * c o l/ r ; t t  := :rt := 0 .0 ; c o n v e rt(s )
end;
procedure h s t re s s (s ) ;  a rra y  S;
beg in r r : = - K 6 / r * ( i f  type=0 then s l* c o l  e ls e  c l * s i l )  ; 
t t : = r t : = 0 . 0 ; co n ve rt(S )
end;
procedure m s tre s s (s ); a rra y  S; 
beg in  i f  typ©=0 then
begin r r := 2 *s 2 *c o 2 *K 7 /rs ; r t := s 2 * s i2 * K 7 /rs  
end e lse
begin r r :  = 2 *c 2 *s i2 *K 7 /rs ; r ts = (c 4 -c 2 *c o 2 )*K 7 /rs  
end ; t t : = 0 o0 ; c o n v e rt(s)
end ;
procedxire c o r re c t ( s ) ;  a rra y  S;
be ^ in  i f  type=0 then S [5 ] := S [5 ]-d d iy  e ls e
beg in  S [4 ] := S [4 ] -d d ix + (y -v y ) /x x * d d iy ; S [5 ] : = S [5 ]-x /x x * d d iy
end
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procedure v d is p l( s ) ;  a rra y  S;
beg in  S [4 ] := 0 o5 * (m l* s il* c o l- in 2 * th e ta ) *K 5 ;
S[ 5] ;= -0 e5 *(2 *z + m l*s is )*K 5 ; 
d d ix := 0 .5 * (m l* s l* c l-m 2 *a lp h a )*K 5 ; 
d d iy : - - 0 a5 *(2 *zz+ m l*sa s )*K 5 ; c o r re c t(s )
end;
procedure h d is p l( s ) ; a r ra y  S; 
beg in  i f  type=0 then
beg in  v d is p lT s ) ;  f o r  1 := 4 ,5  do S [ l] := K 6 /K 5 * s l* S [ l ]  
end e lse
beg in  S [4 ] := -0 <(5 *c l* (2 *z + m l*c s )*K 6 ;
S [ 5 ] J =0 e 5*c l* (m l* s il* c o l+ n i2 * th e  ta )  *K 6 ; 
d d ix := -0 ,5 *c l* (2 *z z + m l*c a s )  *K6; 
d d iy := 0 .5 *c l* (m l*s l* c l+ m 2 *a lp h a )*K 6 ; c o r re c t( s )
end
end;
procedure m d is p l( s ) ; a rra y  S; 
beg in  i f  typ e -0  then
beg in  S [4 ] : = 2 *s 2 *s il* (s is ~ m u *c s )*K 7 /r ;
S [5 ] := -2 *s 2 *c o l * (c s -m u * s is ) * K 7 /r ; 
d d ix := 2 *s l* s 2 * (s a s -m u *c a s )*K 7 /r r r ; 
d d iy := -2 * s 2 * c l* (c a s -m u *s a s )* K 7 /r r r ; c o r re c t ( s )  
end e ls e
begin S [4 ] : = -c o l* (2 *c 2 + m l* (c 4 -c 2 *c o 2 ))*K 7 /r ; 
S C 5 ]s = -s il*< 2 *c 2 -m l* (c 4 -c 2 *c o 2 ))*K 7 /r ;  
dd i x : =-c 1 * ( 2*c 2-m 1 *s 2 *s 2 ) * K 7 /r r  r ; 
d d iy := -s l* (2 * c 2 + m l* s 2 * s 2 ) * K 7 /r r r ; c o r re c t(S )
end
end ;
r e a l procedure cosh(a) ; va lue  a ; re a l a ; 
beg in  re a l e ; e := e x p (a ); cosh:=0 n5*(e +1./e )  
end ;
real procedure sinh(a) ; value a; real a; 
begin real e; e:=exp(a); sinh:=0 .5*(e-l/e) 
end;
procedure a d ju s t ( s ) ;  a rra y  S;
beg in  r e a l a a ,b b ,k l,k 2 ,A ,B ; in te g e r  cc ;
c c ;= 1 -2*ty p e ; a a := 2 *p *a lp h a ; b b ;= 2 *q *a lp h a ; 
k l:= c 2 -c c *c o s (a a )*c o s h (b b ) ; k 2 ;= c c *s in (a a )*s in h (b b )  ;
fo r  b :=1 s tep  1 u n t i l  c do 
beg in  A != S [b t l , 0 ] ;  B S = S [b , l , l ]  ;
S [b , l,0 ] := k l* A + k 2 *B ; S [b ,1 , 1 ] : = -k l*B +k2*A
end
end ;
procedure sestress(s); array S;
beg in  r e a l a p l,a p 2 ,a q ,c q z ,c a l,c a 2 ,c h >c h a ,c t l ,c t2 ,e p 2 ,p l,p 2 ,p 3 ,p 4 ,  
p 5 ,p 6 ,p 7 ,q z ,s q z ,s a l,s a 2 ,s h ,s h a ,s t l ,s t2 , tp t t p l , t p 2 , t q >F , F l , 
F2,DF,DF1, DF2, DDF,DDF1, DDF2, ZF, DZF, ZZF;
array A1,A2,A3,A4,A5,A6,A7,A8,A9,A10,B1,B2,B3,B4,C1,C2,C3, 
C4,C5,C6,C7,C8,C9,C10,C11,C12>C13,C14,C15,C16[1;4],D[1;3] ;
* *
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procedure m a t(A ,a ,b ,c ,d ) ; re a l a ,b ,c ,d ;  a rra y  A; 
b e g in ~ATl31 =a; A [2 ] := b ;  A [3 ] := c ;  A [4 ]:= d  
end;
procedure sum (a ,A ); re a l a ; a r ra y  A;
beg in  in te g e r  b ; a := 0 ; f o r  b := l ,2 ,3 ,4  do a :=a+A [b ]
end ;
procedure add<A,B ,C ); a rra y  ApB ,C j
beg in  in te g e r  a ; f o r  a := l , 2 ,3 t 4 do A [a ]:rrB [a ]+ C [a ]
end ;
procedure p ro (A ,B ,C ); a rra y  A ,B ,C ;
beg in  in te g e r  a ; f o r  a : r r ls2 ,3 ,4  do A [a ]:= B [a ]*C [a ]
end ;
tp := ty p e * p i /2 ; p l := p + l;  p 2 := rp -l; p 3 := q * q -p l* p l; 
p 4 := q *q -p2 *p2 ; p 5 := 2 *p l*q ; p6: =2*p2*q ; p 7 := q *q + p l*p l;
a q := q *a lpha ; ch a := co sh (a q ); sha:= :s inh(aq ) ; 
m a t(A l,-c h a ,c h a ,s h a ,-s h a ) ; Tna t(A 2 ,-sha ,sha ,-cha f cha) ; 
m a t(A 3 ,-p l,~ p 2 sp l , p 2 ) ; m a t(A 4 ,p 3 ,p 4 ,p 3 ,p 4 );
rc a t(A 5 ,-p 5 ,-p 6 ,p 5 ,p 6 ) ; m a t(A 6 ,q ,q ,q ,q ) ; 
a p l:= p l* a lp h a + tp ; ap2 :=p2*a lpha+ tp ;
c a l;= c o s (a p l)  ; ca2: =cos(ap2) ; s a l := s in ( a p l) ; sa2jrrsinCap2) ; 
m at(A7, c a 2 ,c a l ,s a 2 ,s a l) ; m a t(A 8 ,s a 2 ,s a l,c a 2 ,c a l) ; 
p ro (A 9 ,A 1 ,A 7 ); p ro (A lO ,A 2 ,A 8 ); f o r  b := l s tep  1 u n t i l  c do 
beg in rs = R T [b , l]  ; th e ta :r :R T [b ,2 l ; c o l:= c o s ( th e ta ) ;
s i l j - s i n ( t h e t a ) ; c o 2 := c o s (2 * th e ta ) ; s i2 := s in (2 * th e ta )  ; 
e s := c o l* c o l;  s i s : = s i l * s i l ' ;  t p l : = p l* th e ta + tp ; 
tp 2 := p 2 * th e ta + tp ; tq := q * th e ta ; c h := c o s h (tq ) ; 
s h :~ s in h ( tq )  ; c t l : = c o s ( t p l ) ; c t2 := c o s ( tp 2 )  ; 
s t l j = s i n ( t p l ) ; s tB := s in ( tp 2 ) ; 
m a t ( B 1 ,c t l , o t2 ,s t1 ,s t2 ) ; m a t(B 2 ,c h ,c h ,s h ,s h ) ; 
m a t< B 3 ,s t l ,s t2 ,c t l ,c t2 >  ; m a t(B 4 ,s h ,s h ,c h ,c h ) ; 
p r o ( d ,B l,B 2 )  ; pro(C 2,B3,B4) ; p ro (C 3 ,A 9 ,C l) ;
p ro (C 4,A lO f c l ) ; p ro ( C5, B2, B3 ) ; pro<CG,A3,05 ) ; 
pro(C7,B1,B4) ; 0 ^ (0 8 ,4 6 ,0 7 ) ;  add<C9,C6,C8) ;
p ro (c iO ,A 9 ,C 9) ,* p r o ( d l  ,A10 ,09) ; p ro<C 12,A4,C l) ; 
p ro (d 3 ,A 5 ,C 2 ) ; add<C14,012,013) ; p ro (d 5 ,A 9 ,C 1 4 ) ; 
p r o ( c i6 ,A10,C14); sum (F l,C 3); sum(F2,C4); sum<DFl,0 1 0 ); 
sum (D F 2 ,O il); sum(DDFl,0 1 5 ); sum(DDF2,C16); 
z : = ln ( r ) ;  e p 2 := o x p (o 2 *z -p *z 0 ); fo r  a ;= 0 , l  do
beg:l_n q z := q *z + p i*m /2 ; cqz : =:cos(qz) ; s q z := s in (q z ) ■;
F;=cqz*FT +sqz*F2; DF!-oqz*DFl+sqz*DF2; 
DDF:=cqz*DDF!+sqz*BDF2; Z F S -p l*F ~ q *(sq z*F l-cq z*F 2 ) ; 
ZZFS=2*pl*ZF-p7*F; D Z F := p l*D F -q*(sqz*D F l-cqz*D F 2); 
rr:=ep2*(ZF+DDF>; tt:= e p 2 *(z Z F -Z F ) ; 
rt:= o p 2 *(D F -D Z F ); co n ve rt(D ) ; 
f o r  1 := 1 ,2 ,3  do S [b , l ,m ] := D [ l ]
end
end ; i f  even(n) then f o r  1 := 1 ,2 ,3  jdo a d ju s t(S )  
end o f  procedure s e s tre s s ; 
procedure s e d is p l( s ) ;  a rra y  S;
beg in  r e a l a p l,a p 2 ,a q 9c q z ,c a l,c a 2 ,c h ,c h a ,c t l ,c t2 ,e p ,d ir ,d i t ,p l> p 2 »
* * *
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q z ,s q z ,s a l,s a 2 ,s h ,s h a ,s t l , s t 2 , t p , t p l  , tp 2 ,tq ,A 0 ,B 0 ,c 0 ,D 0  t A ,B , 
C ,D ,E ,FSG ,H ,J 1 ,J 2 ,J 3 ,J 4 ,J 5 ,J 6 ,J 7 ,J 3 ,K K l,K K 2 ; a rra y  D D [4 :5 ], 
D IX ,D IY [O s l]; t p ; - t y p e * p i / 2 ;  p l := p + l ; p 2 := p - l;  a q := q *a lp h a ;
oha ;= cosh (aq ); s h a s -s in h (a q ) ; a p l2~ p l*a lp h a + tp ; 
ap2 := p2 *a lpha + tp ; c a ls = e o s (a p l) ; c a 2 :-o o s (a p ? ); 
s a l := s in ( a p l) ; s a 2 s -s in (a p 2 ) ; AO ;~ca l*cha; B0;=ca2*cha; 
C O :-sa l*sha ; DOj—sa2*sha: fo r  b : —c step  -1  u n t i l  1 do
begin r;= R T [b .l.1  : th e ta s = R T [b ,2 l; x := X Y [b , l ] ;  y := X Y [b ,2 ];
eo lS r=cos(theta) ; s i l r - s i n ( t h e t a ) ; tq ir :q * th e ta  ; 
t p l : - p l * t h e ta + tp ; tp 2 :~ p 2 * th e ta + tp ; o h := c o s h ( tq ) ; 
sh ;= s in .h (tq ) ; c t l : ~ c o s ( t p l ) ; o t2 := c o s ( tp 2 ) ; 
s t ls = s in < t p l ) ; s t2 := s in ( tp 2 ) ; A := c t l* c h ;  E := c t2 *c h ; 
C := s t l* s h ; B := s t2 *s h ; E := s t l* o h ;  F := s t2 *o h ;
G ;= c t l* s h ;  H := o t2 *sh ; J1 : =A0*B-C0*D; J 2 : =30*A-D0*C;
J3 ; =A0 *D+C0*B; J4 : =B0 *C+D0*A; J5 : =A0 *F+C0 *H ;
J6%=B0*E+D0*G; J7 : -A0*H-C0*F; J8:~B0*G-D0*E ;
z : = ln ( r ) ;  e p := e xp (p *(z -zO )) • fo r  do
begin q z :r:q *z+ p i*m /2 ; c q z := o o s (q z ); s q z ;= s in (q z ) ;
KK1: = p l*cq z -q *sq z  ; KK2: =p l*sqz+q*cqz ;
d i r ;  =ep* <4 * ( J1 *cqz+J3*sqz ) -m l * ( KK1 *  ( J1 -  J2 ) +KK2*
(J 3 -J 4 ) ) )  ; d it ;-e p * (2 *m 2 * ( j5 *c q z -J 7 *s q z )+ m l* (K K l*
( J5 -J6 )-K K 2*< J7 -J8 )) ) ;  DB[4] : = d i r * s i l+ d i t * c o l ;
D D [5 ] : = d i r * c o l - d i t * s i l ; ' i f  b=c then
beg in  DIX[m ]s=DP[4] ; D IY [m ]:=DD[5]
end ; d d i x : ; dd iy ;=D IY [m ] ; co rre c t(D D '* ;
fo r  1 := 4 ,5  do S [b ,l,m ]:= D D [1 ]
end
end ; i f  even(n) then fo r  1 := 4 ,5  do a d ju s t (s )  
end o f  procedure s e d is p l;
p rocedure sim pson(a , a) ; va lue  a; in te g e r  a ; a rra y  A; 
beg in  In te g e r  e ; e := 0 ; fo r  b;=a s tep  -1 u n t i l  1 do
beg in  Af'b] : ~ i f  even(e) then 2 /3  e ls e  4 /3 ;  e := e+ l 
end; A r i ] £ = i f  even(a) then 2 /3  e ls e  1 /3 ; A [a ] := l /3
end ;
procedure  sesd(s) ; a rra y  S;
b eg in  i f  s tre s s  then s e s tre s s (s ) ;  s e d is p l(s )
end ;
procedure e r r o r ( e ) ; re a l e ;
b eg in  re a l sq; in te g e r  11; sq := 0o0 ; f o r  b : - l  s tep  1 u n t i l  c do
beg in  l l : = i f  STRESS[b] then 3 e ls e  4 ;  f o r  1:=11,11+1 do 
beg in  s q := s q + A [b ]*S l[b f l ] * S l [ b , l ]  ;
i f  even(n) then s q := s q + A [b ]* S 2 [b , l ]* S 2 [b , l]
end
end; e : = s q r t ( s q / ( c - l ) ) * ( i f  even(n) then 0 .5  e ls e  1 .0 )
end ;
p rocedure le a s ts q (z ,a ) ; re a l a ; a rra y  Z ; 
b eg in  re a l a a ,b b ,c c ,d d 9e e ,e p ,d e t f S ; in te g e r  11;
a rra y  B [ l S c ] ,S E [0 ;1 ] ; boolean boo; sw itch  sss:=LLL ; 
aas=bb;=co:r:dd;=ee;=0o0 ; ep: =exp(absCpTT; b oo := tru e  ;
LLL! f o r  b : - l  s tep  1 u n t i l  c do
* * * *
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beg in  B [b ] := A [b ] /e p ; 11: = i f  STRESS[b] then 2 e ls e  4 ;
.for 1:=11,11+1 do
beg in  S :~ i f  boo then 5 l [ b , l ]  e ls e  S 2 [ b , l ] ;
fo;r m := 0 ,l do S E [m 3:= if boo then S E lfb , l,m ]  
e lse  SE2[b,1 ,m ]; a a := a a + B [b ]*(S E [0 l*S E [0 ]) ;
bb:=bb+Brb]*<SEro.l*SE[l ]) ; cc:=cc-RrbJ*(S*SE[03) ; 
d d := d d + B [b ]* (S E [l]*S E [l3 )  ; e e := e e -B [b ]* (S *S E [l]>
end
end ; j l f  even(n) and boo then beg in b o o := fa ls e ; go to  LLL end ; 
de ts=aa*dd-bb*bb; B B B [a ]:= if  a b s (d e t/b b /b b )> 10-5  th e n tru e  
e ls e  f a ls e ; i f  BBB[a] then beg in  Z [2 *a -1 1:= (c c *d d -b b *e e ) /d e t; 
Z [2 * a 3 (a a * e e -b b * c c ) /d e t  end 
end o f procedure le a s ts q ;
procedure i t e r a te ( p p ,Z ) ; va lue  pp; in te g e r  pp; .a rray  %; 
beg in  re a l ee ,e o ld ,e n e w ; in te g e r  i t , 11; a rra y  S [ l : 4 0 ] ;  boolean boo; 
boo := t r u e ; e r r o r ( e o ld ) ; e e := e o ld ; p r in t  ££1??; to p o ffo rm ; 
p r in t  ££1 5s5?C A S E ?,sam e line ,d ig its (3 ),case ,£  STAGE?, 
d ig i t s < 2 ) , s ta g e ,£ AVE. IN . ERROP.?,aligned(3,4) ,e o ld  ; 
f o r  a 2=1 s tep  1 u n t i l  2 *so l do Z [a ] :=Sf"a] := 0 ,0 ; f o r  a : -1  s tep  
1 UTVfc il so1 f l°  BBB[a]: = tru e ; f o r  i t : = l , i t + l  w h ile  boo do 
fo r  a := l s tep  1 u n t i l  ( i f  i t < s o l  then it+ 1  e lse  s o l)  do 
beg in i f  BBB[a] th e n
begin p:=pp*PQ [a.11 ; qS=PQ[a,2]; ty p e := 0 ; s e s d (S E l); 
i f  even(n) then beg in  tv p e s = l;  sesd(SE2) end ; 
le a s ts q (s ,a )  ; f o r  m:=0,1 do 
beg in  fs= 2 *a + m -l; Z [ f ] := Z f f ]+ S [ f3; 
f o r  b :=1 s tep  1 u n t i l  c do 
beg in 11 - i f  STRESS [b ]  then 2 e ls e  4 ; 
fo r  l s = l l #l l + l  do
begin S I [ b , l ] : = S l [ b , l ] + S [ f ] * S E l [ b , l , m ] ; 
i f  even(n) then
S 2 [b , l ]  := S 2 [b ,13+S[f3*SE 2[b,l,m 3
end
end
end
end ; _ if a=sol j^ r  a=it+ 1  then
begin e rro r(e n e w ); p r in t  £ £ 1 2 s 5 ? IT „? ,s a m e lin e ,d ig its (2 ) , 
i t ,£ AVE. ERROR?,aligned( 2 ,4 ) , ©new;
boo:=(eold-enew )/enew >.i.j and enev/>0o0 l* e e ; eold:=enew
end
end; p r in t  ££1?? 
end o f  procedure i t e r a te ;
procedure r e s u l t ( p p ,Z ) ; va lue  pp; in te g e r  pp; a rra y  Z ; 
f o r  a := l s tep  1 u n t i l  s o l do
beg in  p= p p *P Q [a , 1 ] ; q := P Q ra ,2 ]; ty p e := 0 ; sesd<SEl);
i f  even(n) then beg in  t y p e ;= l ;  sesd(SE2) end ; f o r  m := 0 ,l tio 
beg in  fs= 2 *a + m -l; f o r  b := l s tep  1 u n t i l  c do
fo r  l : = ( i f  STRESS[b] then 1 e ls e  4 ) s tep  1 
u n t i l  ( i f  BOO[b] then 5 e ls e  3) do
begin Sl[b,l3:=Sl[b,l3+Z[f3*SEl[b,l,m3; jLf even(n) then
a|e stc 4e ate a)e
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S 2 rb , l3 := S 2 [b , l3 + z r f ]*S E 2 [b ,l,m J
end
end
end ;
procedure o u tp u t(A ) ; a rra y  A;
beg in  to p o ffo rm ; p r in t  ££17sl3?CASE ? , d ig i t s ( 3 ) , sam e line ,case ,£ .£s??  ;
i f  ty p e = l then p r in t  EANTI?; p r in t  £SYMME TRICALL Y LOADED WALL.?,
££12sl3?POINT, STRESSES XX,YY,XY, DISPLACEMENTS DX,DY.£1??;
fo r  b := l s tep  1 u n t i l  c do
beg in  p r in t  £ £ ls ? ? ,s a m e lin e ,d ig its ( l2 ) ,b ;
f o r  ls = l  s teo  1 u n t i l  ( i f  EOO[b] then 5 e ls e  3> do 
p r in t  s a m e lin e ,a lig n e d (4 ,4 ) ,A [b ,13;
11  b=<b 111  5 >*5 th6n P r in t  ££1??
end
end ;
procedure d a ta (a ) ; a rra y  A; 
beg in  r e a l aa ,bb ; p u n c h ( l) ;
p r in t  ££14s3?SQUARE PYRAMID DATA£12s3?CASE, TYPE, POINT,?,
£ STRESS XX,UUsV V £ 1 2 s 2 ? ? ,s a m e lin e ,d ig its (3 > ,c a s e ,ty p e ,££1??; 
fo r  b := l s tep  1 u n t i l  c do _ if no t BOO[b] then 
beg in a a := A [b , l]* s a s + A [b ,2 ]* c a s ; b b := A [b ,3 3 *s2 ;
A [b ,2 ]:= a a + b b ; A [b ,3 ] : =aa-bb; p r in t  d ig i t s ( 3 ) , b ;  
fo r  1 := 1 ,2,-3 do p r in t  s a m e lin e ,a lig n e d (4 ,5 ) , A [ b , l ]  
end ; p r in t  ££12s3?END OF TABLE?; punch(4 )
end ;
procedure code; p r in t  ££12?
CODING SYSTEM.
100— VERTICAL LOAD. 200—-HORIZONTAL LOAD.
300— MOMENTo 400— HORIZONTAL LOAD AT CAP.
500— TORQUE. 10— INFINITE PYRAMID.
20— RIGID BASE. 30— CORNER SUPPORTS.
1— WITHOUT CAP PLATE. 2— RIGID CAP PLATE.£1??; 
s im p s o n (A ,c ); j j s = 0 .0 l ;
b o o := j f  case“ 132 o r case=432 then tru e  e ls e  f a ls e ;
LBlS s tre s s s - i f  (s tag e r:! and boo) o r  stage=3 then tru e  e ls e  f a ls e ; 
x x : “ i f  stage=2 then 0 .1  e lse  0 .5 ; y y : = x x / t l ;
r r r : = s q r t ( x x 5stxx+yy!S!yy) ; z z s = ln ( r r r ) ;  d x := x x /k ; d y ;= d x / t l ;  b := 0 ; 
f o r  i : = i i  s tep  1 u n t i l  k jdo fo r  j ;=0 s tep  1 u n t i l  k do 
i f  i > j  and e v e n ( i- f j)  then
beg in  re a l t l pt 2 ;  b := b + l;  BOOCb]; - f a l s e ; y := i* d y ;  x := j* d x ;
rs := :x *x + y *y ; r : = s q r t ( r s ) ; z : = ln ( r ) ;  t l : = th e ta := a r c ta n ( x / y ) ;
t2 s = 2 * t l ;  R T [b , l ] : = r ; R T [b ,2 ] := th e ta  ; X Y [b , l ] := x ;
X Y [b ,2 ]:= y '; c o l : = c o s ( t l ) ; c o 2 := c o s ( t2 ) ; c s := c o l* c o l;  
s i l s r r s in ( t l )  ; s i2 := s in ( t 2 ) ; s i s : = s i l * s i l ; i f  s tre s s  then 
beg in a rra y  SV,SH1,SH2,SM1,SM2[1;33; f o r  1 := 1 ,2 ,3  do 
sv[ 13 : =SHl [ 13 i =SH2 [13 : = s m  [ 13: =SM2 [ 13: = 0 .0 ; 
i f  V>,0-6  then vs tress (S V ) ; j l f  H>i0-6  then 
beg in ty p e :=0; h s tre s s (S H l) ;  t y p e := l ;  hs tress(S H 2) 
end ; i f  M>m-6 then
begin ty p e := 0 ; m stress(SM l) ;  t y p e := l ;  mstress(SM2)
15**
end; fo r  1 ;= 1 ,2 ,3  do
begin S I r b , l ] : =SV[1]*V+SH1[1]*H+SM1[1]*M;
S2[b,l]S=SH2[1]*H+SM 2[1]*M
end
end ; e : = i f  boo then 41 e lse  1;
i f  (s ta g e = l and b>©) o r  stage=2 o r (stage=3 and edge(b )) then 
begin a rra y  DV, D i l l ,DH2, DM1, DM2 [4 :5 ] ;  BOC3[b ] : = tru e  ;
*1:=4,5 do DV[1] :=DK1 [1 ]  :=DH2[1] :=DIvn [1 ]  :=DM2[1] :=0 .0  ; 
i f  V;>,0-6  then v d is p l(D V ) ; j l f  H>10-6  then 
beg in ty p e := 0 ; h d is p l(D H l) ;  t y p e := l ;  hdispl<DH2) 
end ; j l f  M>,0-6  t hen
begin tvpe:=Q ; m d isp l(D M l); t y p e := l ;  mdispl(DM2) 
end; f o r  1:=4 ,5 do
begin S1 [b , 1 ] : =DVr1 ] * V+DH1[ 1 ] *H+PM1 [ 1 ] *M; 
S 2 [b t l]:= D H 2 [l]*H + D M 2 [l]*M
end
end
end ; i f  no t boo then c a s e := if  even(n) then 422 e lse  122; 
i f  s tage= l then
begin  fo r  b:=e s tep  1 u n t i l  c _do STRESS[b]:= fa lse; jL f boo then 
fo r  b : —1 s tep  1 u n t i l  e do STR ESS[b]:= true; 
i t e r a t e ( l , El ) ;  s ta g e :=2; goto LB! 
end ; i f  stage=2 then
beg in  fo r  b := l s tep 1 u n t i l  o do STRESS fb ]  : = fa ls e ;
r e s u l t ( l  ,Z1) ; i t e r a t e ( - l  ,Z2) ; s tage := 3 ; goto LA3 
end ; j i f  stage=3 then
begin fo r  b := l s tep  1 u n t i l  c _do STRESS[b]: - t r u e ; 
r e s u l t ( l , Z l ) ;  r e s u l t ( - 1 ,Z2) ; tv p e := 0 ; 
o u tp u t ( s i) ;  code; d a ta (s i)  ; j l f  even(n) then 
beg in ty p e := l ;  o u tp u t(S 2 ) ; code; data(S2) 
end; i f  no t boo then
begin case: - i f  evonCn) then 432 e lse  132; goto LA2 
end; i f  even (n + l) then goto LAI
end
end end OF PROGRAM;
DATA FOR THIS PROGRAM 
SYMMETRICAL CASE
alpha=30.0  mu=0.375 V=1.0 H=0.0 M=0.0 s o l=10
1 4 P059329 1.952050 3 10.245727 2.777963
7 22.351381 3.502398 9 28.375184 3.727072
13 40.404295 4.001383 15 46.413941 4.192923
19 58.428020 4.411630 
ANTISYMMETRICAL CASE
alpha=30.0 mu=0.375 V=0.0 H=1.0 M=0.141421356 sol=20 n ,p ,q :
2 3.630729 0.381226
8 12.694439 1.477 854
14 21.711916 1.733029
20 30.720513 1.398301
26 39.725723 2.020816
32 48.729252 2.118220
38 57.731318 2.199079
4 6.665690 1.171985
10 15.702023 1.57 8886 
16 24.715352 1.794706 
22 33.722508 1.942727 
28 42.727039 2.055540 
34 51.730192 2.146722 
40 60.732526 2.223251
n,p,q:
5 16.314164 3.207789 
11 34 . 391 87 2 3 . 90 87 87 
17 52.421672 4.308522
6 9.683435 1.349300
12 18.707609 1.662168 
IS  27.718164 1.849310 
24 36.724226 1.983367 
30 45.728208 2.087908 
36 54,731043 2.173618 
END OF DATA
# s<t j)c # *
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UlLOiiili
-O 'S IBE
C A S E 43Z
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S T R E S S  D I S T R I B U T I O N  
OF C O M P O N E N T S  A T~  
B A S E  -P Y R A M I D
A N D  432.
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COMPARISON OF EXPERIMENTAL AN D  FINAL ANALYTIC A L VALUES 
OF STRESS COM PONENTS (fy1 FOR PERSPEX M O D E L .
CASE
P O I N T
A 8 c D E £ G H cr K L M N O
A  / 
122.
- F I5
- r s 2
-/79 
- / 73
-V37
-rs 2
-055
-043
-063 
-O '74-
-073
-035
-043
-023
-0 '5 7
-043
-020
-050
-0'44
-020
-D'38
-028
-0*37
-036
-025
- 0 ‘4-S
-020
-04-5
A 2. 
IS £
- ro 8
-/'51
-/‘/0
-VIS
- I '23 
- l '5 l
-022
-055
-0'60 ''-0'5S 
-0'68 j-073
-0*72;-057-07<3
-O74j-O4fj-033
- I '08 
-O'93 -0'23
-007
-003
O'OO
-O'OO
+0'04
-0 0 5
B l
42.2.
-OSS 
- I '17.
-roo
-0 9 6
- r / 7
- r i 7
-/*0<3-072 -052
-033 {-0341-034! !
-032
-055
-0773 
- 0 \76
-020
-033
-0'6S\-0'6Z
- 0 ’4S -0 '54
-057-035
-063-063
:
-020
-060
B2.
432
-032
~ r i3
-OS!
-OS!
-776
-/73
-rts \-o :s5 \-o 'S 3
~0 '3Lo '78 \-0 '73
-116 
-I'O I
-070
-050
4002
-055
- I t  7 
-V2.&
-078
-020
-0 00 40*0 f 
-0 0 8 r0 '0 8
407/
-0*00
C l
422
+0'37
p ro s
- 017 
O' 00
-047
-709
-O m r 0 ’57
-O 'S p O 'll
-0 1 0
O'OO
-O '74 
-0 2 5
-062^003
-024000!
-O'55  
-O '34
-049
-032
-O'47lr 0'32
- o m -013!
-003
0 0 0
C2.
432
r  0-2.3 
+!'O0
-O'15 
O’OO
-030
-/7>0
-VOS 
-Oh I
-0'4-&-0'07  
-o 'l4 \ o'oo
-098
-VOS
-060-007 
-050 0 *00
729
-V30
-073
-077
-0'07,-DOS 
~0'02\+0'02
-0*02
0*00
D l
422
4/77
4/77
4/20
+096
4/23
4/77
+V04
+033
+0‘35
4 03 4
+097
+094
+082
+0'65
40 79 TO 71 
4076; 4025
4076. 
+0743
4057
+054
+0'52
+0'GS
+045
+0‘68
+046
+0'69
0 2
432
4/3/ 
4/ 73
+ r i2
+0'3\
4035
4/73
4/77 
4 034
405f
4075
+0'7Z
V0'73
4/09
4/0/
407/4035 
+ 0531+035
+V47 
4/2 8
4 0 /3j 4 0 '05j+00}  
4 020j +0'O8t-0'08
O'OO
+009
E l
422
-033
-ro9
-O'OZ
O'OO
4-02/
4/00
40 65
4034
40*27
407/
-O'OS 
O'OO
407?
4035
+ 0 ‘o5
7024
-009
0 0 0
+0'7G 
4 034
40*52
4032
+0'34
+0'25
-+005
+013
-0 7 1
O'OO
£ 2.
432 7*00
+ Q'0J 
O'OO
4076 
4/'00
4056 
■VO'62
4035
4024
-00 3 
0 0 0
4/74 
TV OS
4063
+ 055
4025
O'OO
+736
+-V30
4075
4077
4 0 05. 
+0'0l
-0*0/
-0*02
- O'OZ 
O'OO
U P P E R  F IG U R E S  R E P R E S E N T  E X P E R I M E N T A L  R E S U L T S  F O R  
V - 1 2 0 0  Lb (  m  ~ SZO) A N D  H  = lOOO t b  ( m  = 2G7^)
TABLE 20
COMPARISON OF EXPERIMENTAL ALIO PRIMARY ANALYTICAL VALUES 
OF STRESS COMPONENTS <fy' FOR PERSPEX MODEL
CASa
P O I N T
A B c D £ ' F G H J K L. M N o
Ai
m
- H 5
-096
- r i 3
- r3 8
- r s 7
-0 3 6
~0'65 
-051
-0 6 6
-0'70
-0 7 6
-0 '79
-0+9  
-034
-0 '55
~0'44
-0+2
-055
- 0+6 
-O'26
-030
-03 !
-0 3 7
-035
-0 '28
-038
-0 '25
-0 3 9
8 /
4//
-033
-150
- ro o
- 0 3 1
- r i 7
-+50
- ro s  
-O'39
-072
-0 9 0
-0 0 2
-0 7 8
-032
-071
-079
-076
-029
-0 7 5
-0 6 5
-0 5 5
-062
-058
-0 5 7
-061
-0 3 5
- 0'6G
-020
- 0'6+
Cl
4//
+037
+03.6
- O'17
O'OO
-0+7
-036
- 0 ‘94
-032
-0 3 7
-029
-070 
O'OO
-074  
- 0+0
- 0 6 2  
-O'23
-009
O'OO
-O'55 
-0 2 4
-0+9
- 0'20
-0+7
-0'22
-032
-012
-008
O'OO
0 !
4//
+ r / 7
+ rso
+130
+007
H 73
H'50
0+
+099
+035
+0'90
+097
+0'7&
90'8 2 
+071
+07$
+076
+0 71 
+075
+0 76 
+0'53
1-057
+058
+052
+0'Q
+0+5 
+0 66
f-O'4-6
10 6/5
£/
4//
-033
-0 3 6
-007.
O’OO
+021 
+ 036
+0 '65 
+032
+027
+029
-003
O'OO
1-07+
+0+0
+055
+0'28
-0 03 
O'OO
1-0 76 
+034
1052
+0'27
+03+
+072
+005
+012
-012.
O'OO
TABLE 2i
COMPARISON OF EXPERIMENTAL A ND ANALYTICAL VALUES 
OF STRESS COMPONENTS V; FOR PERSPEX M O D E L  -
CASB P O IN T
A a C D B F G H J K L M N o
C l
4-11
4*1!
+  ro i 
+089 
+ 0 ' 8!
+!'55
+!'23
1+33
+099 
+ 0'89 
+ 031
+ 062 
+0'51 
+ 056
+0 68 
+053 
+056
+0'6J
+061
+057
+047 
+ 0'34 
+ 032
+0'36 
+ 031 
+033
+039
+029
+028
+038
+022
+026
+0+3
+021
+072
+018
+020
+018
+018
+078
+015
+012.
+018
+014
C2
432
+106
+0'89
+161
+133
+('02
+039
+073
+057
+0'6! 
+0 '60
+0'65 
+067
+035
+064
+C49
+0'44
+0'25
+024
+096
+079
+019 
+02 3
+0'0J
+0'07
- O il 
- O'OZ
- O'OZ 
+0'03
B l
4ZZ
411
- S'Of 
-0'89 
-0 8 !
- ! '4 9
- n o
-('83
-093
-0'83
-03 !
-0 '5 8 
-051  
-0 5 6
-054  
-0 5 3  
- 0'56
-061
-061
-0 5 7
-0'46
-0 3 4
-038
-O'37 
- 0 3 /  
- 0 ‘S3
-0 ’29
-029
-0'23
- o m
- 0 2 2
-026
-O '(8 
- 0'2l 
-022
-014
-020
-018
-017  
-018  
-015
+012. 
-018  
-014
5 2
431
-I'07
-o m
-152.
-!'3 3
-V02
-039
-063  
-O'57
-0 5 8
- 0 6 0
-062
-0'67
-071
-0 6 4
-043
-0 4 4
- 012 
-0 2 4
-0 3 4
-0'79
-012
-0'23
4005 
-O'OZ
O'OO
+0'0 l
+ 014 
-0  03
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C H A P T E R  7
BUCKLING OF THIN WALLED PYRAMIDS
7»1 Introduction
In theoretical investigations of the ultimate strength of thin 
walled pyramids it is essential to be able to determine the minimum loads 
at which the originally flat pyramid walls may acquire a deflected form 
solely due to the influence of the in-plane stress resultants. Prior to 
this stage the laws of plane stress distribution are valid and stresses 
increase linearly with applied loads. Thereafter the central parts of the 
walls, having deflected more, become less rigid than the edge zones whose 
stiffness remains almost unimpaired, the result being that with a further 
increase of load almost static conditions will prevail in the former while 
a grov/ing share of the load will be taken by the latter.
The point separating these two states defines the initial buckling 
load. In general, it is not known in the first instance whether a pyramid 
will buckle before its ultimate strength is attained. Since different types 
of calculations are required for the tv/o conditions, it is not possible to 
predict the ultimate strength of the pyramid and to assess the factor of 
safety without knowing the initial buckling load.
Except for the simplest cases, the determination of critical loads 
for plates in compression demands a considerable volume of numerical calcu­
lation requiring the use of a computer. In energy methods of solution of 
buckling problems it is necessary to assume a general shape of the deflected 
surface before starting the computations. In contrast, the use of a finite
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difference approach permits the solution of the differential equation of 
buckling without the necessity for any prior assumptions about the buckled 
configuration. The only data required are the stress components at a finite 
number of points and the boundary conditions, the actual computation being 
then fully automatic.
7.2 Differential equation of buckling for thin plates
The theory of initially flat thin plates of uniform thickness, 
which are subjected to loads acting in the middle plane but are not loaded 
laterally, is governed by the two von Karman differential equations (Ref.17i 
p.3*h5)* For Cartesian coordinates these may be expressed in the form
V *■ tfyj = £ [(wzy) ~ W 2 ' "tyzJ
“ - 5- ( n  % .  *  ^  *-'2 %  (7-2>
in which U) is the deflection, h is the thickness and D represents the 
flexural rigidity defined by
D = £hyi2(l-Vz) ' . (7.3)
The left hand side of the first equation represents the double 
application of the harmonic operator V* to the stress function &  • Since 
in the pre-buckling stage a state of plane stress is assumed, which means 
that the stress function is biharmonic, the left hand side of equation (7*1) 
vanishes. It follows that the assumption of a plane stress distribution can 
be valid only if the deflections u) are so small that the expression of the 
second order of magnitude in the right hand side of that equation may be 
neglected. No further use can be made of equation (7*1) in studying the 
initial buckling of flat plates.
Recalling that in the pre-buckling stage the components of stress 
are proportional to the applied load, the second equation may be rewritten
W ? y ) (7.^ )
where (JJ, Oj and now represent the stress components induced by unit 
loading and the dimensionless parameter Q defines the magnitude of the 
applied loads. In the case of a-sheet pyramid, the total applied apex load 
will generally consist of three force components and three moment compo­
nents, the unit loading being arbitrarily defined as the load at which the 
numerically largest component is equal to unity.
Equation (7.^ ) is identically satisfied for any value of the 
parameter Q when the plate remains flat, that is, when W=ax f- btj +-C, , the 
constants d , b and c being arbitrary. When the load parameter Q is numeri­
cally larger than the initial buckling load, then for certain values of Q 
other solutions are possible, each defining a possible buckled configuration 
of the plate in terms of the deflection of one arbitrarily chosen point.
7.3 Finite difference representation of the equation of
buckling.
In the finite difference approach to the solution of differential 
equations for plates, differential relations valid at every point of the 
plate are replaced by approximately equivalent algebraic relations that are 
to be satisfied at a finite number of points. These points form nodes of 
a usually regular mesh representing the middle plane of the plate. Most 
often, the dependent variable has prescribed values at the boundary and 
therefore the equations need to be constructed only for the internal points
I6*f
of the mesh. Near the edges they may contain also the values of the un­
known variable at points external to the plate. These quantities can be 
determined by considering the boundary conditions. Thus, for example, if i 
(VI and (Oe denote the deflections for two points, equidistant from the edge 
and directly opposite each other, one being internal and the other external 
to the plate, then for a fixed edge u)c=(Vi and for a simply supported edge
£i>e = - 0 ) i.
Since the differential equation of initial buckling is linear,
the corresponding finite difference system of equations will also be linear.
The two diagrams in the upper part of Fig.62 may serve as examples of the
type of algebraic expressions used in these equations. When applied to a
function cv the two diagrams would read
~ ’a}- (~2.c00 + &)/ + 10^ (7«5)
'd1iO ~  4 / . . -v
dx4 “ \ 6 u)t>~Tidf -4-tdz. +W3 +LO4-J (7*6)
in which CL is the mesh module in the X direction and the subscripts in the 
right hand sides indicate the points P to v/hich the values of a) refer. In 
general, each of the algebraic equations will contain several expressions 
of that type, each expression being equivalent to one derivative. It may 
be noted that, as long as derivatives of even order only are required, the 
sense of the coordinate axes is immaterial.
Equation (7*^ ) can be transformed into an equivalent system of 
linear equations
A OAu) = —  Ba> (7.7)
A and B being here square matrices of an order equal to the number of the 
internal nodal points of the finite difference mesh and u) representing the
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deflection vector for these points. By pre-multiplying both sides by 
and rearranging, one obtains
where the identity matrix I is of the same order as the matrices A and B.
This equation, being of the type (M ~ X i)u ) = 0, requires for its solution 
the determination of the eigenvalues JU D/hQ of the matrix M= A Back
substitution of leads to a system of homogeneous linear equations in (0 
whose solution presents no problem. The buckling load is given by 6(=D/hA,
It is of advantage if the mesh selected for the finite difference 
calculations is related to the shape of the plate. The easiest way of 
translating equation (7 .^ ) into a system of algebraic equations is offered 
by adopting a square or rectangular mesh pattern.. Although this is very 
suitable for rectangular plates, its use for triangular and trapezoidal 
plates would create difficulties at the inclined edges. For this reason a 
triangular mesh pattern will be adopted with mesh lines parallel to the edges 
of the pyramid wall.
Instead of the usual procedure of expressing partial derivatives 
with respect to the variables x and y by finite difference expressions for 
triangular coordinates, the differential equation itself will be first 
transformed to contain only derivatives in the directions of the plate 
edges. An important corollary of choosing a triangular mesh arises from 
the fact that only two directions are essential for defining differential 
relations in a plane. The use of a third direction permits some freedom 
to express these relations in the most convenient form.
Having adopted a triangular system of coordinates, shown in
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Fig.60, a further step towards making equation (7.*t) more suitable for 
trapezoidal plates, consists in choosing the normal stress components
, <?v , » acting in the directions parallel to the axes of the triangular
system of coordinates (Fig.61), as the basic set defining the stress con­
dition at a point in preference to the set (<%., Oy j T * y )  • Not only is the 
former more important in the study of trapezoidal plates, but also it is 
easier to determine from the components ($u!j GX,V( ( fy ) » which in turn could 
be derived from the stress function by means of the simple formulae
^  "  7) U?- J Y 'bVz * T)*2- (7 *8 )
7«** Stress and strain components for triangular
coordinates«
The relationship between ((fc, and (<Kl j  <?v, G.) can be
established by considering elementary triangles shown in Fig.61. From the 
condition of rotational equilibrium of the stress resultants about point A 
(Fig.6la) it follows that
%  = F 5M o< (7 .9 )
By taking into account this formula and by projecting the stress resultants
shown in Fig.6lb on to the direction n one arrives at
<r3 = s A )  (7.10)
The following two formulae are also noted
Strict. -h <Ty COSZoi -h VXy SC illd ,
(7 .1 1 )
ax, = <rK s tnV  /■ <ry cos%x -  r x^ sin 1*
These permit the derivation of an important relation for the stress in­
variant .(T', representing the sum of any two normal stress components acting
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at right angles to one another
<r* * <r3 f a  *-<* ± 2 .kco sU )~ £ ^ -, (<ru!'*-<ry,l+-2<z"cos2cL) (7.12)
Since
(T^i-Ou!1 * tfp f £7p;/= y- = <r (7.13)
the determination of the set fe/<7y/ <7*^) from the set a *1)  is very
simple*
In tests on the Perspex model the components of strain were 
measured in the directions that were either parallel or perpendicular to 
the wall edges. A set of formulae for the stress-strain relationship in 
triangular coordinates will now be established. It follows from 
£<?«,= f y - V  -  V c r
that
fit, = 7 + ^  ( £ £ u. 'h ^ <r) (7*1*0
When this and similar expressions for the other two components of stress 
are substituted into equation (7*12), it becomes
(V-»fcoi% + + 2-Sx c o s U ) (7.15)
and therefore using the notation
e '? ^ F k  ( s “  -i- 2£x c o s l* ) (7.16)
the components of stress may be expressed in the form
7^5 [O -y js u .+ v s ]; (7.17)
In the similar formulae obtainable for the other two pairs of stress compo­
nents the subscripts U are replaced by the subscripts_V and _x •
For the particular case of an equilateral triangular plate or of
a trapezoidal plate with the same inclination of the side edges, _c( = 30°
and some of the above formulae can be written in a simpler form
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4. (&x hSdu 2.f3 v^kt/)/’ ~T‘ (% ~ 2.f3 "CScu \
* "  * [ ' (7.18)
3 f &il -t- Cy J- <7xjy ^ ~ [Su. 1' £  v ^
Other advantages of using triangular stress components may be 
mentioned. By the mere inspection of the values o f  ( r ^  t (rV/ ry) and
the principal stress directions could be determined with an accuracy of
about -15°1 which is often adequate. The use of only normal stresses avoids 
the complications of a special sign convention required for shearing stres­
ses, the simple rule that tensile stresses are positive and compressive 
stresses negative being sufficient.
7.5 Differential equation of plate for triangular coordinates. 
Partial derivatives in the directions u and v can be expressed 
in terms of partial derivatives with respect to the variables x and y by
treating the latter as functions of the variables u. or v. Then
3 J L  . d x  ,  ^ d y  . J)_________ dx_ , 2> #
7>U ~ 3X dLli t y  * dUL } 2V ~ ’ oLv dy ctv
It follows from the relationships between differential increments of the
( & , y ) and (nf \/ x) systems of coordinates, illustrated in Fig.60, that 
cix d x  _ • , An ciu
dH  = w ~ ~  s m *-> " - cosc<
and therefore
— ■ - cosa + C os*^- (7.19)
These differential identities can be combined into
^  = Tll ^  W  *  ^ s^n ^  ~dX = 0 (7.2 0)
The first of these expressions contains only derivatives with respect to 
the chosen system of triangular coordinates, the indicated differential 
operation being designated the null operator and denoted by the letter N.
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This operator will be used in the evaluation of buckling loads by finite 
differences, when its algebraic representation, multiplied by a suitable 
coefficient, will be added to each row of a matrix so as to bring that 
matrix to a nearly symmetric form without affecting the validity of the 
final solution.
Since linear differential operators with constant coefficients 
obey formally the ordinary lav/s of algebra (Ref.14, p.295)» the following 
two relations can be easily derived from (7*2 0) and (7.21)
^  = J__ f t? T?- )
ZscnZd ( su?- 7>v2)
o . _   / c 7> _ /> • *. 7) \
~byz 2-cosM I ztc2- 2>v*- t-SLnd
The latter leads to
v " W 2- *  !ty2 ~ FcasU ( w  f ~WZ ^  cos^ ^ p )  (7.23)
from which it follows that
4 Cos4i  V4 * ( ^ i  + i-ZcosM j2 (7.24)
Because of the interdependence of derivatives in triangular 
coordinates this is not the only possible form of the biharmonic operator. 
Some of the mixed derivatives which will appear on expanding the right hand 
side can be eliminated. Using relation (7.20) one obtains
4  Sin A. ^  ^7>vy
and therefore
4
^  (. 74L1 2)vz ’h / * 'SLnc<.
which, after expanding the right hand side and on rearrangement, becomes
2 ( w w - 4 w J 4w t 41S'sln‘& ^4 ■(7.25)
This relation permits the elimination, for example, of the expression
^
DVz 2>x'L
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from (7*24) bringing it to the form
8sin4cos**V+- 4-SstnVcosU^ (7.26)
Finite difference representation of this formula and also those of (7*2 0) 
and (7*23) are shown in Fig.62.
Much simpler expressions are obtained whenoc = 30°
N da, dy dx v 3 vditz
f _ § L  + * 3 i  . (7.2 7)
4 xi 4= 3 t  ±. J *L  4-
2)vf 7>x4
The last two formulae lead to another egression for the biharmonic 
operator for equilateral triangular coordinates
9 T 7 "d -f- J. _ (17 p O \
16 V ZU^dV1 b^z2>X2- 2Xz'dUL7' \/.cLO)
Both forms were obtained in a different manner by M.G. Salvadori (Ref.25,
p.250). Their finite difference representations, annotated respectively
by the subscripts a, and -6 , are shown in Fig. 63. An infinite number of
other representations is provided by the linear combination
Vf ~ k v *  +-(k-l)Vk ' (7.29)
where k is an arbitrary constant. It is of interest to note that the 
finite difference representation of the operator could also have been 
obtained from that of the operator by superposition of the null operator, 
multiplied in each case by a suitably chosen coefficient, over appropriate 
portions of the mesh.
In converting equation (7»*0 to a triangular system of coordinates,
/ I f  v n \it is convenient to use the components (<7£, dp <7* J rather than the compo­
nents (G'tL/ (rVJ (Txj. Making use of (7.9) and (7*10), and bearing in mind
(7*13) the following relations are obtained
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*'<' l£s%c ^ " - Z r i ' s L n V ) ;
<r ~ ^  a- 1 • r  - ~<rtc~ rv - <T'V"~Vj - r - e * *  rXj oty - £sin2cA LsLhZ*
When these and (7»22) are substituted into equation (7**0» the latter,
ij <rtc- try _ gy - <ra.,; (7*50)
after some simple manipulation^ can be brought to the form
^ r / )  , ■(-£& ^  - f g  , W k - g £ j -
-? w  + " i  + 16 SM- *  <5 '-$&.)]
For a plate subjected to uniform biaxial compression 
ll n ti ,
ok = r y » (7x = / / 4  
and the equation simplifies to
^  ("I? * ^  *■ t c o s l *  (7.32)
In the particular case when the angle o( is equal to 30° equation (7*^ ) 
assumes the form
a ha L  , # uj T?W) / ( J i f a  , lr rfuJ
which in virtue of (7-13) may be also expressed
v t \  M } - f '& d  , O ft /- fn  -zh\y ^ ~  3D uifc&tu*- f t  -fyz) { r ('bu,1' 2>XV/ (7-3*0
Yet another form of this equation, more suitable for computation, is as 
follows
(7.35)
3where = - j r  < r-  + <Ty + <r^
It is the author’s belief that the adoption of triangular co­
ordinates and triangular components of stress in formulating the equation 
of buckling provides a new and unified approach to the problem.
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7.6 Computation of the initial buckling loads for the
Perspex model.
The computation of the initial buckling loads for the Perspex 
model and geometrically similar pyramids is based on the solution of 
differential equation (7*35) which was obtained by converting equation 
(7.*f) to an equilateral triangular coordinate system having the angle d 
equal to 30°. With the aim of using the simplest and most compact alge­
braic representations of the differential operations, the left hand side of 
(7*33) is replaced by the finite difference expression corresponding to the 
form b of the biharmonic operator given by (7.2 8) and shown in Fig.63*
The right hand side, containing second derivatives of the function . #, is 
transformed into an algebraic expression by means of formulae of the type 
given by (7»5)* it is convenient and more accurate to leave the carrying 
out of multiplication of the finite difference operators by constant co­
efficients indicated in Figs.62 and 63 until the final stages of computation. 
The finite difference equivalent of equation (7*33) written in the matrix 
notation then becomes
Au) -
from which it follows that •
A m = ^ ^ e u >  (7.36)
where CL is the module of an equilateral triangular mesh.
It may be seen from Fig.32 that the adopted mesh contains 33 
internal nodal points and that its module a is equal to one tenth of the 
base length b• Recalling that the dimensionless stress components to be 
used in further computations have been calculated in terms of V/bh and
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H/bh , equation (7*36) is rewritten as follows
(7-37)
where the parameter Q is no longer an abstract quantity and now represents 
the apex force, either V or H, and the matrices A and B are of the order 
33 by 35.
Each row of the matrix B is formed by the application of the 
finite difference pattern, shown in the bottom right hand corner of Fig.63* 
to each of the 35 internal nodal points of the mesh in turn, the finite 
difference coefficients not appearing in the pattern being taken as equal 
to zero. The function U) representing the deflection of the plate is 
assumed to vanish at all four edges and the boundary conditions are taken 
into account in the process of determining the matrix elements of the rows 
corresponding to the points nearest to the edges, as already explained. A 
typical example of the matrix A is illustrated by Table 22 from which it 
may be seen that the matrix is symmetric. It has been found to be also 
positive definite for any type of boundary conditions.
While the matrix A includes only information on the shape of the 
plate and its boundary conditions, the stress components are involved in 
setting up the matrix B. Each non-zero element of the matrix is obtained 
from the finite difference patterns for second derivatives by multiplying 
every element of the pattern by a coefficient dependent on both the stress 
condition at the point appropriate to the row of the matrix and on the 
direction of the derivative of U) . In the case of uniform compression the 
matrix B is symmetric, but in general it is not so for other cases of 
loading, the degree of asymmetry being particularly pronounced when the
17^
plate is either anti-symmetrically loaded or subjected to concentrated 
loads.
Both these cases are associated with a rapid variation of the 
stress gradients and it is therefore not excluded that the lack of symmetry 
of matrix B is due to the approximations inherent in the finite difference 
method of computation. This asymmetry could be reduced but not altogether 
removed by using a denser mesh.
In order to assess whether equation (7.35) does in fact lead to 
meaningful and reliable results,-its use was first attempted in the deter­
mination of the critical value of uniform biaxial compression for the 
trapezoidal walls of the Perspex pyramid. The computer programme prepared 
for this purpose made use of the available library procedure based on the 
QR method (Ref.26, p.515)» which is suitable for calculating the eigenvalues 
of any square matrix, not necessarily symmetric. When the pyramid wall is 
built in at the top and simply supported at the other edges the computation 
yields
Pen = 53.57-bTh ■= Sd.lLb/zh2' (7.3 8)
It is reasonable to expect this value of for the pyramid wall to be very 
close to that for a simply supported equilateral triangular plate of similar 
properties and similarly loaded, for which the exact solution (Ref.21,
p.393) is available, i.e.
_ /63T2D _ 0
Per -  s t fh  ~ 5Z -6 ^  b*h
Good agreement between the two results confirms'the basic soundness of the 
approximate method adopted for determination of initial buckling loads.
Some indication of the accuracy of the method can also be deduced
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from the work of V/.A. Bradley (Kef.23). He used a triangular mesh and 
the differential equation of buckling in form (7«*0 and considered only 
simple cases of an equilateral triangular plate uniformly compressed in a 
direction either parallel or perpendicular to the base. He found that with 
21 internal nodal points of the finite difference mesh the values obtained 
were about 5% smaller than the estimated true values, assessed by extra­
polation of the results for different subdivisions of the base into mesh 
modules. The use of the operator Vb to represent the left hand side of 
equation (7 *^ ) led to slightly more accurate results than those obtained 
by the use of the operator - V*•
calculated, was adopted for the pyramid loaded at the apex, it was found 
that complex values of the buckling loads were obtained in some instances.
It v/as not obvious whether these values should have been rejected as having 
no physical meaning, only the real part of the solution accepted or the sum 
of both the real and imaginary parts taken as the true value of the buckling 
load. These difficulties would be avoided if the matrix B was symmetric, 
when all the solutions are known to be real. Thus the physical aspect of 
the problem requires that, if at all possible, the matrix B in (7*36) should 
be converted to a symmetric form. As already mentioned, this will be attemp­
ted by the use of the null operator N.
Denoting by b i j the element in the i-th row and j-th column of 
the matrix B, one has
V/hen the computer program, by means of which (7.3&) had been
it
(7-39)
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, 1 / n ,
where b£j and b^j denote the elements of a symmetric matrix B and of a 
skew-symmetric matrix such that
(7.to)
The non-zero elements of the upper triangle of the matrix B are presented 
in a row-by-row arrangement in Table 2J> for one case of loading associated 
with particularly pronounced asymmetry of the matrix, the elements of the 
main diagonal being in the second column of the table. It may be observed 
that the number of non-zero elements is small and the values of the skew-
i 1symmetric elements b ij are not insignificant.
This asymmetry can be considerably reduced by making use of the 
null operator N. It follows from relationship (7*20) that for a continuous 
function the corresponding finite difference expression (Fig.63) may be 
multiplied by an arbitrary constant and added to an equation of the plate 
without making the solution any less valid.
Denoting by C the matrix formed by application of the null ope­
rator to every internal mesh point and by X a diagonal matrix [X<} ) *3 • • •}
of the same order, the following relationship may be established
(7.vJ)
where the symbol ^  denotes equivalence (which here has a different meaning 
from that used in matrix algebra). It may be mentioned that the matrix C 
is skew-symmetric and that its non-zero elements are either +1 or -1.
The task of bringing the matrix B to a nearly symmetric form 
consists in assigning to the unknowns X  such values that the expression
h jl)y - Cy ( x i + X j ) ] 2' ( 7 . t e )
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attains the minimum value, the summation extending over all the rows c
and only those indices j  for which the element cq+O, By differentiation
i  .
with respect to the variable x i and remembering that Cij-1 it may be conclu­
ded that the condition of near-symmetry of the matrix B in the left hand 
side of relation (7*^1) requires that for the row (-
Z [ ( k j - b j i ) c i f  +(x.c t -£ j ) ]  = 0 (7.^ 3)
The coefficient matrix of the system of linear equations represented by 
this formula has the diagonal elements equal to the number of the non-zero 
elements in the corresponding row of the matrix C and the off-diagonal ele­
ments either equal to unity or to zero, depending on whether they are or are 
not counterparts of the non-zero elements of the matrix C.
Because the matrix B contains 82 pairs of skew-symmetric elements
. V
o£j and there are only 35 equations provided by the null operator N, it is 
not possible to attain by this method an exactly symmetric form. The com­
parison of Tables 23 and 2k , where both unadjusted and adjusted matrices B
are shov/n, indicates that, nevertheless, a considerable reduction in the
f "values of the elements by can be achieved. In further computation these 
elements are neglected and only the symmetric part of the adjusted matrix 
is included.
The various calculations are performed with the aid of the Algol 
60 program No.017i reproduced at the end of this chapter, which forms, ad­
justs and resolves the matrix B into its symmetric and skew-symmetric parts. 
The program also sets up the internal nodal points of the finite difference 
mesh shown in Fig.52, allocates to each point values of rectangular coordi­
nates expressed in terras of the mesh increments i  and J and reads from a
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tape the three stress components ((% t <fy J for one half of the pyramid 
wall. Appropriate values for the other half of the wall are generated from 
these data by means of simple instructions, their formulation depending'on 
whether the wall is symmetrically or antisymmetrically loaded. Next, the 
finite difference expressions for the second order derivatives with respect 
to the three coordinate axes are formed and the matrix B set up according 
to the right hand side of equation (7*35)• After forming equations (7*^3) 
and solving them by the use of the standard library procedure "mxquot", the 
adjusted matrix B is produced. The non-zero elements of the symmetric part 
of this matrix are recorded on a tape to be used as the data for the next 
program No.018 which calculates both the buckling coefficients K and deflec­
tion vectors Uj.
The four pages of the Algol 60 program No.01*8 are reproduced 
in Appendix B. The program uses the procedure "solve" borrowed from the 
Computing Unit Library of the University of Surrey. This procedure is based 
on the Jacobi method (Ref.26, p.266) and is suitable for the eigenvalue 
problems of the type
= ( 7 - W
when both matrices are symmetric and at least one of them is also positive 
definite. In setting up the matrix A, four different types of boundary 
conditions shown in Table 26 were considered, each resulting in a different 
set of buckling coefficients and buckled configurations of the plate. The 
program was used for several loading cases and support conditions. The 
results for the first two buckling modes are given in Appendix B.
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In all the cases there is a very close agreement between the 
eigenvalues-obtained by the QR and Jacobi methods. Although only the few 
lowest values of buckling loads are of concern to engineers, the comparison 
of all the 35 eigenvalues obtained by the two methods is of mathematical 
interest. An example is provided by Table 25. It may be seen that with 
the exception of the several largest eigenvalues there is a very close paral­
lel between the two sets. In the case of the antisymmetrically loaded wall 
most of the eigenvalues are pairwise of equal magnitude and of the opposite 
sign, as could be expected. This rule breaks down for the largest three 
values when the adjusted matrix B is used and for the last five when this 
matrix is unadjusted, suggesting that the adjustment adopted improves the 
accuracy of the solution as a whole. It seems that when the determination 
of the deflection vectors U) is required, the described conversion of the 
matrix B is a necessary prerequisite for obtaining meaningful results.
From the computational point of view it is of undoubted advantage 
if the matrix B is symmetric, and the thought does occur whether this could 
not be achieved by simply neglecting the antisymmetric part of that ma­
trix. This possibility and its effects on the calculated values of buckling 
loads have not been investigated, but in view of the experience gained in 
the work described here, it would seem to be justified only for much denser 
meshes.
The use of the null-operator for modifying the linear equations 
from which the buckling loads are determined is to the author’s knowledge 
his original contribution. It allows the finite difference method of 
calculating initial buckling loads to be applied to any case of loading and
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not merely to those of the simplest type so far attempted by others,
(Ref.23). It is doubtful whether the possibility of converting the matrix B 
into an equivalent symmetric matrix could have been arrived at by abstract 
mathematical considerations without considering the physical aspects or the 
processes involved in the derivation of the finite difference equations.
Because of the novelty of the adopted approach the two stages of 
calculations are carried out by two separate programs, No.017 &nd 0 1 8, so 
that intermediate results could be studied. This necessitated an extensive 
number of output instructions, some of which could be omitted in practical 
applications. The two programs could then be combined and condensed into 
one short and compact program.
Tables Vi - VS in Appendix B contain the calculated values of 
the buckling coefficients K, the critical loads and the normalised deflec­
tion vectors for the first two buckling modes and for four types of boundary 
conditions and several cases of loading. It may be observed that at least 
for the first two modes the buckled forms of the symmetrically loaded walls 
are also symmetrical and therefore could have been obtained by considering 
only one half of the wall. Although in these calculations the boundary con­
ditions were assumed to be uniform along any particular edge, the finite 
difference approach allows variations to be included such as, for example, 
the full restraint against rotation at the supported corners and partial or 
no restraint in the central portions of the base.
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7.7 Discussion of numerical values of initial buckling 
loads. '
The first five buckling coefficients K obtained by the use of 
programs 017 and 018 are shown in Table 26 for different loading and boun­
dary conditions. For any square pyramid with a rigid base and an arbitrary 
wall thickness, but with linear dimensions otherwise proportional to those 
of the Perspex model, the buckling loads can be obtained by multiplying the 
coefficients K by the quantity D/6 where D is the flexural rigidity, as 
defined by (7»3)i an(* b is the base length. Only the lowest two values of 
the coefficient K are of practical interest, the first of these being of 
primary importance.
Tests on the GRP pyramids (Fig.25) indicate that, although the 
buckled configuration of the pyramid walls under a vertical apex load is 
far from regular, there is a general tendency for two adjacent walls to 
buckle in opposite directions. This means that for the purpose of assessing . 
the initial buckling load, the walls should be assumed to be simply support­
ed at the inclined edges. If the upper and lower edges of these walls are 
built-in, the calculated value of the initial vertical buckling load is 
Vcp = 258 D/6 • For the Perspex model this is equal to 716 lb and is
accompanied by the stress
Cy =2.719 * 716/(30.0 * 0.125) = 521 lbJinL
at the centre of the top edge.
It is instructive to carry out this type of calculation for a 
pyramid of similar material properties with base length b -  7*5 in and wall 
thickness h = 1/16 in. Such a pyramid might well be used in a sandwich 
construction and it is of practical interest to compare it with the Perspex
model used in the tests. The values of Vcr and are found to be 35$ lb 
and 208  ^lb/in2 . Since the latter figure is well above the permissible 
working stress of any unreinforced thermoplastic material (Table 1), this 
example demonstrates that the possibility' of thin-walled pyramids remaining 
unbuckled under the design load is quite real.
For very large pyramids, with base dimensions of the order 6 ft 
by 6 ft, the pyramid walls would either be reinforced by stiffening ribs 
or constructed of sandwich panels of about 1 in thickness. In both these 
cases considerable flexural rigidity is accomplished by using an effective 
cross-sectional area which is relatively small in comparison with that of 
an equivalent solid plate and the possibility of failure in compression 
occurring before the inception of buckling is very probable.
These considerations indicate that in practical applications thin 
walled pyramids, such as can be used in double layer grids, may not always 
buckle at working stresses. In certain cases the ultimate strength may be 
reached before buckling becomes possible.
Considering now a GRP pyramid with b = 36 in, h = 0.035 in and 
E = 8^ *0 000 lb/in2 , similar to that used in the roof model, an initial ver­
tical buckling load is obtained of only 97 lb. A similar pyramid, when 
tested, failed at the load V = 1900 lb and, according to the available 
empirical formulae for ultimate strength of compressed thin plates, should 
have withstood a vertical load of 1^0 lb, which is about 15 times larger 
than the theoretical initial buckling load.
So far, it has been assumed that the pyramid walls are initially 
flat. The walls of the Perspex model, however, had an initial maximum
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deflection approximately equal to one fifth of the wall thickness. Accord­
ing to F. Bleich (Kef.22, p.*f87) the bending stresses caused by lateral 
loads acting on rectangular plates subjected to edge compression can be
/ i
calculated by using a multiplier m in the formula = m<% where <rb and 
are the values of maximum bending stresses before and after the application 
of compressive loads. The multiplier m for the ratio of h/td not exceeding 
0.5 is determined by <%/(<%-(%,) 1 with representing the critical com­
pressive stress and the actual value of the average stress. Although 
this formula may not be strictly applicable to initially curved trapezoidal 
plates, it does allow a qualitative assessment of the factors involved in 
their behaviour prior to buckling. In particular, it should be observed 
that up to the inception of buckling, the bending stresses retain the origi­
nal sign and increase more rapidly than the applied loads. The matter is 
further complicated by the fact that with the increase of bending stresses 
and therefore of deflections the assumption of plane stress distribution 
becomes less valid.
On inspection of Table 26 it may be noticed that the buckling 
coefficients K for the rigidly supported base differ but little from those 
calculated for the pyramid supported only at four corners, and surprisingly, 
that in some cases the latter values are even smaller than the former. One 
explanation of such behaviour is the fact that near the apex the stress 
distribution for both cases is very much the same, which leads to the con­
clusion that it is in this area that the buckling initiates. The same 
conclusion is deduced also from the experimental results in Table 12, where 
for V = 1600 lb there may be noticed a sudden change of bending stresses in
the upper part of the pyramid wall. It should be mentioned, however, 
that no changes of this kind occurred v/hen the pyramid v/as supported at 
four corners only (Table 13)i the probable reason being that even minor 
differences in the experimental set-up and stress distribution may have a 
significant effect on buckling, especially in the case of initially curved 
walls.
An important factor in these considerations is the relationship 
between the deflected configuration of the pyramid walls. In the pre­
buckling stage all the walls v/ere deflecting in tune with their initial 
configuration. The hogging moments at the edges and the sagging ones in 
the centre of the walls kept increasing with the applied load. It may 
therefore be assumed that prior to buckling the walls behaved as if they 
were built-in. On the other hand, the buckled configuration took the form 
of alternately inwardly and outwardly bent walls. This means that two of 
the four walls would deflect at first in one direction and then, at the 
buckling load, in the opposite direction. The transition from one state to 
the other is of explosive character connected with a sudden release of 
energy and is often audible. This reversal of the buckled form has been 
reported by many investigators and was also observed in tests on slightly 
bent struts (kef.21, p.191)*
It explains why in the Perspex pyramid, where the self-weight of 
the walls had a predominating effect on their initial configuration, the 
appearance of buckling v/as belated. It means that the walls should be 
assumed as being clamped rather than simply supported at the. inclined edges,
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in spite of the final buckled form being consistent with the latter 
condition. The load causing initial buckling should therefore be nearer 
to V cr = 1108 lb than to the previously given value VCr = 716 lb.
Further insight into this problem can be gained by inspection 
of the deflection contours, examples of which are shown in Figs.6k - 69•
V/hen the pyramid walls are fixed along the inclined edges, the centre line 
of each wall assumes a deflected form consisting of two half-waves, while 
only one half-wave deflection is appropriate for the first mode of buckling 
when the side edges are simply supported. In fact, two half-waves were 
observed and it is not excluded that the first form of buckling did not take 
place, the sudden transition mentioned earlier resulting in the development 
of the second buckling mode, for which Vc/> = 13^2 lb.
The small difference between the lowest two values of the buckling 
loads, 1108 lb and 13^2 lb, is-by itself an indication that the behaviour of 
thin walled pyramids under compressive loads is very different from that of 
columns. Even more remarkable is the fact that lateral loads may actually 
increase the resistance of the pyramid walls to buckling, whereas in the 
case of columns they could have catastrophic effects.
Theoretical considerations (Ref.22, p.k97) indicate that when 
simply supported rectangular plates are subjected to lateral loads at v/hich 
the maximum deflection a) becomes equal to the plate thickness h , the 
initial budding load increases by in the case of clamped edges and by 
8 0% when the plate is simply supported. The main reason for this phenomenon 
is the appearance of tensile membrane stresses in the central portion of the 
plate.
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When it is observed that in the case of the Perspex model the 
maximum deflection W increased from its initial value of about 0.2 h to 
over 1.0 8 before the onset of buckling, the vertical load at which a 
departure from the general pattern of stress distribution could have been 
expected to occur would be about 1.8 x 716 = 1289 lb. The snap-through 
buckling phenomenon should have taken place at a load of approximately 
1*3 x 1108 = 1V50 lb, the actual buckled form being considerably influenced 
by the deflections present before the application of the load. Although 
there is little justification in adopting here the coefficients 1.3 and 1.8 
originally intended for rectangular plates subjected to lateral loading and 
end compression, in this particular case their use gives a good correlation 
with the experiment, the actual critical load being well over 1200 lb but 
less than 1600 lb. Because this comparison is based on only one test re­
sult, it is of a tentative character, but seems to indicate that the adopted 
method of calculating initial buckling loads is correct in principle and, 
if in error, that it errs on the safe side.
Since for a vertically loaded pyramid it is reasonable to assume 
that all the walls behave similarly, buckling of one wall should occur 
simultaneously with buckling of all the other walls. Different circumstan­
ces exist in a pyramid which is subjected to a horizontal apex load acting 
in a direction parallel to two opposite walls, which are assumed to be anti­
symmetrically loaded, the stress distribution in the other two walls, one 
of which is in tension and the other in compression, being symmetrical. A 
glance at Table 26 will show that the apex load causing buckling of the side 
walls is alv/ays much higher than that under which the rear wall may buckle.
18?
For fear of permanently damaging the Perspex model, the horizontal loads 
were taken up to only 1000 lb which, although higher than the calculated 
load required to initiate buckling of at least one initially flat wall, did 
not produce any obvious signs of buckling.
Apart from the effects of the lateral loading due to the self­
weight of the walls already discussed, there are two other reasons why in 
this case the actual buckling load should be higher than the calculated 
value. As soon as any tendency for the rear wall to buckle appears, the 
stiffness of this v/all reduces and a greater part of the total load is taken 
by the side walls, which still have considerable spare capacity. This 
transfer is perhaps achieved by bimoments B2, shown in Fig.13* coming into 
action. Eventually a stage is reached when, with the exception of the wall 
facing the applied horizontal load, the walls could buckle more or less 
simultaneously as separate plates simply supported at the inclined edges.
The condition of continuity, however, requires that the angle between two 
adjacent walls does not change. This requirement cannot be satisfied if the 
walls deflect in different wave lengths as would be the case if they were 
not joined together. The necessary adjustment of the deflected configura­
tion will interfere with the first mode of buckling, the upper limit to this 
adjustment being the complete fixity of the walls at the compressed inclined 
edges.
For the Perspex model supported at the four corners the critical 
horizontal apex load is 1^3& lb for the side walls and 391 lb for the rear 
wall v/hen these walls are simply supported at the side edges, and 18l3 lb 
and 933 lb respectively when they are built in. It is tentatively suggested
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that the estimated buckling load for the pyramid as a whole can be taken 
as the average of these four values, that is, H cr = 1193 lb. This seems 
to be a very high load in comparison with the theoretical vertical buckling 
load • Vcr = 716 lb and further research would seem to be required before 
design recommendations can be established.
In cases when it is desirable to exclude the possibility of 
buckling under working loads, the provision of stiffening ribs may be con­
sidered and the question of the most efficient and economical arrangement of 
these ribs is of practical interest. Although a single horizontal stiffener 
at mid-height of each wall would prevent the first mode of buckling taking 
place under a vertical load, it may not have much effect on the second mode 
(Figs.6k - 67). By studying the deflection contours in Figs.68 and 6 9, one 
reaches the conclusion that two radial ribs dividing each wall into three 
equal parts would be the simplest and most effective means of increasing 
resistance to buckling.
7*8 Post-buckling behaviour
Tests on the GRP pyramids indicate that at vertical loads 
approaching the ultimate load the effective areas of each wall are limited • 
for practical purposes to tv/o narrow strips along the inclined edges. A 
similar type of stress distribution occurs in thin walled box columns when 
the applied load is of such magnitude as to cause local budding of the 
constituent plate elements. In the derivation of semi-empirical formulae 
for box columns one of the basic assumptions is that the column edges remain 
essentially straight. This condition holds true for sheet pyramids of the
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shape likely to be used in double-layer roof structures, but may not be 
valid for very shallow pyramids suitable for other structural purposes.
The basic formula for the load carried by two wall strips meeting 
at a common edge (Ref.22, p.**78) can be expressed in the form
where is the longitudinal load acting on the two strips and (rL represents 
the longitudinal edge stress. Extensive tests by various investigators have 
established that the coefficient C in the above formula should be derived 
from the expression
for example, after substitution of 01 -  2000 lb/ina and E = **00 000 lb/in2 , 
a value more appropriate for this stress than the one previously used and
C = 1.92, P^  = 850 lb and V = f8  PL = 2**00 lb. The last figure exceeds by 
over 2J>0% the initial buckling load calculated on the assumption of the walls 
being initially flat. In order to assess the ultimate value of the vertical 
apex load it is appropriate to use E = 360 000 lb/in2 and <7£ = 60000 lb/in2 • 
The results are C = 1.92? P^  = 1390 lb and V = 39*+0 lb, which is 3*5 times 
larger than the initial buckling load.
loads the coefficient C varies very little and, in common with the practice 
adopted in the design of metal structures, its value could be taken as equal 
to 1.9. Tests show that in the ultimate stages of loading, this value is 
practically independent of the initial curvature of the plate, provided 
always that the side edges remain straight (Ref.22, p.**96).
pL* t in1 fe<k (7.^ 5)
(7.^ 6)
d being the diameter of an inscribed circle. Thus for the Perspex model,
also with \> = 0.373, h = 0 .1 2 3 in and d = 17*3 in, values are obtained of
It may be mentioned that for thin walls and sufficiently high
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The range of application of formula (7*^ 5) extends from the 
initial buckling to the ultimate stage. In a vertically loaded plastics 
pyramid (Pef.1 3i p#l6?) it was found that within these limits there is a 
good correlation between the observed and calculated values of the edge 
stresses <rr .
The fact that the edge stresses increase more rapidly than the 
applied load, once the buckling stage has been reached, is of fundamental 
importance in design. Thus in the case of the Perspex model a three-fold 
increase of the stress <rL , from 2000 lb/in2 to 6000 lb/in2 , is caused by 
an increase of about 65% in the applied load, from 2^00 lb to 39bO lb. It 
could therefore be dangerous to base the determination of the factor of 
safety of a pyramidal structure on the stress calculations alone, and it 
is essential that the ultimate loads are computed. An experimental veri­
fication of this conclusion can also be deduced from Fig.27» where the 
dotted lines representing the experimental results may be seen to become 
nearly horizontal, long before the ultimate stress of 9000 lb/in2 is reached. 
The considerable difference between the actual ultimate load V = 1900 lb and 
the predicted value of iVfO lb for the GRP pyramid Mk A may be explained by 
the reinforcing effect of lapping two sheets of glass reinforcement at the 
inclined edges of the pyramid. These laps were of narrow and varying widths 
and difficult to assess quantitively. The effect of the chamfered edges of 
the GPP pyramids was also ignored in the calculations of ultimate loads, 
this procedure proving justified by the good agreement with the experimental 
results.
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The results of the tests on the GRP pyramids strengthened at the 
inclined corners are given in Chapter 2. It was found that the addition of 
only a b inch width of 2 oz chopped strand mat along each inclined corner 
of the pyramid more than tripled its ultimate strength. In using formula 
(7*^ 5) a. check has to be made that the effective width 1.9 h lfe / f i does not 
exceed the width of the reinforcing bands as otherwise spurious results may 
be obtained. A further proof of the very limited influence of the middle 
portions of the pyramid walls on the ultimate strength is supplied by the 
test results on the GRP pyramid with a 13*9 in diameter hole in each wall. 
R.C. Gilkie (Ref.13* p.170) found, hov/ever, that triangular holes with their 
sides parallel to the wall edges do cause considerable reduction in the 
pyramid stiffness, at least in the case of shallow hexagonal pyramids loaded 
at the apex. It would seem therefore that in certain cases the presence of 
an almost unstressed thin membrane in the middle of the pyramid walls may 
be necessary to prevent the overall column-type buckling of the load carry­
ing corner portions.
Although the idea of using an equivalent skeletal pyramid (Fig.12) 
in the design considerations is at first sight attractive and of undoubted 
convenience, it is in fact of limited use and cannot be expected to produce 
sufficiently accurate values of stress and displacement components. The 
important case of a horizontally loaded pyramid cannot be satisfactorily 
represented by means of an analogy with a skeletal system. With one half 
of the pyramid in tension, a large part of the wall area will remain flat 
after buckling. To this part laws of plane stress will continue to apply 
with the result that more than one half of the pyramid will be fully
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effective with no easily discernible lines of action at any level (Pig.3)* 
Since a skeletal pin-jointed pyramid cannot resist either concentrated 
bending or torsional moments the use of this concept in design for these 
types of loading is notionally impossible.
In order to predict the ultimate value of the horizontal force 
applied at the apex of a thin walled pyramid, it is sufficiently accurate 
to assume that one half of the load is resisted by tv/o pairs of narrow strips 
along the inclined compressed edges of the pyramid. V/hen the angle oc is 
equal to JO°, these edges are inclined at to the base plane and the 
ultimate load H is equal to . Therefore for the Perspex model =
2780 lb and for the unreinforced GRP pyramid H -  1020 lb. The curvature 
measurements taken for the latter at H = 1000 lb and shown in Table 6 indi­
cate that even at a distance as close as 0.5 in to the edge considerable 
increases of curvature occurred at this load pointing to the impending 
failure.
In this context particular attention should be paid to construc­
tional details at the junction of the inclined edges with the bases of 
pyramids. A diagrammatic representation of force resultants may be seen 
in Fig.2A. With the turned down bottom flanges to which metal chords are 
attached, the external forces at the corner of the base cannot be resolved 
into components acting in the planes of the pyramid walls without introducing 
a bending couple. Considerable bending distortions have in fact been noticed 
in unreinforced GRP pyramids at the lowest part of the inclined edges and 
the first sign of failure of the material was observed at a distance of 
about 2 in from the base. It is therefore essential for the lower portions
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of the inclined edges to be specially strengthened or for a connection 
detail to be developed other than that shown in Fig,10.
It is also of vital importance that the plan dimensions at the 
apex are not too small, so that there is enough material present to transfer 
the load acting on the cap plate into the pyramid walls. With proper atten­
tion to these details there is every reason to believe that the calculated 
strength of thin walled pyramids can be relied upon in the design of double 
layer grids utilising plastics pyramids as a shear resisting medium.
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ROBAKo SQUARE PYRAMID0 ADJUSTED MATRIX B. 
REF 05 027 001 017;
beg in  r e a l aa; in te g e r  a,bjC,d,i,iifj, j j , l , t t , c a s e , t y p e ;
a rra y  A *B [1 :3 5 ,1 ;3 5 ] *S[1 :3 5 ,1 % 3 ] , s u m [l;3 5 ] , Z [1 :3 5 ,1 ;1 ] ;
- in te g e r  a rra y  I J [ 1 :3 5 ,1 : 2] ; boolean BB,boo; 
boolean a rra y  A A [ l :3 ] ,B O G [ l:3 5 , l :3 5 ] ; sw itch  s s ~ L l; 
comment For a s y m m e tr ic a lly  loaded w a ll type= 0o 
For an a n tis y m m e tr ic a lly  loaded w a ll ty p e = l; 
boolean procedure e v e n (a ); va lue  a ; in te g e r  a ; 
evens=a-(a d iv  2 )*2 ;
in te g e r  procedure a b s i(a ) ;  va lue  a ; in te g e r  a; 
a b s i:~ a *s ig n (a )  ;
procedure a s e t ( s ) ;  boolean a rra y  S; 
beg in  S [ l j : = i i - i  and a b s i ( i j - j ) = 2 ;
S [2 .1 := a b s i( i i - i ) = l  and i i - * i = j j - j ;
S [ 3 ] : = a b s i ( i i - i ) = l  and i i - i = j - j j
end ;
p rocedure o u tp u t ;
beg in  p r in t  ££1??; to p o ffo rm ; p r in t  ££112s9?CASE?, 
s a m e lin e ,d ig its (3 ) ,c a s e ,£ e ? ; 
i f  ty p e = l then p r in t  £ANTI?; 
p r in t  £SYMMETP.ICALLY LOADED ' Y/ALL.£ 1 s9??,
£NON-ZERO ELEMENTS OF THE UPPER TRIANGLE. ?;
i f  boo then p r in t  £UN?;
p r in t  £ADJUSTED MATRIX B .£ l? ? ;
fo r  a ;= l s te p 1 u n t i l  35 do
beg in  p r in t  d i g i t s ( 9 ) , a ;
f o r  b:=a s tep  1 u n t i l  35 do 
beg in  i f  BGO[a,b] o r  a=b then
p r in t  s a m e lin e ,a lig n e d (5 ,3 ) ,
0 q5*Tb [ a ,b ]+ B [b ,a ] ) ;
i f  BOO[a,b] then
beg in  aa ;= 0o5 * < B [a ,b ]~ B [b ,a ]) ;
i f  abs(aa)>,0-6  then p r in t  
s a m e lin e ,a lig n e d ( 2 , 3 ) , s p e c ia l( 2 ) ,  
aa e -^se p r in t  ££s7??
end
end ; i f  a - (a  d iv  5 )*5  then p r in t  ££1??
end
end; 
b : =0 ;
f o r  i := 3  s tep  1 u n t i l  9 do
fo r  j ;= -7  step 1 u n t i l  7 do
i f  e v e n ( i+ j)  and i~ ab s i( j)_> 2  then
beg in  b ; - b + l ;  I J [ b , l ] : = i ;  I J [ b , 2 ] : = j end ;
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k l '1 read c a se ,typ e ; t t : = l- 2 * ty p e ;
f o r  b?=:l s tep  1 u n t i l  35 do j l f  IJ [b ,2 }> 0  then 
bep;in read a ; f o r  1:=1 ,2 ,3  d_o read S [b , l ]  end ; 
f o r  bs=35 s tep  -1  u n t i l  1 do 
beg in i f  IJ [b ,2 ]> 0  then a s = - l e lse  
i f  I J [b ,2 ] - 0  then a:=0 e lse  
beg in  a :-a + 2 ; c:=a+b; S [ b , l ] : = S [ c , l ] * t t ;
S [b ,2 ] := s r c ,3 ] * t t ;  S [b ,3 ] := S [c ,2 ] * t t
end
end ;
fo r  b ; - l  s tep 1 u n t i l  35 do 
beg in  sum[b] ; r£> .0  ;
f o r  1 s , 2, 3 do s u m [b ]:= s u m [b ]+ S [b ,l] ; 
f o r  1 := 1 ,2 ,3  _do S [b , l ] := 6 * S [b , l ] - s u m [b ]
end;
fo r  a := l s tep 1 u n t i l  35 do 
fo r  b :~ l s tep 1 u n t i l  35 do 
Afa , b ] : =B[a ,b ]  : =0.0 ; 
f o r  a : - i  s tep  1 un t i l  35 do 
beg in  i : ~ I J [ a , l ] ;  . jJ - IJ [a ,2 ] ;
B [a ,a ] :n -6 *sum [a ] ; 
fo r  b t =1 step  1 u n t i l  35 do 
beg in  i i : = I J [ b , l ] ;  j j : ~ I J f b , 2 ] ;  a s e t(A A ); 
fo r  d j-1 ,2 ,3  do j l f  AAl'd’l then 
beg in A [ a , b ] i - i f  j  — j j —1 o r
then 1 o0 e l s e - l o0 ; B [a ,b ] : = S [a ,d ] 
end ; B O O [a ,b ]:~ i f  a b s (A [a ,b ])> 0 ol  
then tru e  e ls e  fa ls e
end
end; boo: - t r u e ; o u tp u t ; 
fo r  a : st ep 1 u n t i l  35 do 
beg in  Z [a , 1 ] ;= 0 o0 ; cS=0;
fo r  b ; - l  s tep  1 u n t i l  35 do 
i f  B no [a ,b ] then
begin c ;= o + l;  Z [a , l ] := Z [a , l ]+ ( B r b ,a ]~
B [a ,b ] ) - A [a ,b ] ; A [a ,b ];n :1 .0
end; A [a ,a ]:= o  
end ; m x q u o t(z ,A ,Z ); 
fo r  a ;~ l s tep  1 u n t i l  35 do 
fo r  bs= l s tep 1 u n t i l  35 do 
i f  B 0 0 [a ,b ] then 
beg in  c : = U [a ,2 ] - lJ [ b ,2 ]  ;
A [ a , b ] : ~ i f  c= l c»r c=~2 then l o0 e ls e  - 1 ,0 ;  
B [a ,b ] : - B [a ,b ]+ A [a ,b ] * Z [a , l ]  
end ; b o o ;= fa Is o ; o u tp u t; p u n c h ( l) ;  
i f  case=122 then
p r in t  ££12s3?R0BAK SQUARE PYRAMID; ?,
£CASE, TYPE, MATRIX B;£13r9??;
p r in t  sam eline9d ig i t s ( 5 ) , c a s e ,d ig i t s ( 3 ) 9ty p o ,
£ £ 1 2 ? ? ;  cs =0;
f o r  a :-1  s tep  1 u n t i l  35 do 
fo r  b ;-a  step 1 u n t i l  35 do 
i f  a=b o r BOOTajb] then
beg in  o j - n + i ; p r in t  s a m e lin e ,a lig n e d (4 ,5 ) ,
0 . 5* (E !' a , b l -i-P [ b , a 3 ) ; 
i f  c - (c  d ly  5 )*5  then p r in t  ££1?? 
ejid ; p r in t  ££13r22??; punch(4 ) ; 
i f  ease<432 o r  tyne -0  then goto  L I  
end o f  PROGRAM;
EXAMPLE OF DATA FOR PROGRAM 017 
SQUARE PYRAMID DATA 
CASE, TYPE, TOINT, STRESS XX,UU,VV 
122 0
3 - 0 #14!54 -0.95354 -0.79099
5 -0.02266 -0.69844 -0.69844
6 -Q.Ofj 867 -0.79508 -0.43526
8 0.00930 -0.61.956 -0.48703
9 -0.05057 -0.6160S .-0 .28954
11 0.02584 -0.43067 -0.4S067
12 0.00460 -0.53055 -0.35929
13 -0.04422 -0.48784 -0.21812
15 0.01200 -0.45047 -0.38531
16 -0.01131 -0.45460 -0.28231
17 -0.04365 -0.39537 -0.17111
19 -0.01.455 -0.38865 -0.38865
20 -0.02141 -0.41.674 -0.31982
21 -0 .037  67 -0.39639 -0.22797
22 -0.05320 -0.33141 -0.13311
24. -0 .06862 -0.38442 -0.34071
25 -0.07109 -0.38948 -0.26758
26 -0.07361 -0.35607 -0.18032
27 -0.07212 -0.29387 -0.09834
END OF TABLE
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T A B L E 2 3  '
CASE 432. AN I I SYMMETR I C ALL Y LOADED WALL.
NON-ZERO LLtMtNlb Ol- 1 HE UPPER 1R1 ANGLE. UNAUJUSTED MAiRiX B.
1 -U .612 0.0 06 +2 -330' 4 . 929 +0 . 766 -6 . 132 -1.367
2 U . 61 2 6.132 +1.3-67 -4.929 - 0 . / 6 6
3 -4.816 0.713 +0.713 .4.138 +0.011 -2.87/ -0.307
4 o.oou -0.713+0-713 8.9 22 +0.663 -3.922 -0 . 663
3 4.616 2.877+0.30/ -4.133-0.011
6 -6.622 0.676+0.149 .4.241 -0.098 -1.386 -0.0/0
/ -2.232 0*000 +0.427 3.00/ +0.231 -2.22 0 -0.349
6 2.232 -0.3 76 +0.149 2.220 +0.849 -3 . 00 7 -0. 231
9 6 . 622 1.366 +0.070 -4.241 +0.096
ILi -6.323 0.617.+0.04 0 4.306 -0.169 -U.78/ -0.0 47
11 -4.034 0.288 +0.268  ^ 2.354 +0.202 -1.02/ -0.290
12 0 .000 -0.288 +0.266 1 .324 +0 . 346 -1.32 4 -0.348
13 4.034 -0.617 '+0 .040 1.02 7 +0.29 0 -2.33 4 -0.202
14 6.323. 0./87 +0.04 7 -4.3 08 +0.169
13 -9.689 1 . 049 +0.037 4 .642 -0 .163 -0.702 -0.137
16 -3.2 0 6 0.661 +0.311 2.046 +0.306 -0.409 -0.335
1 / -1.619 0.000 +0 . 371 U.8 0 7 +0 . 368 - 0 . 3 7 3 -0.364
16 1.619 -0.661 +0.311 0.3/3 +0.36 4 -0 . 80 / -0.368
1 9 3.206 -1.049 +0.037 0.409 +0.333 “2.04 6 -0.306
20 9 . 689 .0.702 +0.137 -4.842 +0.163 . . ; . . . -
21 -11.414 1 .7 28 +0.262 4.68 9 +0.318 -0 . 804 - 0 . 486
22 -3.282 1.0/2 +0.393 1.191 +0.348 -0.176 - 0.387
2 3 . -2.093 0.338 +0.338 0.133+0.30 6 0.15/ -0.226 .
24 0.000 -0.836 + 0 .338 -0.187 +0.196 U . 18/ -0.196
23 2.093 -1 .0 72 +0.393 -0.13 7 +0.226 -0.138 -'0.306
2 6 3.262 -1. /28 +0 .262 0.178 +0.88/ -1.191 -0 .548
2/ 11.414 0.604 +0.486 - 4 . 6 8 9 - 0 . 318
26 -11.030 1.982 +0.9 43 : ' .
29 . - 2.626 0.363 +0.404
30 -0.436 0.094 +0 • 06/ . '..' £
31 -0.013 7-0.000 +0. 00 7
32 0.013 -0 . 094 +0.067
33 • 0.436 - -0 .3 68 +0 .404
3 4 2.628 -1.9 82 +0 . 9 43
3 3 11.030
202
T A B L S 2k
U A 8 
N U .N
t 4 3b. ANT ISYMHb1HiCALLY LOADfcD WALL.
- Z b K0 t l t Mb N 1b OF 1 H b UPPhH f R i A N G L t . ADJUST E l) m a t r i x b .
1 -0.612 0.000 +0.291 3.920 -0.263 - 3 . / 0 9 + 0 . 028
2 0.612 b . / 0 9 -0.028 . -3.920 + 0.263
3 “4.818 1.281' + 0 .12 9 4.120 +0.024 -3 . Obb -0 . 110
4 0 • 0 0 0 -1.281 +0.129 6.334 -0.101 -3.834 + 0 .101
b 4.818 3.0bb +0.110 -4.120 -0.024
6 -6 . 822. U . / 8 / -0 .016 4.193 -0.00/ -1 .805 +0.0 01
/ “2.232 0.000 +0.030 2.913 -0.031 -2.203 +0.012
• 8 2 . 232 - 0 . / 8 7 -0.016 2.203 -0 . 012 -2.915 +0.031
9 6 . 82 2 1.3U3 -0 .001 -4.19b +0.00/
10 -6 .325 . U . / / 9 +0.014 4.4 7./ -0.001 -0.97 / +0.0 06
11 -4.03 4 0.36/ +0.022 2.381 -0.014 -1 .118 -0.010
12 0 . 0 0 0 -0.66/ +0.022 3 .33/ -0.010 -1.83/ + 0.010’
1 3 . 4.034 -0 .7 79 +0.014 1 .118 +0.010 -2.881 +0.014
14 8.323 0.97/ -0.006 . -4.4// +0.001
lb -9.889 1 . 270 +0.035 4.923 -0.048 . -1.024 -0.014
lo -5 .208 0 . / 4 6 +0.003 ;2.14/ -0.036 -0.479 -0.018
1 / ~1.619 0.000 -0.001 u . 81 / -0.013 - 0.35b -0.011
lb 1 . 619 '-0.746 +0.003 0 . 388 +0.011 -0.81/ +0.013
19 b . 2 0 d -1.2/0 + 0 . 0 3 3 0.4/9 +0.018 -2.14/ +0.038
2 0 9.889 1.0 2 4' +0.014 -4.925 + 0 . 046
21 -11 . 414 1 . 9 68 +0.036 3 .138 -0.09 7 -1.236 -0.088
22 -b . 28 2 1.044 - 0. 0 23 1.384 -0.090 -0.039 -0.060
2 3 -2 . 093 0.310 -0.0 23 T 0.022 +0.026 0 . 339 -0.017
24 0 . DUG -0 .310 -0.0 23 .. -0.342 +0.014 0.342 -0.014
2b . 2 . 0 93 - -1 . 0 44 -0 .023 .. -0 .339 + 0 . 017 -0.022 -0.026
26 3 1282 -1.968 +0.086 0 . 039 +0.060 -1.384 +0.090
2/ 11 . 414 1-236 +0.088 .-b .138 +0.09 7
2d -11 . 030 1 . 91b + 0 . 0 97;; . :. :v: - . :.:7: • ;
2 9 -2 . 628 0 • 2bb -0.093
6 0 -0.436 0.023 -0.Oil
.31 -o. old ;: : .- 0-000 -0.020
32 0 .013 - 0 . 0 2 3 -0.011..
3 3 U . 4 3 6 , -0 '. 238 - 0.09b .. ...'
3 4 2 • 628 -1.918 . +0.09/
3 b 11.030 . . .
n
WalL a WaLL b
Adj. UncucLj. A d j• Unacij.
1
2
213
339
212
339
±517 ±531 -  6 i
3
4
394
434
395
491 ±533 ±531 ±&L
5
6
491 
553
496
558 ±631 ±64!
7
8
579
600
592
6(1 ±692
±687
9
10
629 
' 637
636
695
±788 ±802
11
12
783
S52
780
860 ±884
±870
13
14
920
956
925
957 ±(480 ± 1315
15
16
1056
(095
1042. 
1061 ±16(0 ±1599
17
18
f!92
(283
(154
1(62 ±1901 ±1255
19
20
1368
(508
(369
(509 ±2527 ±2423
21
20.
1535
(574
1530
1583 ±3400 ±3413
23
24
. /627 
1733
1591
1802 ±4528 ±4949-3921
25
26
1851
2004
1859
2024 ±5300 ±4949 ±3921
27
28
2195
2429
2197
2373 ±643! ±5700
29
30
2616
4067
2527
3862 ± 21620 ±22900
31
32
4073
57U
4055
5761 ±26330
47363 xiO7 
44655x (0 s
33 8033 7272 44207x 108 412 93 x10s
34 10860 (05(0 -9980x10 s - 0-103 no3, i
35 32070 25290 ±2628 xIO3 -04/03x10*1'
TABLE 2.5
COMPARISON OF EIGENVALUES 
FOR ADJUSTED AND 
UNADJUSTED MATRIX 8  FOR 
. LOADING, CASE 4-32,
W A L L  Cl
LO A D IN G  C A S E  4 S Z
In  th is example w a lls  a  
and b are assumed to  be 
f ixe d  a t  the ccxp and  
base a n d  h in g e d  along, 
th e  in c lin e d  edges.
20 k
TABLE 2G
C A L C U L A T E D  B U C K L I N G  C O E F F I C I E N T S  K FOR THE F IRST  
F I V E  B U C K L I N G  MODES O F  T H E  P Y R A M I D  WALLS
L O A D I N G
CONDITIONS
M
O
D
E
B O U N D A R Y  C O N D I T I O N S
R I G I D B A S E C O R N E R S U P P O R T S
I 2 3 4 1 2 3 4
1 V I 4/2. 310 2 8 4 2 0 5 3 9  9 3 7 2 2 5 8 223
I 2 4-70 4 4 6 3 5 6 321 4 8 3 4 5 8 3 72 3 4 1
3 6 2 5 559 5 2 6 4 4 7 6 4 5 6 1 8 5 0 2 4 6 4
/p.... ^ 4 72 6 671 5 8 3 5 6 6 6 6 3 6 2 9 5 3 8 5 0 2
5 8 9 5 7 3 7 7 2 2 6 4 6 72  8 6 8 3 5 8 4 5 5 1
I 2 8 7 201 200 133 3 3 6 3 II 213 182
J F ^ H 2 3 5 2 322 2 7 5 2 40 4 37 408 3 3 9 3 0 5
/ ^ T \ 3 5 2 3 4 4G 4 2 9 359 516 5 0 2 3 9 4 3 7/
4 5 8 4 4 1 6 517 3 8 5 5 8 6 5 6 4 4 8 4 4 5 4
- 5 6 22 5 5 7 519 4 79 6 0 0 5 7 7 4 91 4 5 4
1 ± 822 ± 812 ± 654 ± 615 ± 653 ± 6 3  6 ±  517 ± 4 8 3
x ' h 2 ± 8 5 6 ± 8 2 6 ± 700 ± 6  70 ± 6 7 4 ± 6 5 0 ± 5 3 3 ±  506
3 ±1019 ± 1015 ± 9 4 0 ± 882 ± 7 4 5 ± 719 ± 6 3 ! ± 6 0 8
/ 4 ± 1201 ± 1(38 ±1025 ± 947 ± 8  07 ± 7 9  0 ± 6 9 2 ± 6 6 7
5 ±144-5 ±1367 ±1243 ± H 2 7 ± 9 1 8 ±  9 0 5 ± 7 8 8 ± 743
O'2b F IX E 0 EDGE H I N G E D  EDGE
F O U R  T Y P E S  OF B O U N D A R Y  C O N D I T I O N S  
FOR T H E  P Y R A M I D  W ALLS
V,
E h -
cr , D/ &  / ‘ D ! 2 ( \ - V 7-) i
FOR T H E  P E R S P E X  P Y R A M I D  M O D E L .
b=  SD' Oi n  j h = 0 7 2 5  in , 4 4 0  0 0 0  l b / i n ' / V ^ 0 'S 7 5 }
D = 83'33 lb in J Vcn , H cr «= 2'778K lb.
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CASE 122 -  DEFLECTION CONTOURS
FOR THE FIRST MODE OF
B U C K L I N G  -  V= 114-5 Lb
/  •'/ X
-hlOO ffOO
Note. tyaMs fu -tly  -fixed ctcjcu'nsb ro ta tio n  
d t  a ll the edges.
CASE 122- DEFLECTION CONTOURS
FOR THE SECOND MODE OF 
B U C K L IN G  - V =  ISOG Lb
-3f
~2o
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FIG. '£>6
CASE /32- DEFLECTION
CONTOURS FOR THE FIRST
SUCKLING M O D E -  
' V=- U08 Lb4-20
\.\
+ 700
-6 -G
o
Note. 
Walls -fully -fixed 
against rotation 
a t a ll the
FIG. 67
CASE I3Z- DEFLECTION
CONTOURS FOR THE
SECOND BU C K L IN G
I ( I ' J  - 100 ', ) ] \
, \ \ ( / )  1 J\ *  \ v  ^
V » /
MODE - V “  134-7 lb
s
FIG. 6 b
'  K/ 0  .  \  \ \  C A S E  4 2 2 - A N T I S Y M M E T R I C A L L Y  
/  / N 1 \ \  L O A D E D  w a l l  -  d e f l e c t i o n
/ . /  / y .  } )  I  I  \  C O N T O U R S  F O R  T H E  F I R S T
/ I //H00/// / MODE OF 8 U C K U N G -
/ III ~ H = 2310 lb
/*/  ^/y’4
y / z / f Q }/;
°/ •
i'hto , Pcj^ uUJifd waJIs
r e s t r a i n e d  a g a i n s t  
r o t a t i o n  a t  o i l  t h e  
edges .
FI&. 69
CASE 432 -ANTISYMMETRICALLY 
LOADED WALL -DEFLECTION  
CONTOURS FOR THE FIRST 
MODE OF SUCKLING- H-IS/3 Lb
/  x . .
^  X/ ;- 
4 k % C ' \ 4
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C H A P T E R  8
CONCLUSIONS
8.1 General summary
The purpose of the research was to study the behaviour of thin
walled pyramids in double layer grids and to establish, if possible, rules
and methods for their design. The investigation v/as mainly concerned with 
square based pyramids subjected to systems of loading such as would be 
applied to them at the upper and lower layers of a grid.
The experimental work consisted of three parts. Stress distri­
bution in the pre-buckling stage was studied v/ith a Perspex model v/hich
also allowed assessment of the initial vertical buckling load. In the 
investigation of the post-buckling behaviour and of ultimate strength, use 
was made of GRP pyramids. With, the object of establishing the correlation 
between the properties of single pyramids and their role and behaviour in a 
complete structure, similar GRP pyramids were adopted for the construction 
of a roof model.
As has been shown,- a complete theoretical treatment of plane 
stress distribution in thin walled pyramids has been developed and its 
limitations have been defined. The use of this theory has been illustrated 
by worked out examples for typical cases. A method of determining budding 
loads has also been formulated and used, v/hile it has been found that the 
maximum values of post-buckling stresses and ultimate loads can be assessed 
from the simple formulae derived.
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It has been inferred that within the limits of the initial 
assumptions there is a good agreement between the calculated and observed 
values. The following are the main conclusions of the research.
1. The use of plastics pyramids in double layer grids is 
structurally justified and generally advantageous in other respects.
2. The theoretical methods developed are sufficiently compre­
hensive and reliable to be used as the basis of design.
3. The assumption of plane stress distribution in the pre­
buckling stage is basically correct when the pyramid walls are flat and 
approximately so when they are slightly bent.
k. The presence of small initial curvatures in the pyramid walls 
generally delays the inception of buckling and has almost no effect on the 
ultimate strength.
5. Truncation of pyramids at their apexes is on the whole 
beneficial.
8.2 Standardisation
It is well known that the manufacture of intricate structural 
components in plastics involves modern methods of mass production to a far 
greater extent than is the case with other building materials. To derive 
the full benefit from the plastics materials a considerable amount of 
thought must be given at an early stage to standardisation. It is neces­
sary to select a set of basic modules, such that a small number of 
different moulds will suffice for the particular type of the component 
concerned.
2.10
It is always advisable to begin the design process by deciding
on a shape that is the most suitable from the structural and architectural
points of view. For square based GRP pyramids of double layer grids both 
requirements have been seen to be satisfied when the angle of inclination 
of the side edges is equal to about *f5°* The range of application of such 
pyramids extends over spans of between 16 ft and 100 ft which, in normal 
circumstances, would be subdivided into not less than eight and not more 
than twenty pyramid modules. It follows that the provision of only four 
sizes of moulds, with base lengths of 2, 3i ^ and 5 ft would be sufficient 
without being excessively restrictive.
In deciding on the wall thickness, which generally does not 
affect the mould details, the magnitude of applied loads and the pyramid 
size should both be considered. However, for large pyramids it may be
necessary to use stiffening ribs. In the event of only a small proportion
of the pyramids being subjected to heavy shear it may be appropriate to 
have these pyramids additionally strengthened at their inclined edges in 
the manner suggested in Chapter 2, in preference to using pyramids of equal 
strength throughout the grid.
8.3 Potential uses of pyramidal roofs
For engineering and commercial reasons it is desirable that 
pyramidal roofs should be developed and marketed as complete systems. The 
factory produced components from which the complete roof structure can be 
built should ideally include waterproofing gaskets, gutters, light fixings 
and other ancillary elements, to be dispatched with full and clear
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instructions for erection.
In this way the field of suitable applications can be extended 
to include overseas markets and locations where no skilled labour is 
available. Among many examples of the potential use of plastics pyramids 
can be named car ports, petrol stations, platform awnings, bandstands and 
covered markets. Structures of this type may offer advantages in situa­
tions requiring temporary roofs that are easy to transport, erect and 
dismantle, such as those over exhibition pavilions, travelling theatres 
and conference centres.
V/hile prototype testing should form an essential part of the 
development of the system, the theory explored in Chapters 6 and 7 •
would enable the test results to be correctly interpreted and extrapola­
ted. It will also indicate the measures necessary for fulfilling the 
structural and functional criteria at the least possible cost.
Future research
Although the research work described in this thesis sets out 
the guide lines on which the design of thin walled pyramids can be based 
there are several aspects of their behaviour where further investigation 
would be desirable; among these are the effect of initial curvatures and 
the influence of lateral loads on the behaviour of the pyramid walls. It 
has.been experimentally established that a local thickening of the walls 
could result in a very considerable increase in the ultimate load carrying 
capacity and it would therefore be useful if analytical methods could be 
devised for the general case of pyramids of varying wall thicknesses. In
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addition the difficult subject of initial buckling and of post-buckling 
behaviour could be developed further for application to shallow pyramids.
While aspects of design, as opposed to those of analysis, have 
been considered both from the experimental and the theoretical points of 
view, it is felt that a greater amount of attention should be paid to these 
problems in future research. Of particular importance are details of 
connections where the design should not only aim at satisfying structural 
requirements but must also take into account the possibility that only 
simple tools may be available for use in erection.
The theory of stress distribution in triangular and trapezoidal 
plates can be extended to other types of stressed skin structures incor»- 
porating triangular or diamond shaped plate elements. The same approach 
could also be of value in other fields of structural engineering, for 
example, in the investigation of stresses in the webs of castellated 
girders, and in the cranked portions of rigid frames.
8.5 Concluding remarks
Notwithstanding the theoretical aspects of research, it might be 
mentioned in conclusion that an engineering investigation of this kind can 
only be meaningful if the researcher maintains contact with industry so 
that he remains aware of the practical aspects as well as the industrial 
needs. In the course of the work described many valuable comments were 
made by various members of the Building Development Group of Imperial 
Chemical Industries Limited. No less encouraging were discussions with 
many forv/ard looking architects who had shown a great interest and
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willingness to participate in developing and building stressed-skin 
roof systems in which new materials and new techniques.are utilised, 
structures already built have shown what can be done and in fact they 
provided the initial incentive for this research to be undertaken.
The
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A P P E N D I X  A
T A B L E S  2 7 - *f 0
STRESS AND DISPLACEMENT COMPONENTS 
IN THE PERSPEX MODEL AND GEOMETRICALLY 
SIMILAR PYRAMIDS
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T A B  L E 27
CASE 111. S Y M M F T R I C A L L Y  L O A D E D  WALL.
POINT, STRESSES XX,YY,XY, DISPLACEMENTS DX,DY.
1 0 .0000 -1.8479 0 . 0000 0 . 0000 0.6162
2 -0.3465 -1.0395 -0.6001 0 . 0429 0.5151
3 -0 . 0424 -1.1455 -0.2205
4 -0.2310 -0•6930 -0•4001 0 . 0429 0.3854
5 0.0000 -0.9240 0.0000
6 -0.0656 -0.7873 -0.2273
7 -0.1732 -0.5197 -0.3001 0.0429 0.2933
8 -0.0096 -0.7199 -0.0831
9 -0.0707 -0.5893 -0.2041
1 0 -0.1386 -0.4158 -0.2401 0.0429 0.2219
11 0.0000 -0.6160 . 0.0000
12 -0.0212 -0.5728 -0 . 1102
1 3 -0.0692 -0.4673 -0.1799
1 4 -0.1155 -0.3465 -0 . 2000 0 . 0429 0.1635
15 -0.0035 -0.5209 -0.0430
1 6 -0 . 0287 -0.4688 -0.1160
17 -0.065 6 -0 . 3857 -0.1590
1 8 -0.0990 -0.2970 -0.1715 0.0429 0 .1142
19 0.0000 -0.4620 0 .0000
20 -0 . 0092 -0.4433 -0.0640
21 -0.0328 -0.3 93 6 -0.1136
2? -0.0614 -0.3276 -0.1419
23 -0.0866 -0.2599 -0.1500 0.0429 0 . 0714
24 -0.0017 -0 . 4 0 7.3 -0.0261
25 -0.0141 -0.3818 -0.0735
26 -0.0347 -0 . 3376 -0.1083
27 -0.0573 -0.2844 -0.1277
28 -0.0770 -0.2310 -0 . 1334 0.0429 0,0337
29 0.0000 -0.3696 0.0000 0.0000 0.101.1.
30 -0.0048 -0.3599 -0.0416 0.0136 0.096 0
31 -0.0178 -0.3331 -O’. 0 76 9 0.0255 0 . 0816
32 -0.0354 -0.2946 -0 . 1,0 21 0.0347 0.0593
33 -0.0536 -0.2510 -0.1160 0.0405 0.0314
34 -0.0693 -0.2079 -0.1200 0.0429 0 .0000
CODING SYSTEM.
100--VERTICAL LOAD. 200--HORIZONTAL LOAD. 
300--MOMENT. 400--HORIZONTAL LOAD AT CAP.
500--T0RQUF. 10--INFINITE PYRAMID. 
20--RIGID BASE. 30 — CORNFR SUPPORTS.
1--WITHOUT CAP PLATE. 2 — PJGID CAP PLATE.
r
T A B L E  28
CASE 211. S Y M M E T R I C A L L Y  L O A D E D  WALL.
POINT, STRESSES X Y , Y Y , X Y ,  DISPLACEMENTS DX.DY.
1 0 . 0000 -4.0704 0.0000 0.0000 1.3573
2 -0.7632 -2 .2896 -1.3219 0.0945 1.1347
3 -0.0935 -2.5233 -0.4856
4 -0.5088 -1.5264 -0.8813 0 . 0945 0.8488
5 0.0000 -2.0352 0.0000
6 -0.1445 -.1 . 7342 -0.5006
7 -0.3816 -1.14 4 8 -0.6610 0.0945 0.6460
8 -0.0211 -1.5856 -0.1831
9 -0.1558 -1.2980 -0.4496
.1 0 -0.3053 -0.9158 -0.5288 0.0945 0.4887
11 0.0000 -1.3568 0.0000
1.2 -0.0467 -1.2616 -0.2428
13 -0.1525 -1.0293 -0.3962
14 -0.2544 -0.7632 -0 . 4 4 0 6 0.0945 0.3601
1 5 -0.0078 -1.1473, -0.0946
16 -0.0632 -1.0327 -0.2555
17 -0.1445 -0.8495 -0.3503
1 8 -0.2181. -0 . 6542 -0.3777 0.0945 0.2515
1 9 0.0000 -1.0176 0.0000
2 n -0 . 0203 -0.9765 -0.1409
21 -0.0723 -0.86 71 -0 . 2503
22 -0.1353 -0.7216 -0.3125
23 -0.1908 -0.5724 -0.3305 0.0945 0.1573
24 -0.0037 -0 . 897.1 -0 . 0576
25 -0.0312 -0.8411 -0.1619
26 -0.0765 -0.7437 -0.2385
27 -0.1263 -0.6264 -0.2813
2 8 -0.1696 -0.508 8 -0.2938 0.0945 0.0743
29 0.0000 -0.8141 0.0000 0.0000 0.2226
3 0 -0.0106 -0.7928 -0.0915 0 .0299 0 , 2115
31 -0.0391 -0 . 7337 -0.1694 0 .0563 0.1797
32 -0.0779 -0.6490 -0.2248 0.0 764 0.1307
33 -0.1180 -0.5530 -0 . 2554 0 .0892 0 .0692
34 -0.1526 -0.4579 -0 . 2644 0.0 94 5 0 -0000
CODING SYSTEM.
100--VERTICAL LOAD. 200--HORIZONTAL LOAD. 
300--MOMENT. 4GO--HORIZONTAL LOAD AT CAP. 
5DO--TORQUF. 10 — INFINTTF PYRAMID.
? 0 --RIGID BASE. 30--C0RNER SUPPORTS.
1 —  HITHOUT CAP PLATE. 2 —  RIGID CAP PLATE.
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T A B L E  29
CASE 211.' A N T I S Y M M E T R I C A L L Y  L O A D E D  WALL.
POI NT, STRESSES XX.YY,XY, DISPLACEMENTS DX,DY.
1 0.0000 0.0000 0.0000 1 .1505 0.0000
2 -0.7632 -2.2896 -1 . 3 21 9 1. 18*8 0-4507
3 -0.0312 -0.8411 -0.1619
4 -0.5088 -1.5264 -0 . 8813 0.7872 0.3943
5 0.0000 0.0000 0.0000
6 -0.0 723 -0.8671 -0 . 2503
7 -0.3816 -1.14 4 8 -0.6610 0 .5335 0.3380
8 -0.0042 -0.3171 -0 . 0366
9 -0.0935 -0.7788 -0.2698
1 0 -0.3053 -0.9158 -0 . 5288 0.3586 0 .2817
1 1 0.0000 0 .0000 0.0000
12 -0 .-0156 -0.4205 -0 . 0809
1 3 -0.1017 -0.6862 -0 . 2641
1 4 -0 . 2544 -0.7632 -0.4406 0.2335 0.2253
15 -0.0011 -0.1639 -0.0135
1 6 -0.0271, -0.4426 -0 . 1095
1 7 -0.1032 -0.6068 -0.9502
1 8 -0 . 2.1 81 -0.6542 -0 .3777 0 . 1428 0.1690
1 9 0.0000 0.0000 0 . 0000
20 -0.0051 -0.2441 -0.0352
21 -0.0361 -0 . 4335 -0.1252
92 -0.1015 -0 .5412 -0.2344
23 -0.1908 -0.5724 -0.3305 0.0773 0.1127
24 -0.0004 -0.0997 -0.0064
25 -0.0104 -0.28 0 4 -0.0540
26 -0.0425 -0.4131 -0.1325
27 -0.0982 -0.4872 -0.2188
28 -0.1696 -0.5088 -0.2938 0.0311 0.0563
29 0.0000 0.0000 0.0000 -0.0342 0 . 0000
3 0 -0.0021 -0.1586 -0.0183 -0.0313 0 .0269
31 -0.015 7 -0.2935 -0.0678 -0 .0235 0.0453
32 -0.0467 -0.3894 - 0 . 13 4 9 -0 . 0135 0.0489
33 -0.0944 -0.4424 -0.2043 -0.0047 0.0340
34 -0.1526 -0.4579 -0.2644 0.0000 0 . 0 0 o o'
CODING SYSTEM.
100--VERTICAL LOAD. 200--HORI70NTAL LOAD. 
300--MOMENT. 400--HORIZONTAL LOAD AT CAP.
500--TORQUE. 1. 0 —  INFINITE- PYRAMID. 
20--RIGID RASE. 30--CORNER SUPPORTS.
1--WITHOUT CAP PLATE. 2--RIGID CAP PLATE.
220
T A B L E  30
CASE 311. S Y M M E T R I C A L L Y  L O A D E D  WALL.
POINT, STRESSES XX,YY,XY, DISPLACEMENTS DX,DY.
1 0  . 0 0 0 0 3 6 . 9 5 8 9 0 . 0 0 0 0 0  . 0 0 0 0 - 5 . 7 7 1 3
2 1 3 . 8 5 9 6 0  . 0 0 0 0 1 2 . 0 0 2 8 - 0 . 0 8 6 6 - 2 . 5 2 0 6
3 1 . 6 1 6 3 1 3 . 0 9 1 9 5 . 4 5 9 0
4 6  . 1 5 9 8 0 . 0 0 0 0 5 . 3 3 4 6 - 0 . 0 5 7 7 - 1  . 4 7 0 3
5 0 . 0 0 0 0 9 . 2 3 9 7 0 . 0 0 0 0
6 1 . 7 6 6 4 5 . 4 5 0 5 3 . 8 4 6 1
7 3 . 4 6 4 9 o . o o o o 3 . 0 0 0 7 - 0 . 0 4 3 3 - 0 . 9 4 5 2
8 0 . 2 2 6 3 5 . 4 5 5 7 1.2949
9 1 . 4 5 4 7 2 . 6 9 3 8 2 . 5 6 6 2
1 0 2  . 2 1 7 5 0  . 0 0 0 0 1 . 9 2 0 4 - 0  . 0 3 4 6 - 0 . 6 3 0 1
1.1. 0 . 0 0 0 0 4 . 1 0 6 5 0 . 0 0 0 0
1 2  • 0 . 4 0 4 1 3 . 2 7 3 0 1 . 3 6 4 7
1 3 1  . 1 . 4 6 3 1 . 5 0 7 3 1 . 7 7 9 2
.14 1 . 5 4 0 0 0 . 0 0 0 0 1 . 3 3 3 6 - 0  . 0 2 8 9 - 0  . 4 2 0 1
1 5 0 . 0 6 0 2 2 . 8 9 6 0 0  . 4 8 4 3
1 6 0 . 4 5 4 2 2 . 0 6 0 8 . 1 . 1 7 2 8
1 7 0 . 9 0 6 5 0 . 9 2 2 5 1 . 2 8 9 2
1 8 1 . 1 3 1 4 0 . 0 0 0 0 0 . 9 7 9 8 - 0  . 0 2 4 7 - 0  . 2 7 0 1
1 9 0 . 0 0 0 0 2 . 3 0 9 9 0 . 0 0 0 0
2 0 0 . 1 3 4 8 2 . 0 3 5 7 0 . 6 1 3 8
2 1 0 . 4 4 1 6 1 . 3 6 2 6 0 . 9 6 1 5
2 2 0 . 7 2 7 4 0 . 6 0  3 5 0 . 9 7 0 6
2 3 0 . 8 6 6 2 0 . 0 0 0 0 0 . 7 5 0 2 - 0 . 0 2 1 7 - 0 - 1 5 7 5
2 4 0 . 0 2 2 2 1 . 7 8 0 5 0 . 2 3 0 3
2 5 0  . 1 . 7 9 6 1  . 4 5 4 7 0 . 6 0 6 6
2 6 0 . 4 0 5 5 0  . 9 4 0 6 0 . 7 8 3 0
2 7 0 . 5 9 3 5 0 . 4 1 5 6 0 . 7 5 4 2
2 8 0 . 6 8 4 4 - o . o o o o 0 . 5 9 2 7 - 0 . 0 1 9 2 - 0  . 0 7 0 0
2 9 0 . 0 0 0 0 1 . 4 7 8 4 0 . 0 0 0 0 0  . 0 0 0 0 - 0  . 6 5 0 1
3 0 0 . 0 5 6 6 1 . 3 6 3 9 0 . 3 2 3 7 - 0  . 0 5 2 1 - 0 . 6 1 0 4
3 1 0 . 1 9 8 8 1 . 0 6 2 6 0 . 5 5 3 1 - 0  . 0 8 5 7 - 0 . 5 0 0 7
3 2 0 . 3  6 3  7 0 . 6 7 3 4 0 . 6 4 1 5 - 0 . 0 9 0 2 -0 . 3 4 4 6
33 0 . 4 9 2 0 0 . 2 9 7 9 0 . 6 0 1 4 -0 . 0 6 4 9 - 0 . 1 6 9 9
3 4 0 . 5 5 4 4 0.0000 0 . 4 8 0 1 - 0 . 0 1 7 3 0.0000
CODING SYSTEM.
10 0 --V E R TIC A L LOAD. 200--HORI70NTAL LOAD. 
3 00--MOMENT. 4O0--HQRIZONTAL LOAD AT CAP. 
50 0--TORQUF. 10--INFINITE PYRAMID. 
20--RIGID BASE. 30--CORNER SUPPORTS. 
1--WITH0UT CAP PLATE. 2--RIGID CAP PLATE.
221
T A B L E  31
C A SF 311. ANTISYMMETRICALLY LOADED WALL. 
POINT, STRESSES XX,YY,XY, DISPLACEMENTS DX,DY.
1 0.0000 0.0000 -21.3382 2.2695 0.0000
2 -6.9298 20.7894 -0.0000 0.9702 -3.1207
3 -3.1517 6.5459 -7.5586
4 -3.0799 9.2397 -0.0000 0 .8287 -1.9721
5 0.0000 0.0000 -5.3346
6 -2.2206 4.8449 -3.1468
7 -1.7324 5.1973 -0.0000 0 .7016 -1.3653
8 -0.7476 1.5155 -3 . 1499
9 -1.4816 3.36 72 -1 . 5553
1 0 -1.1088 3.3263 -0 . 0000 0 .5804 -0.9752
11 0 .0000 0 .0000 -2.3709
1.2 -0.7879 1.6365 -1.8896
1 3 -1.0272 2.4117 -0 . 8703
1 4 -0 . 7700 2.3099 -0.0000 0 .4620 -0.6935
1.5 -0.2796 0.5631 -1.6720
16 -0.6771 1.4425 -1.1898
1 7 -0.7443 1.7937 -0.5326
18 -0.5657 1.6971 -0 .0000 0 .3453 -0.4737
1.9 0 . 0000 0.0000 -1.3336
20 -0.3544 0.7238 -1.1753
21. -0.5551 1 .2112 -0.7867
22 -0.5604 1.3794 -0.3484
23 -0.4331 1 .2993 -0.0000 0.2295 -0.2926
24 -0.1330 0.2671 -1.0280
25 -0.3502 0.7273 -0.8398
26 -0.4521 1.0078 -0.5431
27 -0.4354 1.0908 -0.2399
28 -0.3422 1.0266 0.0000 0.1145 -0.1373
29 0.0000 0.0000 -0.8535 6.2599 0.0000
30 -0.1869 0.3789 -0.7875 0.2430 -0.0685
31 -0.3193 0.6747 -0.6135 0 .1970 -0.1136
32 -0.3704 0.8418 -0.3888 0.1329 -0.1192
33 -0.3472 0.8828 -0.1720 0.0638 -0.0801
34 -0.2772 0.8316 -0.0000 0.0000 -0.000 0'
CODING SYSTEM.
100--VFRTICAL LOAD. 200--H0RIZONTAL LOAD. 
300--MOMENT. 4O0--H0RI70NTAL LOAD AT CAP.
500--TORQUE. 10 —  INFINITE PYRAMID. 
20--RIGID RASE. 30--C0RNER SUPPORTS.
1--WITHOUT CAP PLATE. 2--RIGID CAP PLATE.
222
T A B L E  32
CASF 411. SYMMETRICALLY LOADED WALL .
POINT, STRESS ES XX,YY, XY, DISPL ACEMENTS DX, DY.
1 0 .0000 1.15 6 3 0.0000 0 . 0000 0 .5411
2 1.1968 -2.2896 0.3755 0 . 0823 0 . 7782
3 0•1351 -0.6718 0.2864
4 0.3623 -1.5264 -0.1269 0.0864 0.6409
5 0.0000 -0.7285 0.0000
6 0.1053 -0.9633 0.0433
7 0.1084 -1.14 4 8 -0.2366 0.0884 0.5123
a 0 . 0109 -0.8141 0 . 0 0 0 0
9 0 . 0500 -0.9170 -0.0867
10 0.0083 -0.9158 -0.2572 0.0896 0.3996
11 0 . 0 0 0 0 -0.7761 0 .0000
1 2 0.0104 -0•7988 -0.0498
13 0.0096 -0.8161 -0.1445
14 -0.0366 -0.7632 -0.2520 0 . 0904 0.3007
15 0.0007 -0.7378 -0.0261
16 0.0010 -0.7412 -0.0897
1 7 -0.0163 -0.7190 -0.1680
18 -0.0581 -0 . 6542 -0.2391 0.0910 0.2133
19 o . o o o o -0.6909 0 .0000
20 -0.0013 -0.6886 -0.0541
21 -0.0098 -0.6744 -0.1143
22 -0.0324 -0.6363 -0.1752
23 -0.0683 -0.5724 -0.2244 0.0915 0.1350
24 -0 . 0005 -0.6453 -0.0250
25 -0.0058 -0.6354 -0.0761
26 -0.0192 -0 . 6106 -0.1278
27 -0.0424 -0.5677 -0.1746
28 -0.0728 -0.5088 -0.2099 0.0918 0.0644
29 0 . 0 0 0 0 -0.6050 0 . 0 0 0 0 0 . 0 0 0 0 0 .1306
30 -0.0026 -0.5999 -0.0458 0.0225 0.1252
31 - o . o u o -0.5835 -0.0912 0.0441 0.1089
32 -0.0264 -0.5537 -0.1341' 0.0 63 7 0.0820
33 -0.0484 -0.5108 -0.1704 0.0800 0.0452
34 -0.0 74 2 -0.4579 -0.1965 0.0921 0 . 0 0 0 0
CODING SYSTEM.
100--VERTICAL LOAD. 200--HORI70NTAL LOAD. 
300--MOMENT. 400--HORIZONTAL LOAD AT CAP. 
5QO--TORQUE. 10 —  INFINITE PYRAMID. 
20--RIGID BASE. 30--CORMER SUPPORTS. 
1--WITHOUT CAP PLATE. 2 —  RIGID CAP PLATE.
223
T A B L E  33
CASE 411. ANTISYMMETRICALLY LOADED WALL. 
POINT, STRESSES XX,YY,XY, DISPLACEMENTS D X , D Y .
1 o .o n n o 0 . 0 0 0 0 - 3 . 0 1 7 7 1 . 4 7 1 5 0 . 0 0 0 0
2 - 1 . 7 4 3 2 0 . 6 5 0 4 - 1  - 3 2 1 9 1 . 3 2 2 0 0  . 0 0 9 3
3 - 0 . 4 7 6 9 0 . 0 8 4 6 - 1 . 2 3  0 8
4 - 0 . 9 4 4 4 - 0 . 2 1 9 7 - 0  . 8 8 1 3 0 . 9 0 4 4 0 . 1 1 5 4
5 0  . 0 0 0 0 o . o o o o - 0 . 7 5 4 4
6 - 0  . 3 8 6 3 ’ - 0 . 1 8 1 9 - 0 . 6 9 5 3
7 - 0 . 6 2 6 6 - 0 . 4 0 9 8 - 0 . 6 6 1 0 0 . 6 3 2 7 0  . 1 4 4 9
8 - 0 . 1 1 0 0 - 0 . 1 0 2 8 - 0  . 4 8 2 1
9 - 0 . 3 0 3 0 - 0 . 3 0 2 6 - 0 . 4 8 9 7
1 0 - 0 . 4 6 2 1 - 0 . 4 4 5 4 - 0  . 5 2 8 8 0  . 4 4 0 6 0 . 1 4 3 7
1 1 0 . 0 0 0 0 0 . 0 0 0 0 - 0 . 3 3 5 3
1 2 - 0 . 1 2 7 0 - 0 . 1 8 9 1 - 0 . 3 4 8 2
1 3 - 0 . 2 4 6 9 - 0 . 3 4 5 1 - 0 . 3 8 7 2
1 4 - 0 . 3 6 3 3 - 0 . 4 3 6 5 - 0 . 4 4 0 6 0 . 2 9 8 8 0 . 1 2 7 3
1 5 - 0 . 0 4 0 7 - 0 . 0 8 4 3 - 0  . 2 5 0 0
1 6 - 0 . 1 2 2 9 - 0 . 2 3 8 6 - 0 . 2 7 7 8
1.7 - 0 . 2 0 8 5 - 0 . 3 5  3 1 - 0 . 3 2 5 5
1 8 - 0 . 2 9 8 1 - 0 . 4 1 4 2 - 0 . 3 7 7 7 0 . 1 9 1 7 0.1020
1 9 0  . 0 0 0 0 0 . 0 0 0 0 - 0  . 1 8 8 6
2 0 - 0 . 0 5 5 2 - 0  . 1 4 1 8 - 0 . 2 0 1 4
2 1 - 0 . 1 1 4 6 - 0 . 2 6 2 2 - 0 . 2 3 6 4
2 2 - 0 . 1 8 0 7 - 0 . 3 4 6 1 - 0 . 2 8 3 6
2 3 - 0 . 2 5 2 1 ' - 0 . 3 8 8 7 - 0 . 3 3 0 5 0  . 1 0 9 8 0 . 0 7 1 3
2 4 - 0 . 0 1 9 2 - 0 . 0 6 1 9 -0 . 1 5 1 8
2 5 - 0 . 0 5 9 9 - 0 . 1 7 7 5 - 0 . 1 7 2 7
2 6 - 0 . 1 0 6 4 - 0 . 2 7 0 6 -0 . 2 0 9 3
2 7 - 0 . 1 5 9 8 - 0 . 3 3 3 0 - 0 . 2 5 2 7
2 8 - 0 . 2 1 8 0 - 0 . 3 6 3 6 - 0 . 2 9 3 8 0  . 0 4 7 3 0 . 0 3 6 9
2 9 0 . 0 0 0 0 0.0000 - 0 . 1 2 0 7 0 . 0 0 2 5 0  . 0 0 0 0
3  0 -0 . 0 2 8 5 - 0 . 1 0 5 0 -0 . 1 2 9 7 0 . 0 0 3 1 0  . 0 1 7 2
3 1 - 0 . 0 6 0 8 - 0  . 1 . 9 8 1 - 0 . 1 5 4 5 0 . 0 0 4 4 0 . 0 2 9 3
3 2 - 0 . 0 9 9 1 - 0 . 2 7 0 3 -0 . 1 8 9 9 0 . 0 0 5 3 0 . 0 3 2 1
33 -0 . 1 4 3 5 - 0 . 3 1 7 5 -0 . 2 2 8 7 0 . 0 0 4 3 0 . 0 2 2 7
3 4 - 0 . 1 9 1 8 - 0 . 3 4 0 3 -0 . 2 6 4 4 0.0000 -0<0000
CODING SYSTEM.
100- -VERTICAL !_OAD. 20 0--HORIZONTAL LOAD.
3 0 0 - - M 0 M E N T . 40O--HORIZONTAL LOAD AT CAP. 
SO 0--TORQUE. 10--INFINITE PYRAMID. 
20--RIGID BASE. 30--CORMER SUPPORTS. 
1--WITHOUT CAP PLATE. 2— RIGID CAP PLATE.
22k
T A B L E  J>k
CASE 511. ANTISYMMETRICALLY LOADED WALL . 
POINT, STRESSES XX,YY,XY, DISPLACEMENTS DX,DY.
1 0 . 0000 0.0000 13.7832 -3 . 1841 0.0000
2 8.9525 -8.9525 5 .1687 -2.3635 1.3645
3 2.1924 -2.1924 5.4852
4 3.9789 -3.9789 2.2972 -1. .4936 0.8623
5 0 . 0000 0 . 0000 3.4458
6 1.6951 -1.6951 2.6914
7 2.2381 -2.2381 1.2922 -1.0340 0.5970
8 0.4960 -0.4960 2.1190
9 1 . 21.80 -1 .2180 1.5471
.1 0 1.4324 -1.4324 0.8270 -0 . 7386 0 .4264
1 1 0.0000 0.0000 1.5315
1 2. 0.5481 -0.5481 1.3713
1 3 0.8943 -0.8 94 3 0.9896
1 4 0.9947 -0.9947 0 .5743 -0.5252 0.3032
15 0.1831 -0.1831 1.10 2 5
16 0 . 4 9 4 4 -O.4944 0.9379
1 7 0.6779 -0 . 6779 0.6821
1 8 0.7308 -0.7308 0.4219 -0 . 3587 0 .2071.
1 9 0.0000 0.0000 0.8615 •
20 0.2386 -0.2386 0.8094
21 0.4238 -0 . 4 2.38 0.6728
22 0.5290 -0.5290 0.4963
23 0.5595 -0 .'5595 0.3 23 0 -0.2216 0.1279
24 0.0866 -0.0866 0.6723
25 0.2436 -0.2436 0.6095
?6 0.3590 -0.3590 0•5020
27 0.4233 -0.4233 0.3763
28 0.4421 • -0.4421 0.2552 -0.1039 0 . 0600
29 0 . 0000 0.0000 0.5513 -0 . 1641 0.0000
30 0.1240 -0.1240 0.5298 -0.1555 0.0180
31 0.2295 -0.2295 0.4704 -0.1309 0.0302
32 0.3045 -0.3045 0.3 8 6 8 -0 . 0938 0.0325
33 ' 0 . 3459 -0.3459 0.2946 -0.0487 0.0225
34 0.3581 -0.3581 0.2067 0 . 0000 0.0000
CODING SYSTEM.
100--VFRT I CAL LOAD. 200--HORI70NTAL LOAD. 
300--MDMENT . 400--HOR I ZONTAL LOAD AT CAP.
50O--TORQIJE. d 0 —  INFINITE PYRAMID. 
20--RIGID BASE. 30--CORNER SUPPORTS.
1--WITHOUT CAP PLATE. 2--RIGID CAP PLATE.
T A . B L E  35
CASE 122. S Y M M E T R I C A L L Y  L O A D E D  WALL.
225
POINT, STRESSES XX,YY,XY, DISPLACEMENTS DX,DY.
1 -0.3716 -1.1573 -0 . 0000 -0.0000 0 .4830
2 -0.9205 -2.7614 -1.5943 0.0210 0.4824
3 -0.1415 -1.1158 -0.0938
4 -0.2261 -0.6782 -0.3915 0 . 0344 0 .3023
5 -0 . 0227 -0 . 9237 -0.0000
6 -0.0587 -0.8007 -0.2077 . • -
7 -0.1625 • -0,4874 -0.2814 0.0430 0.2095
8 0 .0093 -0 . 7408 -0.0765
9 -0 . 0506 -0.5869 -0.1885
10 -0.1235 -0.3706 -0.2340 0 . 0476 0.1412
11 0.0258 -0.6495 0.0 000
12 0 .0046 -0 . 5948 -0.0989
13 -0.0442 -0.4559 -0.1557
14 -0 . 0934 -0 . 2802 -0 . 163 8 0 . 0504 0.0897
15 0 .0120 -0.5612 -0.0376
16 -0.0113 -0 . 4875 -0.0995 ■: ■ '
17 -0.0436 -0 .3631 -0 .1295
18 -0.0704 -0 .2311 -0 . 123 9 0 .0498 0.0 526
19 -0.0145 -0.5133 0 .0000
20 -0 . 0214 -0.4839 • -0.0560
21 -0.0377 -0.4037 -0.0972
22 -0.0532 -0.2919 -0.13 45 L
23 -0.0562 -0 .1687 -0.0974 0 . 0426 0.0279
24 -0.0686 -0 . 4605 -0.0252 . ; ■■.. :
25 -0.0711 -0 .4143 -0.0704
26 -0 . 0736 -0.3331 -0.1035
27 -0.0721 -0.2374 -O.3129
28 -0.0546 -0 .1638 -0.0945 0 . 0258 0.0125
29 -0.1545 -0.4219 0.0000 0 . 0000 0.0012
30 -0.1483 -0.4025 -0.0528 0.0003 0.0009
31 -0.1305 -0.3488 -0.0955 0 . 0005 0.0002
32 -0.1055 -0.2737 -0.1203 0 . 0004 -0 . 0005
33 -0.0801 -0.2025 -0 . 1225 0.0000 -0.0008
34 -0 . 0657 -0.1972 -0.1138 -0.0001 0.0000
CODING SYSTEM. L ' : J •
1O0--VERTICAL LOAD. 200--HOR I 70NTAL LOAD. 
300--MOMENT. 400--HORIZONTAL LOAD AT CAP.
500--TORQUE. 10--INFINITE PYRAMID. 
20--RIGID BASE. 30--CORNFP SUPPORTS. 
1--WITHOUT CAP PLATE. 2--RIGID CAP PLATE.
T A B L E  36
CASE 132. S Y M M E T R I C A L L Y  L O A D E D  WALL
226
POINT* STRESSES XX,YY,XY, DISPLACEMENTS DX,DY.
1 -0.3763 -1.1678 -0 . 0000 0 .0000 1.6939
2 -0 . 9096 -2.7289 -1 .5755 0.0208 1.6933
3 -0.1770 -1 . 1151. - 0 .1.0 5 4
4 -0.2269 -0.6807 -0.3930 0.0304 1.51.73
5. -0.1452 -0.8867 -0.0000
6 -0 .1588 -0.7910 -0 . 2582
7 -0.1877 -0 .5630 -0.3251 0.0247 1.4276
8 -0 . 2149 -0 . 6480 -0.1235
9 -0.2329 -0.5918 -0.3106
10 -0 .1984 -0.5953 -0.3437 0.0020 1.3530
11 -0.2936 -0.4513 -0.0000
12 -0 .3078 -0.4544 -0.2147
13 -0.3177 -0 .5122 -0.3728
14 -0 . 2442 -0 . 7326 -0.4230 0.0332 1.2723
15 -0.3341 -0.2754 -0.0930
16 -0 . 38 0 9 -0.3204 -0.2 760 ' •
17 -0 .4192 -0.5012 -0.4521
18 -0.3265 • -0.9794 -0.5654 0.074 0 1.1658
1 9 -0 .2566 -0.1354 -0.0000
20 -0 . 2981 -0.1486 -0.1274
21 -0.4186 -0.2196 -0 . 2821
22 -0 .5680 -0.5007 -0 . 5346
23 -0 . 4747 -1 .4242 -0.8223 0.1108 1.0 058
24 -0 . 0588 -0.0612 - 0 . 0260
25 -0 .1432 -0.0767 -0.0 797 "
26 -0 . 3511 -0.1187 -0.1776 "
27 -0.7820 -0.3785 -0.5407
28 -0.8396 -2.5188 -1 . 4542 -0 .1267 0.7268
29 0.2844 -0.0392 -0.0000 0 .0000. 1 .3877
30 0.26 44 -0.0518 0 .0017 0.0293 1.3656
31 0.2007 -0 . 061.6 0.0221 0 . 0555 1.298 7
32 0.2014 -0.0775 -0.0343 0.0741 1.1711
33 0.0128 -0.0836 -0.0133 0.0906 0 . 91.0 0
34 -2.9017 -8.7052 -5.0259 -0.0585 0.0000
CODING SYSTEM
100--VERTICAL LOAD. 200 --HORIZONTAL LOAD.
300--MOMENT. 400--HORIZONTAL LOAD AT CAP. 
5 0 0 --TORQUE. 10--INFTNITE PYRAMID. 
20--RIGID BASE. 3Q--C0RNFR SUPPORTS. 
1--WITHOUT CAP PLATE. 2--RIGID CAP PLATE.
22 7
T A B L 5 37
CASE 422. SYMMETRICALLY LOADED WALL.
POINT, STRESSES XX,YY,XY, DISPLACEMENTS DX,DY.
1 0 .0543 -0 .7774 0.0000 0 . 0000 0 .5983
2 2.4650 -1.2740 1.7670 0 . 0030 0.6066
3 0.1503 -1.0565 -0.0323
4 0 .2781 -1.1926 -0.1034 0.0865 0 .50 65
5 0.1081 -0 .9905 -0 . 0000
6 0.1040 -0 .9891 -0 . 078 4 --L
7 0 . 0877 -1.0237 -0.2196 0.0957 0 . 391.7
8 0 .0698 -0 . 9220 -0.0355
9 0 . 0590 -0.9101 -0.1171
10 0.0134 -0 .8461 -0 . 2326 0.0991 0.2873
11 0.0409 -0.8662 0.000 0
; -
12 0 . 0371 -0 . 8536 -0.0648
13 0 . 0202 -0.8055 -0.1403
14 -0.0245 -0.6928 -0.2212 0.0990 0.1979
15 0.0030 -0.8101 -0.0292
16 -0.0021 -0.7764 -0.0 898
' - L - - ' . -
17 -0.0179 -0.6982 -0.1524 :
18 -0.0503 -0 .5611 -0.2055 0.0929 0.1249
19 -0 . 0516 -0.7645 0.0000
20 -0.0516 -0.7474 -0.0568
21 -0.0535 -0 . 6934 -0.112 9 ---------
22 -0 . 0606 -0.5961 -0.1632
23 -0 . 0737 -0 . 4505 -0.1939 0.0770 0 . 068 7
24 -0.1314 -0.7106 -0.0 29 4
25 -0 .1268 -0.6771 -0.0870
26 -0.1193 -0.6081 -0.1398
27 -0.1114 -0 .5027 -0.1807
28 -0.0986 -0 .3742 -0.1934 0.0471 0.0289
29 -0.2444 -0 .6613 0.0000 0.0000 0 . 0 019
30 -0 . 2394 -0 . 6458 -0.0 649 0.0003 0 . 0017
31 -0.2236 -0.5995 -0.1269 0.0005 0.0010
32 _-0 .1 956 -0 .5237 -0.1788 0.00 06 0 .0002
33 -0.1619 -0.4209 -0.2099 0.0006 0 .0000
34 -0.0996 -0 .4060 -0.2035 0.0014 0 .0000
CODING SYSTEM - - -
100- -VERTICAL LOAD. 200 --HORIZONTAL LOAD.
30 0 --MOMENT. 400--HORIZONTAL LOAD ATCAP.
500--TORQUE. 10--INFINITE PYRAMID. 
20--RIGID BASE. 30--CORNER SUPPORTS. "
1--WITHOUT CAP PLATE. 2--RIGID CAP PLATE.
228
T  A  R  L  E  3 8
C A S E  4 2 2 .  A N T I S Y M M E T R I C A L L Y  L O A D F D  W A L L .  
P O I N T ,  S T R E S S E S  X X , Y Y , X Y ,  0  I S P L A C E M E N T S  D X , D Y .
1 • - 0 . 0 0 0 0 0 . 0 0 0 0 - 1  . 3 6 5 8 1 . 2 2 6 3 - 0 . 0 0 0 0
2 - 1 . 8 6 9 5 3 . 0 6 0 6 - 0  . 7 3 5 6 1  . 2 2 7 2 - 0 . 1 0 1 0
3 - 0 . 4 2 1 0 0  . 3 9 2 0 - 1  . 2 5 1 3
4 - 0 . 7 3 5 4 - 0  . 1 7 9 1 - 0 . 6 8 8 6 0 . 8 2 3 2 0 . 0 8 0 3
5 - 0 . 0 0 0 0 0 . 0 0 0 0 - 0 . 8 1 9 3
6 - 0 . 3 9 1 4 - 0 . 0  3 5 3 - 0 . 6 4 9 0
7 - 0  . 5 5 5 7 - 0 . 3 8 0  3 - 0 . 5 9 1 0 0 . 5 7 5 4 0 . 1 1 4 0
8 - 0 . 1 1 8 9 - 0 . 0 5 7 1 - 0 . 4 9 9 2
9 - 0 . 2 9 3 9 - 0  . 2 3 7 0 - 0  . 4 5 4 5
1 0 - 0  . 4 2 9 8 - 0  . 4 0 2 9 - 0  . 4 8 8 5 0  . 4 0 0 1 0 . 1 1 2 8
1 1 - 0 . 0 0 0 0 0  . 0 0 0 0 - 0 . 3 5 5 4
1 2 - 0 . 1 2 3 4 - 0 . 1 5 6 8 - 0 . 3 4 9 9
1 3 - 0 . 2 2 5 9 - 0 . 3 0  6 2 - 0 . 3 6 0 7
1 4 - 0 . 3 3 4 1 - 0 . 3 8 3 1 - 0 . 4 0 0 0 0 . 2 7 2 6 0 . 0 9 6 9
1 5 - 0 . 0 3 5 9 - 0  . 0 7 8 1 - 0 . 2 7 0 9
1 6 - 0 . 1 0 4 5 - 0  . 2 2 4 3 - 0 . 2 7 9 0
1 7 - 0  . 1 7 3 5 - 0 . 3 2 9 2 - 0 . 3 0 0 4 ... - ' -
1 8 - 0 . 2 5 5 4 - 0 . 3 5 6 0 - 0 . 3 2 3 9 0 . 1 7 8 7 0 . 0 7 4 5
1 9 - 0 . 0 0 0 0 0 . 0 0 0 0 - 0 . 2 2 1 8
2 0 - 0 . 0 4 3 1 - 0 . 1 4 6 3 - 0 . 2 2 6 5
2 1 - 0  . 0 8 6 5 - 0 . 2 6 7 9 - 0 . 2 4  0  0
2 2 - 0  . 1 3 4 0 - 0 . 3 3 8 3 - 0 . 2 5 6 6
2 3 - 0  . 1 8 8  4 - 0 . 3 3 5 8 - 0  . 2 6 0 1 0 . 1 0 8 4 0 . 0  4 9 8
2 4 - 0 . 0 1 7 2 - 0 . 0 7 0 4 - 0  . 1 9 0 8
2 5 - 0  . 0 5 1 0 - 0 . 2 0 0 3 - 0  . 2 0 0 2
2 6 - 0  . 0 8 3 9 - 0  . 2 9 7 7 - 0 . 2 1 5  0  “
2 7 - 0 . 1 1 5 5 - 0 . 3 4 3 8 - 0 . 2 2 6 2
2 8 - 0 . 1 3 7 8 - 0 . 3 3 5 0 - 0  . 2 1 6 1 0 . 0 5 2 4 0 . 0  2 5 0
2 9 0 . 0 0 0 0 0 . 0 0 0 0 - 0  . 1 5 7 0 - 0 . 0 0 1 0 0 . 0 0 0 0
3 0 - 0  . 0  4 3 3 - 0 . 1 2 9 1 - 0 . 1 6 2 9 - 0 . 0 0 0 7 0  . 0 . 0  0  5
3 1 - 0  . 0 8 2 9 - 0  . 2 4 0 0 - 0  . 1 7 8 9 - 0 . 0 0 0 1 0 . 0 0 0 3
3 2 - 0 . 1 1 3 0 - 0 . 3 1 6 0 - 0 . 1 9 8 2 0 . 0 0 0 6 - 0 . 0 0 0 3
3 3 - 0 . 1 2 9 5 - 0 . 3 4 5 0 - 0 . 2 1 2 3 0  . 0 0 0 8 - 0 . 0 0 0 7
3 4 - 0 . 1 5 3 2 - 0 . 3 5 2 5 - 0 . 2 3 4  4 0 . 0 0 0 0 - 0 . 0 0 0 0
C O D I N G  S Y S T E M .
............ ;V .-‘I
1 0 0 - - V E R T T C A L  L O A D .  2 0 0 - - H Q R  I Z O N T A L  L O A D  . 
3 0 0 - - M O M E N T .  4 0 0 - - H O R  I Z O N T A L  L O A D  A T  C A P .  
5 0 0 - - T O R Q U E .  1 0 - - I N F I N I T E  P Y R A M I D .  
2 0 - - R I G I D  B A S E .  3 0 - - C O R N E R  S U P P O R T S .
1 - - W I T H O U T  C A P  P L A T E .  .2 — R I G I D  C A P  P L A T E .
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T A B L  E 39
C A S E 4 3 2 .  :S Y M M E T R I C A L L Y L O A D E D W A L L  .
P O I N T ,  S T R E S S E S  X X , Y Y , X Y , D I S P L A C E M E N T S  D X , D  Y  .
1 0 . 0 6 4 3 - 0 . 7 6 6 7 0  . 0 0 0 0 0  . 0 0 0 0 2 . 1 7 5 6
2 2  . 4 0 2 2 - 1 . 2 2 2 7 1 . 7 2 7 4 0 . 0 0 1 4 2 . 1 8 3 9
3 0  . 0 0 9 9 - 0 . 9 8 8 0 - 0 . 0 6 8 0
4 0 . 1 7 5 3 - 1 . 1 8 9 0 - 0 . 1 9 1 4 0 . 0 6 3 9 2  . 0 8 8 8
5 - 0 . 1 6 7 1 - 0 . 8 3 5 3 - 0 . 0 0 0 0
6 - 0 . 1 4 8 1 - 0 . 8 8 3 7 - 0 . 1 8 2 3
7 - 0  . 0 9 5 3 - 1 .  0  5 5 6 - 0  . 3 8 7 3 0  . 0 4 0 0 1 . 9 7 5 7
8 - 0  . 3 2 1 8 - 0  . 6 7 1 8 - 0 . 1 0 7 2
9 - 0  . 2 9 6 6 - 0  . 7 8 7 4 - 0  . 3 . 1 9 0
1 0 - 0  . 2 5 0 6 - 0  . 9 8 8 5 - 0 . 5 0 2 4 - 0 . 0 0 2 2 1 . 8 6 2 6
1 1 - 0  . 4 2 7 1 - 0 . 4 6 7 6 - 0  . 0 0 0 0
1 2 - 0  . 4 3 2 0 - 0  . 5 2 2 6 - 0 . 2 2 3 1
1 3 - 0  . 4 2 8 7 - 0 . 7 0 6 6 - 0  . 4 5 3 9
1 4 - 0 . 3 6 5 4 - 1  . 0 5 9 9 - 0  . 6 2 2 4 - 0 . 0 5 3 3 1 . 7 3 9 6
1 5 - 0  . 4 3 8 0 - 0 . 2 9 7 7 - 0 . 0 9 4 3
1 6 - 0 . 4 9 6 6 - 0 . 3 8 7 5 - 0 . 3 0 8 7
1 7 - 0 . 5 6 2 2 - 0  . 6 6 2 2 - 0 . 5 7 8 8
1 8 - 0 . 4 8 2 8 - 1 . 3 2 3 3 - 0 . 8 0 0 1 - 0 . 1 0 3 2 1 . 5 8 4 3
1 9 - 0 . 2 8 2 2 - 0 . 1 5 7 9 - 0 . 0 0 0 0
2 0 - 0 . 3 3 4 8 - 0 . 1 7 0 2 - 0 . 1 2 0 2
2 1 - 0  . 4 9 7 3 - 0 . 2 5 1 1 - 0  . 3 1 3 1
2 2 - 0  . 7 2 6 5 - 0 . 6 1 7 9 - 0  . 6 8 1 1
2 3 - 0 . 6 7 3 0 - 1 . 9 0 3 9 - 1  . 1 3 2 5 - 0  . 1 3 5 9 1 . 3 5 5 6
2 4 0  . 0 1 7 6 - 0 . 0 9 7 5 - 0 . 0 1 5 3
2 5 - 0  . 0 5 8 3 - 0 . 0  8 3 8 - 0 . 0 5 9 9
2 6 - 0  . 2 9 0 7 - 0 . 0 9 7 5 - 0 . 1 8 0 0
2 7 - 0 . 8 5 7 6 - 0  . 4 4 2 7 - 0 . 6 5 3 5
2 8 - 1 . 1 2 4 4 - 3  . 2 7 0 9 - 1  . 9 1 8 0 - 0 . 1 1 2 8 0 . 9 5 6 9
2 9 0  . 4 1 0 4 - 0  . 0 8 8 9 - 0 . 0 0 0 0 - 0 . 0 0 0 0 1 . 8 8 3 4
3 0 0  . 4 3 0 6 - 0 . 0 6 6 1 - 0 . 0 2 8 3 0 . 0 4 4 4 1 . 8 5 9 4
3 1 0 . 5 6 1 8 - 0  . 0 5 9 6 - 0 . 0 3 0 2 0 . 0 9 6 0 1 . 7 7 6 5
3 2 0 . 7 4 2 1 - 0 . 0 4 8 4 - 0 . 0 3 9 8 0 . 1 5 9 7 . 1 . 6 0 1 4
3 3 0 . 6 0 8 5 - 0 . 1 3 3 4 0 . 0 5 4 5 0  . 2 3 4 6 1 . 2 1 9 9
3 4 - 3 . 2 5 6 4 - 9  . 0 5 0 9 - 5 . 4 3 2 9 0 . 1 2 4 6 0  . 0 0 0 0
C O D I N G  S Y S T E M .
1 0 0 - - V E R T  I C A L  L O A D .  2 0 0 - - H O R I Z O N T A L  L O A D .  
3 0 0 - - M O M E N T .  4 0 0 - - H O R I Z O N T A L  L O A D  A T  C A P .  
5 0 0 - - T O R Q U E .  1 0 - - I N F I N I T E  P Y R A M I D .  
2 0 - - R I G I D  R A S E .  3  0 - - C O R N E R  S U P P O R T S .
1 -  - W I T H O U T  C A P  P L A T E .  2 - - R I G I D  C A P  P I . A T E .
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T A B L  E kO
C A S E  4 3 2 .  A N T I S Y M M E T R I C A L L Y  L O A D E D  W A L L .  
P O I N T ,  S T R E S S E S  X X , Y Y , X Y ,  D I S P L A C E M E N T S  D X  » D Y .
1 - 0 . 0 0 0 0 0  . 0 0 0 0 - 1  . 3 9 7 8 3 . 2 3 3 8 - 0  . 0 0 0 0
2 - 1  . 8 1 2 4 2 . 9 9 2 0 - 0  . 7 0 5 9 3 . 2 3 4 7 0 . 2 4 5 3
3 - 0 . 4 0 5 3 0 . 3 3 7 2 - 1 . 2 9 0 7
4 - 0 . 6 8 2 2 - 0 . 3 3 1 6 - 0 . 6 8 6 5 2 . 5 3 4 7 0 . 5 9 0 4
5 - 0  . 0 0 0 0 0  . 0 0 0 0 - 0 . 8 8 2 4
6 - 0 . 3 7 2 0 - 0 . 1 6 3 3 - 0 . 7 0 7 0
7 - 0 . 4 8 0 1 - 0 . 6 7 0 8 - 0 . 6 0 9 5 1  . 9 9 3 8 0 . 7 7 5 8
8 - 0 . 1 3 3 1 - 0 . 1 1 4 9 - 0 . 5 6 0 8
9 - 0 . 3 1 0 3 - 0  . 4 4 7 7 - 0 . 5 3 8 7
1 0 - 0 . 3 6 8 9 - 0 . 8 7 0 2 - 0 . 5 7 0 7 1 . 5 2 6 9 0 . 9 0 7 8
1 1 0 . 0 0 0 0 0  . 0 0 0 0 - 0 . 3 6 0 2
1 2 - 0 . 2 0 8 2 - 0 . 2 4 0 0 - 0 . 3 9 3  9
1 3 - 0 . 3 4 0 7 - 0 . 5 8 4 1 - 0 . 4 9 7 8
1 4 - 0 . 3 4 7 2 -1. . 0 7 8 1 - 0 . 6 1 3  9 1 . 1 0  5  6 0 . 9 9 8 6
1 5 - 0 . 1 0 6 8 - 0 . 0 7 3 1 - 0 . 1 8 4 0
1 6 - 0 . 3 1 0 0 - 0 . 2 6 8 7 - 0 . 2 9 7 5
1 7 - 0 . 4 5 9 0 - 0 . 6 3 9 8 - 0 . 5 3 0 8
1 8 - 0 . 4 2 0 2 - 1 . 3 8 5 8 - 0 . 7 6 4 0 0 . 7 1 4 6 1 . 0 4 0 3
1 9 0 . 0 0 0 0 - 0  . 0 0 0 0 - 0 . 0 0 3  6
2 0 - 0 . 1 7 0 9 - 0 . 0 6 1 6 - 0 . 0 4 8 9
2 1 - 0 . 3 9 1 2 - 0 . 1 9 5 7 - 0 . 2 2 1 8
2 2 - 0 . 6 4 8 7 - 0 . 6 1 9 5 - 0 . 6 0 5 9
2 3 - 0 . 6 1 5 4 - 1 . 9 6 1 5 - 3 . 0 9 9 2 0 . 3 5 3 4 1 . 0 0 1 2
2 4 - 0  . 0 0 1 5 0 . 0 0 0 1 0 . 0 7 3 7
2 5 - 0 . 0 4 2 3 - 0 . 0 0 6 2 0 . 0 3 6 8
2 6 - 0 . 2 3 7 8 - 0  . 0 5 4 2 - 0 . 0 9 2 6
2 7 - 0 . 7 8 5 7 - 0 . 4 3 9 9 - 0 . 5 8 7 2
2 8 - 1 . 0 7 3 2 - 3 . 3 2 2 1 - 1 . 8 8 8 4 0  . 0 5 4 9 0 . 7 8 8 1
2 9 - 0 . 0 0 0 0 0  . 0 0 0 0 - 0  . 0 3 3  3 - 0 . 1 2 7 4 0 . 0 0 0 0
3 0 0 . 2 5 7 6 0 . 0 1 1 4 - 0 . 0 3 2 1 - 0 . 1 1 4 6 0 . 3 3 6 0
3 1 0 . 5 4 8 2 0 . 0 0 3 0 - 0  . 0 1 0 5 - 0 . 0 7 4 5 0 . 6 3 6 8
3 2 0 . 8 3 0 7 - 0 . 0 1 6 1 - 0 . 0 0 1 7 - 0 . 0 0 7 9 0 . 8 5 1 7
3 3 0 . 7 5 8 7 - 0 . 1 4 1 0 0 . 0 8 9 6 0  . 0 7 8 9 0 . 8 5 6 0
3 4 - 2 . 8 9 7 3 - 9 . 4 1 0 0 - 5 . 2 2 5 5 0 . 0 0 0 0 - 0  . 0 0 0 0
C O D I N G  S Y S T E M .
1 0 0 - - V E R T I C A L  L O A D .  2 0 0 - - H O R I Z O N T A L  L O A D .  
3 0 0 - - M 0 M E N T .  4 0 Q - - H O R I Z O N T A L  L O A D  A T  C A P .  
5 0 0 - - T O R Q U E .  1 0 - - I N F I N I T E  P Y R A M I D .  
2 0 - - R I G I D  B A S E .  3 0 - - C O R N E R  S U P P O R T S .  
1 - - W I T H 0 U T  C A P  P L A T E .  2 - - R I G I D  C A P  P L A T E .
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A P P E N D I X  B 
C O M P U T E R  P R O G R A M  0 1 8 
A N D  T A B L E S  4 1 - b 6
BUCKLING LOADS AND DEFLECTION VECTORS 
FOR THE PERSPEX MODEL AND GEOMETRICALLY 
SIMILAR PYRAMIDS
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RCJBAK, SQUARE PYRAMID. BUCKLING COEFFICIENTS ETC0 
REF 05 027 001 018;
IS 3 l basePcc ,h ,k ,m u ,D ,E ,P ; in te g e r  a , b , o , d , e , f b , f s , f t ,  
i , j , n , c a s e , t y p e ;  a rra y  A,B(1 :3 5 ,1 :3 5 ] ,A A [1 :117],K[1:35]; 
i R t m : e r  a rra y  IJ [1 :3 5 ,1 :  2] ,KK,KKP[1:83 ,Y /[1 :3 5 ,1 :83 ; 
sw itch  ss=Ll,L2; comment For a s y m m e tr ic a lly  loaded w a ll 
type=0o For an a n tis y m m e tr ic a lly  loaded w a ll ty p e = l#
The v a r ia b le s  f b , f s , f t  express the  degree o f f i x i t y  a long  
the  base ,the  s ides and the top  o f  the w a l l .  For a f ix e d
boundary the correspond ing  v a r ia b le  is  equal to  1 and fo r
a hinged boundary to  - 1 ;
boolean procedure e v e n (a ) : va lue  a : in te g e r  a :■ f .,1 ■■ ■ * I f ----T 9
even:=a=(a d iv  2 )*2 ;
procedure o rd e r (A ,B ) ; a rra y  A ,B ;
comment T h is  procedure arranges e igenva lues in  decreas ing  
o rd e r and no rm a lizes the f i r s t  two e ig e n v e c to rs ; 
beg in  comment segm ent:; r e a l aa,bb,m ax; 
fo r  a := l s tep  1 u n t i l  35 do 
begin m axs=A[a]; c := a ;
fo r  b := a + l s tep  1 u n t i l  35 do i f  A[b]>max 
then beg in m a x :-A [b ]; c :r:b  end ;
A [c ] := A [a ] ; A[a]s=max; i f  a<3 then 
beg in aa:i=0a0 ;
fo r  b : - l  s tep  1 u n t i l  35 do 
beg in bb: =B[ b , c ] ;
i f  abs(bb)>abs(aa) then aa:=bb 
end ; aa:=1000/aa;
fo r  b := l s top  1 u n t i l  35 do 
beg in b b := B [b ,a ] ;
B [b ,a 3 i= B [b ,c 3 *a a ; 
i f  abc then B [b ,c ]:= b b
end
end
end
end ;
procedure AB;
beg in  comment segm ent:; r e a l x ;  n := 0 ; 
fo r  aS=l s tep  1 u n t i l  35 do 
beg in  ns-n-i-l; i : ~ I J [ a , l ] ;  j : = I J [ s 923 ;
i f  e=0 then read A A [n ]; A [a ,a ] : = A A [n ]; 
B la ,a ]: r :1 2 o0-f‘<Tf i - 3  then f t  e ls e  jL f i= 9  the_n fb  
e lse  0 00) + ( i f  i - j * s ig n ( j> - 2  then fs  e ls e  0 o0) ; 
f o r  b := a + l s tep  1 u n t i l  35 do 
beg in c : = I J [ b , l ] - i ; d s = IJ [b ,2 ]—j ;
i f  (c -0  and d=2) o r (c = l and d *d = l)  t hen 
beg in  n := n + l;  i f  o~0 then read AA [n3;
- A [a ,b ]s = A A [n ]; B [a ,b ]s = -3 .0
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end e ls e  i f  (c=2 and d-0) or 
( c - l  and d*d=9) then 
beg in  A T a ,b ]:= 0 #0 ; B [ a , b ] : = l80
end e lse  A [a ,b ] := B [a ,b ] := 0 o0 ;
A [b ,a j:= A [a ,b ] ; B [b ,a ] := B [a ,b ]
end
end
end ;
procedure o u tp u t ;
beg in  comment segm ent:; r e a l x ;
p r in t  ££ !?? ; to p o ffo rm ; p r in t  ££19t?CASE?,
s a rn e lin e ,d ig its (3 )  , c a se ,£ 8 ?;
i f  ty p e = l then p r in t  £ANTI?;
p r in t  £SYMMETRICALLY LOADED WALL0£ lt? ? ,
£FIP.ST AND SECOND RUCIXING M0DE.£12t??, 
£BUCKLING COEFFICIENTS, CRITICAL LOADS AND ?,
£DEFLECTION VECTORS.£12t?EDGE ?,
£FIXED BASE HINGED BASE ?,
£FIXED BASE HINGED BASE£lt?C0NDo ?,
£FIXED SIDES FIXED SIDES ?,
£KINGED SIDES HINGED SIDES£12t??; 
i f  case>20() then p r in t  £H? e lse  p r in t  £V? ; 
p r in t  £*B /D ?;
fo r  a := l s tep  1 u n t i l  8 do
begin _ if a=3 _or a~5 o r a-7  t hen p r in t  ££s2??;
p r in t  s a rn e lin e ,d ig its (5 ) , ICK[a] 
jend; p r in t  £ £ lt? ? ;  _ if case>200 then 
p r in t  £N? e lse  p r in t  £V?; p r in t  £ LBS?; 
fo r  a := ! s to p 1 u n t i l  8 do
begin i f  a-3 o r a=5 jor a-7 then p r in t  ££s2??;
p r in t  s a rn e lin e ,d ig its (5 ) ,K K P [a ] 
end ; p r in t  ££1??; 
fo r  a : - 1  s tep  1 u n t i l  35 do 
beg in p r in t  d i g i t s ( 6 ) , a ,££s2??;
fo r  bS =1 s tep 1 u n t i l  8 do
begin i f  even(b4-l) then p r in t  ££s2??;
p r in t  s a rn e lin e ,d ig its (5 )  ,Mr[a ,b ] 
end ; i f  a=(a d iv  5 )*5  then p r in t  ££1??
end
end ;
procedure p r i n t ;
beg in  comment segm ent:; re a l x ;  JLf fb + fs + ft= 3  then 
beg in p r in t  ££ !?? ; to p o ffo rm ; p r in t  £ £ l9 t? ? , 
£CASE??s a m e lin e ,d ig its < 3 ) ,c a s e ,£ B ? ; 
i f  typ e = l then pr i n t  £ANTI?; 
p r in t  fiSYMMETRICALLY LOADED V/ALL.£ lt??, 
EBUCKLING COEFFICIENTS FOR VARIOUS EDGE?, 
£ CONDITIONS„£1?? 
end; pr i n t  ££12t?FIXED TOP, ? ; 
i f ' f s = l %.hen p r in t  £FIXED? e lse  p r in t  £HINGED?; 
p r in t  £ SIDES, ?;  _ if f b - l  th e n p r in t  £FIXED? 
e lse  p r in t  £ HINGED? ; p r in t~  £ BASE . £ 12 s 2 ? ? ;
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fo r  a := l s tep  1 u n t i l  35 do 
beg in  p r in t  p re f ix (£ £ s 3 ? ? )» s c a le d (4 ) ,K [a ]; 
i f  a~(a d iv  5 )*5  then p r in t  ££ ls2??
end
end;
procedure s o lv e (A ,B ,n ,e ig e n 9e p s ) ; va lue  e ps ,n ; 
r e a l e p s ; in te g e r  n ; a rra y  A ,B ,e ig o n ;
beg in comment segm ent;; in te g e r  i » j , k ;  a rra y  C [ l ; n , l ; n ] ;  
re a l procedure s ig m a ( tk ,a ,b ) ; 
va lue  a ,b ; re a l t k ; in te g e r  a ,b ; 
beg in rea l  sum; sum;=OaO;
fo r  k ; ~a s tep  1 u n t i l  b do 
sum:=sum+tk; sigma:-sum 
end sigm a;
procedure c h o le s k i(a ) ; a r ra y a ; 
beg in re a l a i i ;
f o r  i : - l  s tep  1 u n t i l  n do
begin a i i : =a . [ i , i  ] -s igm a(a  [ i  ,k ]  *a [ i  , k ]  , l , i - l )  ; 
a i i t ^ a C i , i ] : - s q r t ( a i i ) ; 
f o r  j : = i+ l  s ten  1 u n t i l  n do
a [ 3s = (a [ j r i ] - s ig m a < a [ i , k ] * a [ fj Jk ]  , l , i - l ) ) / a i i
end
end c h o le s k i;
procedure l i n v ( a ) ; a rra y  a ; 
beg in re a l a i i ;
fo r  i : ~ l  s tep  1 u n t i l  n do 
begin a i i ; - a [ i , i ] s = lo0 / a [ i , i ] ;
f o r  j ; “ 1 s tep  1 un t i l  i-1  do
a [ i , j ] ; = - s ig m a ( a [ i , k ] * a [ k , j ] , j , i - l ) * a i i
end
end l i n v ;
procedure m x m u lt(a ,b ,c ) ; a rra y  a ,b ,c ;
fo r  i ; - l  step  1 u n t i l  n do
_for j ; =1 s tep  1 un t i l  n do
c [ i , j] := s ig m a (a [i sk ] * b [k ,  j ] ’, l  ,n ) ;
procedure ja c o b i(a ,s , rh o )  ; va lue  rh o ; re a l r h o ; a rra y  a ,s ;  
beg in  rea l  n o rm l}norm2, th r,m u som ega»sint, c o s t9i n t i , v l , v 2 , v 3 ; 
in te g e r i* j» p » q , in d ;  sw itch  s s ;rrm a in ,m a in l; 
f o r  iS rr l s tep  1 u n t i l  n do 
fo r  j ; =1 s tep  1 u n t i l  i  djo
i f  i= .j then s [ i , . j3 := 1 .0  e lse  s [ i , j ] : = s [ j f i ] ; „ 0  ; 
in t ls = 0 ;
fo r  i:= 2  s tep  1 u n t i l  n do
fo r  j ; - l  s tep  1 u n ti l  i~ l  do
i n t i ; = in t l+ 2 * a [ i , j ] t 2;
n o r m l : = s q r t ( in t i ) ; n o rra 2 := (rh o /n )*n o rm l; 
th r ;= n o rm l; in d ;= 0 ; 
m ain; t h r := th r / n ;  
m a in l; fo r  q;=2 s tep  1 u n t i l  n do
fo r  p ;= l s tep  1 u n t i l  q-1 do
i f  abs (a [p ,q ])_ > th r then
begin in d ;= l ;  v l ; = a [ p , p ] ; v 2 ;= a [p ,q ] ;  v 3 := a [q ,q ] ;
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mu:=0<>5 * (v l~ v 3 )  ; o m e g a :- if mu=0.0 then -1 „0
e lse  -s ig n (m u )*v2 /sq rt(v2 *v2 + m u *m u );
s in t:= o m e g a /s q rt( 2 * (l+ sq rt(1 -o m e g a *o m e g a )));
o o s t : = s q r t ( l - s in t * s in t ) ;
f o r  i ;= : l  s tep 1 u n t i l  n do
begin i n t 1 := a [ i , p ] * o o s t - a r i , q ] * s in t ;
a [ i , q ] : = : a [ i9p ] * s in t - f a [ i9q ] * c o s t ; 
a [ i 9p ] : = i n t l ; i n t i : = s [ i 9p ] * c o s t - s [ i , q ] * s i n t ; 
s [ i , q ]  : = s [ i , p ] * s in t + s [ i  jq 1 * c o s t ; s [ i  ,p ] i r r i n t l  
-for  iS = l s tep  1 u n t i l  n do 
beg in a [ p , i1 : = a [ i , p ] ; a [q 9i ] : = a [ i , q ]  end ; 
a [p 9p] ; = v l* c o s t* c o s t- i-v 3 * s in t* s in t-2 * v 2 * s in t* c o s t  ; 
a[q»q]:= v l* s in t* s in t+ v 3 * c o s t* c o s t+ 2 * v 2 * s in t* c o s t; 
a [p ,q ] := a [q ,p ]  : - ( v l - v 3 ) * s in t * c o s t+  
v 2 * ( c o s t * c o s t - s in t * s in t )  
end ; i f  in d = l then 
b e g in inds=0 ; goto  m a in l 
end e lse  i f  thr>norm 2 then goto main 
end o f  ia c o b i; choleskiCB'* ; 
f o r  i ; = l  s tep  1 u n t i l  n do 
fo r  js = i+ l  s tep  1 u n t i l  n do 
B [ i ,  j ]  2=0.0 ; 
l in v ( B )  ; m xm ult(B ,A , C ); 
f o r  i ; = l  s tep  1 u n t i l  n do 
f o r  j ; ~ i+ l  s tep  1 un t i l  n do 
beg in  B [ i , j ] : = B [ j , i ] ;
B [ j 9i ] : = 0 .0  
end ; m xm ult(c,B,A); ja c o b i(A ,C ,e p s ) ; 
fo r  i : - l  s tep 1 u n t i l  n clo 
e ig e n [ i ] ; —At i , i ] ; m xm ult(B ,C ,A) 
end s o lv e ;
k : =800.0; base :=30.0 ; h := 0 o125; E :=440000;
mu:=0o375; D := R *h *h *h /12 /(l-m u*m u); p ;=D /base; 
b ;= 0 ;
fo r  i s =3 s tep  1 u n t i l  9 do
fo r  j := -7  s tep  1 u n t i l  7 do
j t f  e v e n ( i+ j)  and i - j * s ig n ( j ) > 2  then
beg in  b := b + l;  I J [ b 9l ] : = i ;  lJ [b ,2 ] := . j  end ;
L I :  f b : = f s := f t : = 1 ; e := 0 ; read c a se ,typ e ;
L 2 : AB; so lve<A ,B 93 5 ,K ,5 o010- 5 ) ;
o rd e r (K ,A ) ; es=e+ l; 
f o r  a := l s tep  1 u n t i l  35 do 
beg in  c c := K [a ];  K [ a ] : = i f  a b s (e c /k )< 1 .0 10-75 
then 1 .0 I075 e ls e  k / c c ; 
fo r  b := l,2  do "W[as2 *e -2 + b ]: =A [a ,b ] 
end; p r in t ;  f o r  b :=1,2 do
begin cs=2*e-2+b; K K [c ]:= K [b ];  K K P [c]2=p*K [b]
end; i f  fb = l then 
beg in f b : = - l ;  goto  L2 
end ; i f  fs = l then 
beg in  f s : = - l ;  f b : = l ;  goto L2 
end ; o u tp u t ; o u tp u t ; 
i f  case<432 o r  type=0 then goto L I 
end o f  PROGRAM;
EXAMPLE GF DATA FOR PROGRAM 018
ROBAK SQUARE PYRAMID; CASE, TYPE, MATRIX B:
122 0
11.31642 0.97947 -3.87682 -2.78681 11.31642
-2.73681 -3.87682 7.73406 1.30011 -3.09152
-1.69271 8.51724 1.30011 -2.76641 -2.76641
7 D73406 -1.69271 -3.09152 5.73714 1 ,00256
-2.40757 -1.11100 6.58374 1.29475 -2.47347
—1 0 95753 6.58374 1.00256 -1.95753 -2.47347
5.73714 -1.11100 -2.40757 4.50108 0.73307
-1 .93838 -0.79680 5.31144 1.08692 -2.12823
-1.43473 5.61300 1.08692 -1.94358 -1 .94358
5.31144 0.73307 -1.4347 3 -2.12823 4.50108
- 0 e796S0 -1.93838 3 066078 0.52791 -1.58619
-0  059156 4.48932 0.33302 -1.83105 -1.09149
4 .94268 0.95537 -1.81751 -1.54386 4.94268
0.83302 -1.54386 -1.81751 4.48932 0.52791
-1.09149 -1.83105 3.66078 -0.59156 -1.58619
3.10632 0.31744 -1.35587 -0.39679 3.97218
0.55417 -1.60118 -0.82047 4.547 82 0.70358
-1.66810 -1.23127 4.75110 0.70353 -1.53742
-1.53742 4.54782 0.55417 -1.23127 -1.66810
3.97218 0.31744 -0.82047 -1 .60118 3.10632
-0 .39679 -1.35587 2.78598 0.09139 3.66000
0.24370 4.36890 0.35986 4.76250 0.40405
4.76250 0.35986 4.36890 0.24370 3.66000
0.09139 2.78598
237
T A B L E  h i
HASP 1 ? ? .  SYMMPTP T CALI  Y I f) A DE D W A L L .  
E I P S T A N D S E C 0 N 0 BUCK L I N G M 0 f) E .
R U C K L I N G  P O h F F I C  I E N T S , C R I TI CA L  L O A D S  AMD D E F L E C T I O N  V EC TOR S.
EDGE
r: o n D .
F I XFD 
F I XED
RASE 
S I P F S
HINGED RASE 
FIXED SIDES
FIXED BASE 
HINGED SIDE S
HINGED BASE 
HINGED SIDES
v *  r / n 419 ■ 470 310 445 284 356 205 321
V !. R S 1145 13 0 6 86 0 1237 789 989 ‘ 569 893
1 -118 -1 60 -5 0 -152 27 304 24 140
2 -113 -160 - 5 0 -1.5 2 27 304 24 140
3 -137 263 -69 3.1 979 707 174 534
4 -954 345 -119 -1. 2 3 45 10 00 213 709
5 -1. 3 7 263 -69 31 279 707 174 534
6 1 94 470 4 6 325 4 71. 417 348 567
7 1 53 10 0 0 51 608 743 •883 522 10 0 0
8 153 1000 51 608 74 3 ' 883 522 1 0 0 0
o 194 4 70 46 325 4 71 417 348 567
m 9 90 1.9 5 1 8 8 286 4 44 —  60 434 281
t i 65 9 6 7 8 3 95 772 8 43 96 756 666
12 7 9 0 94 4 469 1 0 0 0 1000 209 872 845
1 3 659 678 3 95 772 8 4 3 96 756 6 66
14 99 0 1 9 5 1 88 28 6 4 4 4 -60 434 281
i s 913 -68 228 65 268 -240 387 -1
1 6 65 9 -10 602 343 605 -41.5 768 125
17 10 no 1 3 5 857 622 838 -476 10 0 0 259
1 8 i o n  0 1 35 857 . 622 8 38 -4 76 10 0 0 259
19 659 -1 0 60 2 343 605 - 415 768 125
20 918 -68 228 65 268 -240 387 -1
91 67 -87 1 5 4 -55 94 -1 47 945 -98
2 ? 307 -932 504 ' - 5 8 2 63 - 3 5 6 557 -164
2 3 603 - 3 2 3 855 2 4 4 31 -527 81 7 -180
? 4 73 6 -3 45 10 0 0 78 502 -590 91.8 -177
95 6 0 3 -323 855 94 4 31 -527 817 -18 0
9 8 30 7 -2 32 50 4 -58 2 63 -356 557 -1 64
2.1 6 7 -87 1 54 -55 94 -1 4 7 245 -98
28 -3 -18 51 -38 10 -28 91 -54
9 9 40 -85 222 -10 9 46 -99 248 -13.4
3 0 139 -1 7 2 460 -157 98 -18 6 415 -20 3
31. 21 3 -228 632 -1 69 1 36 -2 45 5*2 4 -240
3 9 21 3 -228 632 -169 1 3 6 -245 59 4 -240
3 3 139 -172 460 -157 98 -186 41 5 -20 3
34 40 -85 222 -109 46 -99 248 -1.34 .
35 -3 -18 51 -38 10 -28 91 -54
238
T A B L E b2
CASE 1 ? ? .  S Y M M E T R I C A L L Y  I .OADFD WA I L .  
h I R S T AMU SEC D Ni l  RUCK I. I MU MODE.
RUCK I IMG O'OEf-T I C I ENTS , CRITICAL [ D A D S  AMU R E F L E C T I O N  V E C TO RS .
E f) 0 E F I X F n BASF HINFED RASE F I XED BASE HINGED RASE
C 0 M D . FIXED s i n f s FIXED SI 0ES HINGED SIDES HINGED SIDES
V -X- R / D 3 99 4 83 372 459 268 3 72 223 341
V IBS 110 8 1 3 4 2 1032 1. 274 71 6 10 35 690 948
1 -90 63 -8? 0 1 0 7 415 82 34 7
2 -90 63 - 8 9 0 107 415 82 34 7
3 1 0 4 627 50 506 3 9 6 656 ■ 317 687
A I 1 6 10 0 0 3 9 778 51 7 1000 409 1 0 0 0
5 104 62 7 50 506 396 666 317 687
6 320 261 275 35 0 5 1 2 96 469 287
7 62 7 946 50 8 10 00 857 51 4 750 78 0
8 627 9 4 6 508 10 0 0 85 7 51 4 750 780
oV 320 2 6 1. 275 35 0 612 96 469 287
10 24 3 - 2 61 287 -1 44 3 78 -366 43 4 -257
11 167 - 1. 0 6 771 184 8 1 1 -36 0 83 8 -70
1 2 10 0 0 1. 6 4 986 4 95 1 0 0 0 -240 1 0 0 0 118
13 782 -106 7 71 1 84 811 -36 0 838 -70
14 24 3 - 2 61 28 7 -1 44 .3 78 -366 434 -257
IE 2Q - 2 3 3 116 -284 .1 4 9 -3 09 269 - 41 2
16 4 00 - 6 81 574 -491 4 77 -623 6^8 -619
17 81 6 -676 10 0 0 -332 7 56 -688 922 -554
18 816 - 6 7 6 10 0 0 -332 766 -688 922 -55 4
1° 400 -681 574 -491 A l l -623 648 -619
?o 29 - 2 3 3 11 6 -284 1 49 -3 09 269 - 41 2
21 -59 13 -22 -91 3 -50 99 -217
2? A ? -282 20 9 - 4 44 1 45 -317 34 3 -551
23 344 -8 42 611 -609 3 5 6 -529 607 -697
24 812 -503 807 -596 a 65 -585 71 8 - 7 0 5
25 344 -542 611 -6 09 3 5 6 -529 607 -697
76 4 ? -282 209 - 4 4 4 1 45 -317 343 -551
2 7 -89 13 -22 -91 3 -50 99 - 21.7 .
28 -1, 9 3 7 -29 31 -1.6 29 1.1 -21
2R -4Q -2 1.9 -128 1 -3 3 105 -211
3 0 3 9 -162 200 -333 72 - .1 5 4 250 -385
31 1 46 - 245 38 0 -41 1 1 3 7 -226 358 -45 0
32 146 -246 38 0 -411 1 37 -226 35 8 -450
3 3 39 -1 52 200 -3 33 7 2 -1.54 250 -385
34 -40 -2 12 -128 1 -33 105 -211
3P> -1.9 37 -29 31 -16 29 11 -21
239
T A B L E k3
CASE 4 2?. SYMMETRICALLY LOADED WAIL. 
F' 1 Rs T A w n SFf:0Mn RijOK I I Mg m 01)E .
P U C K i T M n C D E E F I C L E N T S , CR1TICAI l o a d s  a n d  D E F L E C T  1 ON VE CT ORS .
F- n o [-
r: o N D .
FIXED 
F I X E D
RASE 
S IDFS
HINGED RASE 
F I XFD SI DES
FIXED RASE 
HINGED SIDES
HINGED BASE 
HINGED SIDES
HttR/D 287 352 701 372 70 0 775 133 240
H I.BS 798 ' 9 77 5 5 9 89 4 656 764 370 667
i -61 -67 - 3 0 -68 37 193 37 110
7 -61 -57 -3 0 -68 3 7 1 93 3 7 11 0
.7, -76 147 - 3 6 14 27 3 582 163 428
4 -1  ? 7 722 - 5 4 15 78 5 789 709 566
-76 1.47 -35 14 773 5 32 1 63 478
A 9n 41.2 48 765 ^30 570 3 23 594
7 1 5 0 81 6 86 500 6 63 10  0 0 489 9/1
8 16 0 81. 6 8 6 500 6 6 3 1000 4 89 971
9 9 0 4 1 ? 4 8 765 4 30 570 373 594
10 2 66 7 77 1 7 3 3 76 4 77 1.31 476 4 01 ■ *
11 68 9 767 3 79 795 8 58 416 73 0 82 6
1? 71 8 1. 0 0 o 4 60 1 0 0 0 1 0 0 o 55? 839 10 0 0
17 68 9 767 3 79 795 858 416 73 0 826
'1 4 7 66 2 7 7 .1 7 3 376 477 1 31 476 4 01
IB ? 4 ? -41 72 8 1 16 3 3 0 -20 4 404 63
1. 6 680 79 590 455 698 -779 779 265
17 1 0 0 0 74 8 836 75? 9 33 -271 1 0 0 0 434
18 1000 7 4 8 836 75? 9 3 3 -771 1. 0 0 0 4 34
19 68 0 7 9 59 0 455 6 98 -779 779 265
20 74 2 -41 7 28 116 33 0 -704 404 6 3
21 88 -11 7 1.66 -6? 1?8 -182 268 -111
22 38 9 -281 5 22 -40 337 -397 59? -1 5 6
23 66 7 - 3 6 5 86? 77 676 -544 848 -.1.42
2 4 7 93 - 3 8 3 1000 144 601 -593 945 -126
25 667 -365 86? 7 7 576 -544 848 -14?
26 369 -781 52? -40 337 -39 7 592 -.1.56
27 88 -1 17 1 66 -62 1 28 -1 8? 268 -11. .1
78 -1 -28 58 _ 5 5 16 -40 103 -75
29 5 3 -121 24? -146 65 -1.32 7 73 -17 2
3 0 167 -228 4 81 -1 9 4 1 29 - ? 3 (K 444 -243
31 74? -290 64 6 -1 9 7 1 7 3 -78 9 551 -274
32 242 -290 646 -197 1 73 -789 551 - 2 7 4
3 3 167 -228 4 81 -194 1 ?9 -73 0 444 -24 3
34 53 -121 74? -146 65 -132 7 73 -172
3 3 -1 -28 58 . _ P K 16 -4 0 1 0 3 -75
2kO
T A B L E kb
f! A S E 4 2 2 . A M T I S Y M M F T R I C AI ! Y 10 A n F D iAi A L L . 
FIRST A Mi' SFCDMI) RUCK!. INF MORE.
RUCK! IMG COEF F I C I FNTS , CRITICAI. L O A DS  AND D EF L E C T  I ON V EC TO RS.
- EDGE 
C 0 M D .
• F 1 XFD 
F I XFD
RASE
SIDES
HINGED RASE 
FIXER SIDES
E I X E D R A S F
hinged sides
HINGED BASE 
HINGED SIDES
H*B/D 8 32 8 56 81.9 826 66 4 70 0 615 670
E I RS 231 0 2 3 7 9 2256 2 2 9 R 1 81 6 1944 1 70 9 1861
1 -22 -1 5 0 80 -137 39 -1 62 51 -136
2 571 -83 -467 -292 51 2 -1 9 6 4 79 -180
3 291 -1 1 0 -21.8 - 21 8 3 69 -194 37 0 -177
a i n n n 6 6 -9 25 - 31 2 944 -163 907 -17 3.
5 3 6 9 5 9 7 - 619 406 7 70 405 766 293’
6 324 42 - 3 9 3 -76 4 87 -56 497 -60
7 8 31 3 8 3 -941 80 10 0 0 1 9 2 1000 7 4
8 3 3 4 1 0 n n -793 8 8 6 9 61 759 991 61 6
9 -3 73 4 61 8 5 678 1 89 765 245 696
1 n 210. 11.1 -262 4 3 420 . 52 440 46
11 4 7^ ^67 -665 3 33 7 93 292 81 7 259
1? A 1 9 2 4 - 4 8 3 1 0 0 0 724 83 0 756 756
.1 s -71 5 5 4 6 39 6 9 85 4 0 10 00 57 1. 0 0 0
t A -5 0 5 - 99 5 5 2 1 8 9 -378 44 0 -437 539
1 5 1 1 8 99 -162 7 5 288 77 312 8 4
1 6 21 9 362 -379 346 526 281 552 290
17 -120 6 2 0 -1. 4 3 785 4 33 648 425 667
1.8 -724 .317 63 3 747 -1 1 2 789 -215 887
19 -705 - 2 9 6 1 0 0 0 33 - 5 8 4 393 -838 58 2
?n -1 7 0 -303 457 -303 -435 -41 -70 9 87
21 53 56 -82 55 1 55 51 182 68
2? 9 A 90 7 -180 236 293 . 175 3 23 21 4
2 3 - m  o 3 34 7 480 235 377 209 453
24 -4 68 132 576 3 9 6 -1 07 4 5 2 -283 594
25 -5 01. -310 969 -1 91 -4 63 1.96 -858 382
2 6 -135 -405 656 - 6 0 3 -454 -14 3 -959 -26
2 7 6 6 -128 1.31 - 3 3 0 -I 71 -1.70 -498 -169
28 1 6 17 -99 22 51 17 74 31
29 3 5 72 -72 102 1 0 8 60 .145 9 9
3 0 -28 125 8 215 98 1.3 4 103 ' 212
31 -1 69 5 3 294 1 76 -28 166 -T4 3 29 0
3? -195 -1 3 7 551 -152 -.183 64 -490 192
3 3 -33 -204 449 -472 -202 -96 -645 - 51
34 8 5 -80 12 4 - 3 8 9 -86 -1.33 -4 61 -190
3 6 45 o -23 -104 -1 -52 -157 -113
2b 1
T A B L E  b5
CAS F 43?. SYMMETRICALLY I DA PEP WALL. 
F IPS'! AMI; SECOND RUCKLING MODE.
RLJCKl INC C O E F F I C I E N T S ,  CRITICAL L O A D S  AND D E F L E C T I O N  V EC TOR S.
F D 0 F F I XED RASE HINGED BASF F I XED BASE HINGE D RASE
C 0 !•' D . F I XFD S I : J F S FIXED SIDFS' HINGED SIDES H I NGE D SIDES
H*B/D 336 4 37 311 4 08 21 3 339 182 305
h I..RS 933 1 2 1 3 864 11 3 2 591 941 504 846
1 - 3 n 118 -34 72 118 359 96 324
2 - 3 0 1.18 -34 72 1 18 359 96 324
3 124 598 84 4 76 3 77 692 31 4 709
4 1 8 6 956 124 753 499 1000 413 1000
5 124 5 98 84 4 76 3 77 692 31 4 709
6 313 3 0 3 277 3 69 507 1 7 0 467 360
7 634 1. 0 0 0 54 4 1000 835 646 7 45 886
8 6 34 1 0 0 p 544 10 00 8 35 646 745 886
9 31 3 3 05 277 3 69 507 1. 7 0 467 360
10 242 -374 284 -215 391. -484 4 41 -335 •
11 731 -148 774 1 4 7 820 -376 842 -58
1? 10 00 1 81 999 4 81 10 0 0 -1 82 1 000 183
1 7 731 -1.48 ' 774 1 4 7 82 0 - 3 7 6 842 -58
1 4 242 - 3 7 4 284 -215 391 -4 84 441 -335
13 2 6 -332 1 12 - 3 8 3 1 59 -450 277 -571
1 6 4 06 -7 88 572 - 6 5 6 499 -817 661 -795
17 8 23 -705 1.0 0 0 -4 4 8 7 76 -791 931 -643
1. 8 823 - 7 0 5 1 n 0 0 -448- 776 -791 931 -6 43
1 9 4 0 6 - 7 8 8 5 72 -656 499 -81.7 661 -795
?{) 2 6 -332 112 - 3 8 3 1 59 -450 277 -571
21 -60 48 -20 -95 7 -62 105 -291
22 47 -380 213 - 5 6 6 1 59 -445 35 6 - 7 3 3
2 7 333 -696 611 -770 3 75 -673 619 -873
24 320 -727 8 03 -747 4 73 -700 728 -853
23 353 -696 611 - 7 7 0 3 7 5 -6 73 • 61 9 -873
26 47 -38 0 213 -566 1 59 -445 356 -733
2 7 -60 4 8 -20 -95 7 -62 105 -291
28 -1.8 51 -25 43 -15 4 3 15 -24
29 -35 3 22 -152 6 -48 11 3 -280
3 0 4 6 -198 206 - 4 14 80 - 2 0 8 259 -496
31 1 48 -30 4 3 78 ’-51.0 1 45 -279 36 4 -559
32 1 4 8 - 3 0 4 378 i o 145 - 2 7 9 36 4 -559
33 46 -198 206 -414 8 0 -208 259 -496
3 4 -35 3 22 -152 6 -48 113 -280
3 3 -1 8 51 -25 4 3 -.1 5 4 3 1 5 -24
zkz
T A B L  E jl6
CASE 43?. AMT I SYMMFTP I CALL Y I.OADFI) WALL.
r ipst a nn 3 r cnnn r u c k l i n g m o d e .
RUCK! IMG C O E F F I C I E N T S ,  C R I TI CA L  L O A D S  AMO R E F L E C T I O N  VEC TO RS .
\
F 0 G t 
C 0 N 0 .
FIXE .0 
F I XED
R A S F 
S I DFS
HINGED RASE 
FIXED SIDFS
FIXED BASF 
H I N G F D SIDES
H I NGE 
H INGE
f'J BASF 
D SIDES
H R / D 65 3 6 74 636 65 0 51 7 533 4 83 506
H 1 B S 1 81 3 1 8 7 2 1768 18 0 6 .1 4 3 6 14 81 1341 14 0 5
1 ■1 8 -76 ri 69 -63 -75 -53 -6?
? -1 39 - 1 79 -137 66 - ? ? 2 1 4 -152 4*
3 -81 -1 3 2 -88 63 -1 91 -9 -139 -1 0
4 - 3 ? 1 - 2 ? 6 -29? 16 - 4 0 5 1 51 -7 76 11.3
5 - 3 0 9 136 -22 4 -240 -294 433 -189 341
6 -116 -5? -1 03 -19 - .1 9 7 1.0 9 -1 3 4 97
7 - 3 51 1 ? -278 -.18 9 - 3 71 3 7 0 -240 31 4
8 - 3 8 5 508 -231 -538 -267 B?2 -14 7 698
9 -1 n 6 38 35 -525 126 781 123 70 0
1.0 -83 23 -59 -67 -1.32 159 -76 1 55
1.1 -212 1 9 3 -123 -280 -21.0 4 36 -103 4 09
1 ? -1 n n 677 26 -649 -33 858 61 801
1.3 3 5 9 1000 4 9 3 -717 4 89 1000 4 61 10 0 0
1.4 61 4 4 06 61.1 - .1 5 3 737 4 33 635 559
15 -43 44 -1.8 -68 -71 1 3 9 -27 1 51
16 -83 1. 93 -1 -226 -87 341 1 361
-1-7 41 4 98 1 8 9 -4 31 84 607 186 637
1.8 51 ? ft 3 4 652 -39? 54 7 696 598 79?
19 10 0 0 93 10 0 0' 279 . 1 0 0 0 1 8 7 1.000 431
?o 559 - 711 476 802 68 6 -521 7 66 -265
?1 -20 33 0 -48 -35 87 -4 1.1.1
2? -30 11 5 ' 31 -1 38 -38 1.9 4 29 245
23 3 9 255 1 58 - 2 2 7 50 * 32 0 1 55 397
2 4 287 34 4 4 4? -1. 6 5 299 368 4 3 4 4 80
25 615 13 709 327 622 77 78 3 239
26 3^8 - 71 9 3 38 10 0 0 5 38 -568 794 -431
27 -573 -3 38 -5 25 495 -1 25 -589 1 93 -695
28 -7 12 ? -23 -13 3 3 0 55
29 -1. 3 3 6 1.5 -60 -1.8 65 14 11.4
3 0 0 76 6? -98 1 101 62. 179
31 65 1 17 1 75 -87 68 1.2 8 1.78 227
32 186 51 31 5 95 1 3 6 65 353 154
33 1 68 -213 237 450 221 -1 66 442 -147
3 4 -21.5 -215 -226 395 -1.9 -297 20 3 -43?
3 5 5 185 -31 -333 -109 66 -131 -56
CORRIGENDA
Page 104 The symbol (f> in the right hand side 
of (6.9) and in (6.10) should he 
replaced by the symbol f".
Page 173 The beginning of the second paragraph 
(6th line down) should read: Each row
of the matrix A...
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The structural use of plastics pyramids in double-layer 
space grids
D. ROBAK
Structural Plastics Research Unit, Department of Civil Engineering, University of Surrey
Information is given concerning the use of square based, thin walled pyramids in glass fibre 
reinforced polyester resin as structural components connecting the upper and lower layers of 
doubie-layer flat roof structures. The basic properties of glass-fibre reinforced plastics are first 
briefly examined, methods of construction and forms of pyramid are discussed followed by a 
consideration of the analysis of pyramidal double-layer grid structures. Methods of solution 
are reviewed and approximate formulae quoted for preliminary design. Post-buckling behaviour 
is commented upon and comparison made with experimental data. Finally, practical features 
of interconnection are dealt with and ways of increasing the load carrying capacity are indicated.
While the determination of stresses in the upper and lower layers of a space grid can be based 
on the established methods of analysis of sandwich constructions and of double-layer skeletal 
space grids it is shown that the stress distribution in pyramids can be obtained by superimposing 
two solutions. One corresponds to a simple radial stress distribution in an infinite triangular 
plate, which is combined with a corrective solution so that the two solutions together satisfy 
the boundary conditions.
From the results of experimental work empirical formulae have been developed which predict 
the ultimate load carrying capacity of a thin walled pyramid.
structures either as cores of sandwich panels or 
as webbing of space grids.
Glass fibre reinforced polyester resins 
The composite material termed grp derives 
its strength mainly from the glass fibre reinforce­
ment, the resin serving principally as a matrix 
holding the fibres together and protecting them 
from damage.
The diameter of glass filaments normally used 
is about 0.0004 in and in order to facilitate their 
handling single filaments are bundled together 
into strands, which in turn are formed into 
unidirectional rovings and fabrics. The ultimate
Introduction
A new approach to the use of plastics is needed 
in order to gain full advantage of their poten­
tialities in load bearing structural applications. 
It is inappropriate that they should be considered 
and treated in the same way as metals. Glass 
fibre reinforced polyester resin, often called by 
its abbreviated name g r p , is now generally 
accepted as one of the structural materials of the 
building industry. It is in fact the best known 
structural plastics material, and its properties 
make it very suitable for the construction of thin 
walled pyramids. These can be used as a shear 
resisting medium in double layer flat roof
I
2 PLASTICS P Y R A M I D S  I N  D O U B L E - L A Y E R  SPACE G R ID S
tensile strength of a single filament is about 
500 000 lb/in2 and that of a strand about 
250 000 lb/in2. The ultimate strength of the 
composite material depends on the type of 
reinforcement used and on the resin-glass ratio. 
With a unidirectional reinforcement a figure of 
150 000 lb/in2 in tension can be achieved.
In structural building components the chopped 
strand mat reinforcement is by far the most 
popular. This consists of strands of about 2 in 
length with random orientation, bonded into a 
mat. This type of glass reinforcement is relatively 
cheap and has the advantage of imparting to the 
laminate a uniform strength in every direction. 
The resin-glass ratio in g r p  components 
reinforced with chopped strand mat is usually 2 
to 1 by weight which corresponds to a volumetric 
ratio 4.18 to 1. This gives the specific gravity of 
the composite material equal to about 1.5.
If  a laminate is subjected to unidirectional 
tension the stresses in the glass fibres will depend 
upon their orientation. The fibres parallel to the 
direction of principal tension will be subjected 
to a maximum tensile stress, while the fibres at 
right angles to that direction will shorten, the 
amount of contraction depending upon the 
Poisson’s ratio of the laminate. Denoting by 
Gg the stress in a glass fibre, by ogm its maximum 
value and by v the Poisson’s ratio of the laminate 
the condition of strain compatibility gives:
<jg =  °gm {cos2 (f> — v sin2 <f>) (i)
where is the angle between the direction of the 
applied tension and the fibre.
Since the fibres in a chopped strand mat have 
a random orientation the converted average 
thickness of glass reinforcement parallel to any 
direction is tgjir where tg represents the thickness 
of a glass sheet having the same weight per unit 
area as the chopped strand mat. The tensile load 
carried by the glass fibres per unit width of the 
laminate therefore is :
+ ji/2
N g J a9 cos d^ > (2)
n*“ 2
Substitution of equation (1) into this expression 
and integration gives:
... 2(2—v). ,  y.Ng------------tgOgm (3)3'7T
For Poisson’s ratio v=% this becomes
Ng = 0.354tgGgm
and for agm =  ag uit =  250 000 lb/in2:
N g uit=88 400/0
Since the average thickness of the laminate for 
the 2 to 1 resin-glass ratio is
/* = 5.i8/0
the theoretical ultimate tensile strength of the 
chopped strand laminate, when tension in the 
resin is neglected, is given by:
88400 .
fruit= - ■ 0- =  17 100 lb/in2 5-1.8
The expected value of the Young’s modulus of 
this laminate may be determined from the 
formula:
°-354£«/+4-i8£r 
E l 5^8—  (4)
where Ei, Eg, Er are the Young’s moduli of the 
laminate, glass and resin. For i s ^ i o x i o 6 
lb/in2 and Er =  400 000 lb/in2 this yields:
Ei=  1 010 000 lb/in2
These theoretical values have been obtained 
on the assumption that there is no reduction in 
the bond at the interface of the glass and the 
resin. As tests prove, this assumption is certainly 
not correct. On the other hand, the contribution 
of the resin matrix to the ultimate strength of the 
laminate has not been taken into account.
The actual tests on tensile specimens give the 
values of the ultimate strength varying between 
9 000 lb/in2 and 16 000 lb/in2, results depending 
mainly upon the care and skill with which the 
laminate is fabricated. A commonly accepted 
figure with a normal standard of workmanship 
is 12 500 lb/in2.
Although glass is one of the most chemically 
inert materials, because of the small diameter of 
glass filaments, even a minute degree of surface 
corrosion has a significant effect on the strength 
of the filaments. A humid, corrosive atmosphere 
also reduces the bond between the resin and the 
glass fibres. Until more is known about g r p , it
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is usually assumed that the long term ultimate 
strength of this material, when exposed to 
weather, is only 40 per cent of its initial value. 
No doubt, with the resins of the future and 
better methods of manufacture, the long term 
behaviour of g r p  laminates will be improved. 
With a factor of safety equal to 2 the permissible 
working stress in tension becomes 2 500 lb/in2. 
It is commonly assumed that the permissible 
compressive stress may be taken to be about 10 
per cent higher.
Plastics in structural engineering
In the initial wave of enthusiasm a few years ago 
many all-plastics structures were designed and 
some were built. It is now recognised that apart 
from occasions when it is essential to exclude 
metals, e.g. in housings for radar installations or 
where a special degree of chemical resistance is 
required, for the most efficient structural use 
plastics should be combined with other materials.
An inspection of table 1 makes it clear that 
plastics are by no means incompatible with 
traditional materials and in the last column of the 
table values are given for the expected elonga­
tions of unrestrained specimens when subjected 
to a 25°C temperature rise. The high value of the 
coefficient of thermal expansion of most thermo­
plastics requires a special attention in the design 
of joints with other materials.
Table 1. Typical properties of some building materials
Material
Working Young’s 
stress modulus 
lb/in2 lb/in2
Strain Thermal 
at expansion 
working for 
stress A T = 25°C 
%  %
Typical 
hermoplas ic 900 300 000 0.30 0.18
GRP
chopped
strand
laminate 2 500 900 000 0.28 0.06
Timber 1 200 1 000 000 0.12 0.01
Aluminium
(HE30-WP) 16 000 10 000 000 0.16 0.06
Mild steel 22 000 30 000 000 0.07 0.03
It can be seen from table 1 that the structural 
plastics of interest to the building industry are 
generally weaker and less rigid than metals.
This disadvantage is compensated by the high 
resistance of plastics to corrosive attack and by 
the ease with which structural components in 
plastics can be mass-produced in any desired 
shape. Since nearly all plastics are available in a 
translucent form, these components are capable 
of providing a load bearing structure with 
abundant light transmission.
One of the structural forms, difficult and 
expensive to make in other materials, but easy 
to mould in plastics is a thin walled pyramid. 
A pyramid can be used structurally as a shear 
resisting medium in a double-layer form of 
construction in two ways. The first type of 
application consists in placing pyramids between 
two continuous membranes to which they are 
secured by bonding. In this method of applica­
tion the pyramids form the core of a sandwich 
construction. In the second alternative, instead 
of continuous membranes, two flat grids of 
discrete members are used, pyramids taking the 
part of web members in a double-layer space 
grid. Examples of both types are shown in 
figures 1 and 2.
An important difference between the two 
types is that of scale. A sandwich construction
f—i 1 11_1
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Figure 1.
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would normally have the depth not exceeding 
about 8 in with a maximum span of about 16 ft. 
The constructional depth of a double-layer space 
grid with pyramidal webbing should be in the 
range 2 to 4 ft, which is suitable for spans of 30 
to 80 ft. For sandwich construction a whole 
battery of pyramids may be produced in one 
operation and both thermoplastics and glass- 
reinforced resins can be used for this purpose. 
For larger pyramids of a double-layer space grid, 
g r p  is nearly always preferred.
Pyrimidal forms
Although any polygonal figure may be chosen as 
the base of a pyramid, regular polygons are for 
many reasons the most suitable. Since pyramids 
are to be interconnected so as not to leave any 
gaps, the choice is limited to an equilateral 
triangle, a square and a regular hexagon. It is 
thought that square pyramids would have a 
wider application than the other two and further 
considerations will be mainly concerned with 
pyramids with a square base, although many of 
the conclusions could be adapted for other types.
A regular pyramid is completely defined by
three parameters. These must include the 
number of walls n, and at least one representative 
linear dimension, e.g. the height. The third 
parameter could be chosen either as another 
linear dimension or as a characteristic angular 
measurement, e.g. any one of the angles shown 
in figure 3.
Figure 3.
It is convenient to choose the last two para­
meters as one linear and one angular dimension. 
Then n defines the topology, linear dimension the 
scale and angular dimension the geometry of the 
pyramid.
Similar regular pyramids differ only in size, 
having equal n and all angular measurements. 
Several values of the characteristic angular 
measurements have been calculated for n =3, 4, 
6 and are shown in table 2. For comparison
Table 2
Type of 
pyramid n 2a P v 2 8 /
A t/ 
A  p
Triangular 3
IOI.50 45-0° 26.6° 104.5° 0.85 1.41
75-5° 63-4° 45-0° 78-5° 0.63 2.24
Square
70-5° 45-0° 35-3° 120.0° 0.78 1.41.
4
60.0° 54-7° 45-0° 109.5° 0.67 1-73
Hexagonal g
44-4° 45-0° 40.90 138.6° 0.74 1.41
41.4° 49.10 45-0° 135-6° 0.69 1-53
Cone 00 — 45-0° 45-0° 180.0° 0.71 1.41
purposes a cone is also included. This table
includes two cases, when either the angle of wall 
inclination ^8=45°, or when the angle between 
the inclined corners and the base 7=45°. All the 
pyramids shown in figure 4 have been drawn for
. -O7=45 •
It can be seen that the apparent degree of 
flatness of these pyramids increases with the
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increase of n. This seems to be related to the value 
off=naj7T, which may be defined as the index of 
flatness. For a flat plate / =  1. At the other 
extreme of the range a hollow bar has the index 
of flatness / =  0. The table also gives the ratio 
A t /A p , where A t is the total area of the pyramid 
walls and A p  the plan area of the pyramid.
Square based pyramids in double layer flat 
roof structures
With the exception of the arrangement shown 
in figure 2a the only loads acting on a pyramid 
in a double-layer structure are the forces applied 
at the apex and the forces distributed along the 
base of each triangular wall. If the roof covering 
is omitted, which is possible when the pyramid 
apices point upwards, the pyramid walls will be 
subjected also to transverse snow and wind 
loads. This is not considered here but one may 
mention that, because of the small thickness of 
pyramid walls, membrane type of stresses will 
preponderate over bending stresses. It has been 
found that wall deflections even as large as 10 
times the wall thickness are in no way objec­
tionable.
In theory, a force applied at the apex of a 
point ended pyramid gives rise to infinitely large 
stresses at that point. Although, in practice, a 
local thickening of walls near the apex and some 
yielding of the material will alleviate this stress 
concentration, it is nevertheless advisable to 
truncate the pyramids so that stresses in the 
region of the apex are of magnitude comparable 
with stresses in other parts of the pyramid. 
Another reason for cutting off pyramids below 
their theoretical apex is the necessity to provide 
a sufficient area for joining the pyramid to other 
parts of the roof structure. In sandwich construc­
t s
tion, pyramids are, as a rule, bonded to the 
facings with an adhesive. In a double-layer grid 
structure, on the other hand, grid members are 
usually joined to the pyramid apices by bolting.
As an introduction to the problems involved 
in the stress analysis of double-layer roofs, 
incorporating a core of interconnected pyramids, 
a sandwich panel under transverse loads and 
spanning in one direction will be considered 
first. Because of the moderate size of pyramids 
in a sandwich construction in conjunction with 
the wall thickness, which for practical reasons 
would be not less than about 0.03 in, the pyramids 
may not buckle under the design load and a 
linear method of analysis could be applied. 
A strip parallel to the span direction cut out of 
the panel is shown in figure 5a.
Apex load components acting on a typical 
pyramid of the strip can be seen in figure 5b. 
Taking sections through the valleys adjoining the 
walls a and b and resolving the normal in-plane 
stress components at the junction of two pyramids 
it is found that in the first case the resultant is 
horizontal and in the second case vertical. This 
is shown in figures 5c and 5d. Since the facing is 
relatively flexible in a transverse direction, a 
vertical force which may be balanced by it must 
be very small and it can be concluded that the 
external transverse loads applied to a one-way 
sandwich panel are transferred to the facing 
connected to the pyramid base mainly by the 
walls parallel to the support lines. This conclusion 
has an experimental verification in the results 
obtained by G.C.Wong. ([1], p. 78).
The situation changes radically if instead of a 
continuous lower facing a system of grid members 
is used. A typical example is illustrated by 
figure 5e. Then the proportion in which the
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shearing force is distributed among four walls 
will depend upon the bending stiffness of lower 
grid members in the horizontal and vertical 
planes. It can be expected that under the 
influence of horizontal and vertical resultants 
shown in figures 5c and 5d these members will 
bend slightly and that the absolute values of 
in-plane stress components normal to the lower 
edges of pyramids would increase near the 
corners and decrease near the centre of each wall 
in relation to the stresses which would exist if the 
base was rigidly supported. In the extreme case 
of the grid members with no flexural stiffness at 
all, the reactions to the apex loads will be 
provided by concentrated forces acting at four 
corner points of the base.
These simple considerations neglect the effect 
of such factors as the shearing stresses along the 
lower boundary of the pyramid and the method 
in which pyramids are interconnected. Never­
theless the general conclusion that the boundary 
conditions along the base of a pyramid depend 
upon the elastic properties of the grid members, 
considered as spanning between the corner 
points of the pyramid base, seems to be obvious.
In the analysis of a two way skeletal space grid 
it is often assumed that a mathematical model of 
such a structure may be provided by a square 
grid of torsionally flexible beams of similar 
elastic properties as those of the trusses repre­
sented by these beams. In the case of double­
layer space grids, in which the two layers are 
separated by interconnected square pyramids it 
is convenient to represent by one beam a unit 
composed of a string of pyramids, as shown in 
figure 5a, to which the longitudinal upper and 
lower members of the cross-sectional areas 
appropriate to one modular width, are attached. 
With this method of representation the loads 
acting on a pyramid at the intersection of two 
beams may be diagrammatically represented in 
the manner shown in figure 6, where Q1} Q2, Q3 
are the resultants of reactive forces distributed 
along the lower boundary ABCD due to apex 
loads Px, P2 and P3 respectively.
~Qi+Q,i 2tQ3
Figure 6.
Exact calculations for pin connected, double­
layer, skeletal space grids indicate that generally, 
in addition to the stresses in web members 
induced by a combination of Qx, Q2 and Q3 
reaction constituents, the effect of self equi­
librating forces g 4, shown in figure 6b, is also 
present. The loading condition of the type 
represented by the forces Qx is known in the 
theory of hollow bars as a bimoment. Another 
kind of bimoment may be represented diagram­
matically by the forces Q5.
Z.S.Makowski ([2], p. 77) has proved that for 
two-way space grids of large number of moduli 
the reaction constituent is of little consequence 
for a uniformly distributed load and that the 
beam analogy provides a very good approxima­
tion to the true value of forces in the members 
of these structures.
These considerations can be extended to grids 
containing stressed-skin pyramidal elements by 
assuming that the effect of the bimoments
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represented diagrammaticaUy by the forces <2 4 
and in figure 6b, may be neglected.
Because the wall thickness of plastics pyra­
mids is small in comparison with other dimen­
sions, the bending stresses may be disregarded 
in the pre-buckling range and the analysis 
limited to in-plane stress components. A 
consequence of this assumption is that, in the 
absence of external loads applied to the inclined 
corners of the pyramid, of the three stress 
components oy, oe, rr0 of a plane stress state, 
only or and Tre may be different from zero at the 
inclined boundaries of the pyramid walls.
One of the difficulties in the numerical analysis 
of triangular plates loaded by concentrated 
forces at the vertex is associated with the fact that 
the vertex is a singular point. In trapezoidal 
plates loaded at the narrow end by distributed 
forces these difficulties are less pronounced, but 
due to the vicinity of one boundary to an outside 
singular point such numerical methods as finite 
difference or finite element method are likely to 
lead to inaccurate results. O.C.Zienkiewicz ([3], 
pp. 23-26) describes an approach consisting of 
superimposing on a particular solution given by 
a simple radial stress distribution another 
solution obtained by a finite difference approxi­
mation so that the two solutions combined 
satisfy the boundary conditions. When this 
approach is used, a triangular mesh for finite 
difference calculations with mesh lines parallel to 
the boundaries of the plate is particularly well 
suited. Another method of numerical solution 
consists in representing the general solution in 
the form of a series and in choosing the arbitrary 
constants in such a manner that the assumed 
boundary conditions are approximately satisfied.
Either of these two approaches can be used in 
the determination of stress components in 
square based pyramids of constant wall thickness 
and loaded at the apex. In both cases the solution
for an infinite pyramid loaded by concentrated 
forces V0, H 0, M 0 applied at the apex is treated 
as a primary solution.
Primary solution for a square pyramid loaded by 
concentrated forces applied at the apex'
According to the classical theory of elasticity 
([4], p. 96) the stress distribution in an infinite 
wedge of constant thickness loaded in its plane 
by concentrated forces applied at the vertex is 
given by :
Of —  •
2V  cos 0
K-Jir KJir 
0-0 = 0
Af(cOS 26 —  COS 2a)
K3hr*
2H  sin 0_|_2Msin 2 0
KJir2
(5)
Tro
where oy, oe and rr6 are the stress components 
for the polar co-ordinate system (r, 0) shown in 
figure 7, h is the thickness of the plate and the 
constants Kx, K2, and K s have the values:
^ 4 = 2 0 + 8^ 2a 
K% = 2a — sin 2a 
A3 = sin 2a —2a COS 2a
(5a)
The positive directions of a vertical force V, 
a horizontal force H  and a moment M  are shown 
in figures 8-10. The quantity 2a is measured in 
radians and represents the angle included between 
the two edges of the wedge. For the rectangular 
co-ordinate system shown in figure 7 the follow­
ing relations convert the polar stress components 
into Cartesian stress components:
ax = ar sin2-0+0-0 cos2 6+Tr0 sin 20 
oy = oy cos2 0+0-0 sin2 0—Tr0 sin 20 (6)
rxy — 0.5(°> — ao) sin 20 +  Tj-0 COS 20
The stress components ox, oy, rxy have been
8 PLASTICS P Y R A M I D S  I N  D O U B L E - L A Y E R  SPACE G R ID S
calculated for 2a=6o° and their distribution 
along a line perpendicular to the axis of symmetry 
of the wedge"can be seen in figures 8-10.
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The equations (5) can be used for an approxi­
mate determination of stresses in an infinite 
square pyramid subjected to a concentrated load 
applied at the apex, when the pyramid walls are 
restrained from buckling.
Considering first the simple case of a pyramid 
loaded by a vertical point load V0 applied at the 
apex, the stress distribution in each wall can be 
determined by substituting
V= V 0 COS a  .^'y/cos 2a H = M =  0
into the equations (5). In order to assess the 
degree of approximation of this approach it is 
necessary to consider the displacements. When 
an infinite wedge is subjected to a point load V 
acting in the direction of the axis of symmetry, 
the radial and tangential displacement com­
ponents are given by the expressions:
dj—  — V
d/)=-
hEK\ 
V  
hEKx
[2z cqsJLf (1 — v)6 sin 9]; i2zcm i
[2z  sin 9 —  (1 +  v) sin 9 —  (1 —  v)9 cos 9]
(7)
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where z is the new independent variable defined 
by:
(8)z=ln~a
and d  is any representative length. The deformed 
shape of a part of an infinite wedge, when 
a =30° and the Poisson’s ratio v = |,  is shown in 
figure i i .  It is obvious that, in order to satisfy
Figure ii.
the conditions of continuity at the inclined 
corners of the pyramid, the walls must bend and 
the assumption of a plane'stress distribution 
cannot be strictly correct.
Taking into account the relations (7), purely 
geometrical considerations lead to the following 
expression for the transverse deflection of the 
pyramid wall along the inclined boundaries:
(9)
Assuming that the transverse deflections are 
small and that the effect of in-plane stresses on 
their magnitude may be neglected, the deflection 
function W  would satisfy the equation
V4W= 0 (10)
where V4 is the biharmonic operator, which for 
the independent variables z and 0 has the form :
V4- W - + -\dz2 d62j (II)
The solution must also satisfy the boundary 
conditions (9). When a relative rotation of two
adjacent walls is not possible the solution is:
/'COS 20 — COS 2att/  V0 tan 2a /c
8 KiEh \ cos2 8
- 4  z)  (12)
In this expression the deflection W  is perpen­
dicular to the undeflected wall surface and is 
positive if directed towards the centre of the 
pyramid. Knowing W, the bending stresses can 
be determined. When these are added to the 
in-plane stress components the maximum values 
of combined stress are obtained. The result may 
be written in the general form:
°"max (13)
where a is the stress component determined on 
the assumption of a plane stress distribution and 
C a coefficient. For a =30° and v=% the 
combined radial stress components along the 
centre line of each wall can be obtained by 
substituting into equation (13): C = 0.088 when 
the relative rotation of two adjacent walls is 
prevented and C =  1.768 when the rotations along 
the inclined corners are unrestrained. Along the 
inclined boundaries of each wall the correspond­
ing values of C are 1.225 and 0.817. In both cases 
the maximum stress occurs at the inside face of 
the pyramid walls.
It should be pointed out that these coefficients 
should not be used for other than qualitative 
purposes if the applied load V0 is large. The 
deflections are then no longer small and the 
relation between the load and the deflections 
cannot be assumed to be approximately linear. 
Moreover, the in-plane stresses and therefore 
also the displacements may become significantly 
different from those assumed. Experimental 
evidence indicates that near the top of truncated 
pyramids the bending stresses could be of the 
same order of magnitude as the in-plane stresses 
[5].
When an infinite pyramid is loaded by a 
horizontal force H 0 at its apex, as is shown in 
figure 12a, the stress distribution in the walls a 
and c is symmetrical and in the walls b and d 
antisymmetrical with respect to the axes of 
symmetry of these walls. Both types of stress 
distribution are illustrated by figures 8 and 9. 
The conditions of stress compatibility requires 
that oy should be a single valued function at
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every point of the intersection line of any two 
adjoining walls.
This condition and the conditions of equi­
librium at the apex are satisfied when:
Va=~Vc =
- -H b= H d =
KxHq sin a COS a 
4a—sin 4a 
KrH 0 cos2 a
4a — sm 4a (14)
For the wall a\
2M 0 . .ar — — , -sin 2a COS id
KJir2,
M q . . „Tro =  , . , „ sin 2a Sin 20
KJir2
For the wall d :
(15)
The subscripts a, b, c and d  refer to the walls 
shown in figure 12a. Substituting the expressions
(14) into the first of equations 5 the stress 
components at every point of the pyramid can be 
obtained. The angular co-ordinate 6 in equations
(5) is positive if it is measured in an anticlock­
wise direction from the axis of symmetry of 
each wall. This is indicated by arrows in figure 
12a.
In the case of a horizontal force H 0 acting at 
the top of a truncated pyramid it can be assumed 
that at some distance from the point of applica­
tion of this force the stress distribution is 
approximately the same as that due to a 
horizontal force H 0 and a moment M 0 applied 
at the theoretical apex, as is shown in figure 12b.
Calculations for determining the stress com­
ponents in an infinite pyramid when a concen­
trated moment M 0 is applied at the apex 
(figure 12c) are more involved and only the final 
formulae are given.
2 M 0 . Q
ar=  — COS 2a Sin 20
KJir2
rre =  — r-n (cos 4a — COS 20 COS 2a)KJir2
(16)
where
(sin 4a — 4a cos 4 a ) \/COS 2a
COS a
It may be observed that in this case the shearing 
stresses along the inclined boundaries are no 
longer equal to zero.
Secondary solutions
The actual boundary conditions along the base of 
the pyramid are generally different from those 
given by a primary solution, and it may be 
required to superimpose on the primary solution 
a corrective system of self-equilibrating stresses 
applied along the base of the pyramid. When a
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pyramid is loaded only by a vertical apex force 
the shearing stresses vanish along the two 
inclined edges of each wall and the corrective 
solution should satisfy the boundary conditions:
(°"#)#=±a (Tro)o~±a. 0 (17)
The first o these conditions is satisfied when 
the stress function (f> is of the form:
(f>='£l{a1c[cos (k+  i)a cos (k — i)0
— cos (k — i)a cos (k + i)0]
+ 6 fc[sin (k+  i)a sin (A: —i)0
— sin (k — i)a sin (k+  i)0]}e(k+1)z (18)
where z is defined by equation (8).
For a symmetrical loading case the constants 
6fcmust be equal to zero while an antisymmetrical 
case is obtained by putting ak= 0. The constants 
k  can assume any values. The stress components 
in the polar co-ordinate system are obtained by 
differentiating equation (18) and substituting 
appropriate derivatives into the expressions:
•■ = •-■ (4 2 )
••=•->(349 (19)
dd dzddl
Considering a typical term of the series (18) and 
substituting 0= a into the formulae for the stress 
components derived by means of equations (19) 
results in the following:
(°r)o=a =  2/:e(k_1)2[aA;(cOS 2a +  COS ika)
+  bjc(COS 2a — COS 2&a)]
M e~ a = o (20)
(Tre)o=a = — kQ^~^z[ak{k sin 2a+ sin ika)
+ bjc(k sin 2a — sin 2ka)]
The second of the boundary conditions (17) 
will be satisfied if for a symmetrical case, with 
respect to the axis 0=o, the following relation 
is true:
k sin 2a+ sin 2ka— o (21)
An antisymmetrical case is represented by the 
condition:
k  sin 2a—sin 2ka=o (22)
The equations (21) and (22) are essentially the 
same as those obtained by M.L.Williams and 
quoted by L.S.D.Morley ([6], p. 40). The real 
roots of these equations lead to the basic solution 
given by equations (5). The equations (21) and 
(22) have also an infinite number of complex 
roots of the form
k= p + q i (23)
It can be proved that if the expression (23) is a 
solution of equations (21) or (22) the expressions 
k = p —qi and k = —p ± q i  are also solutions and it 
is therefore sufficient to calculate only positive 
values of p  and q. Denoting by <f>t the value of <f> 
in equation (18) when k= p + q i  and by </>2 the 
value of <f> when k = p —qi and combining the 
two solutions in to :
<^ = C A + C 202 (24)
a real stress function will be obtained, if the 
constants Cx, and C2 are chosen as arbitrary 
conjugate complex numbers. The general form 
of this function for a symmetrical case then 
becomes:
(j>=aQ^+1)z[px cos q(z+ b)+ F 2 sin q{z+b)]
(25)
where a and b are„ arbitrary real constants and 
F1 and F2 are real fuiictions of 6 only. Using the 
abbreviations:
cos (p + 1)6 cos hqd=A  
cos (p —1)0 cos hqO=B 
sin (p + 1 )0 sin hqd= C 
sin (p — 1) 0 sin hqd= D
(26)
and denoting by A 0, B 0, C0, D0 the values of 
these functions for 0= a, the functions F1 and 
F2 may be expressed in the form :
F1= B A 0- A B 0+ D C 0- C D 0 (27) 
F%= DA 0—A D0+ BC0 — CBq
Similar but not identical expressions for Fx 
and F2 can be obtained for an antisymmetrical 
stress distribution.
\
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It can be proved that the positive values of the 
real part p  of the complex root k  lie in the 
intervals
ttYI Tt , -
~ < p < — (ra+0.5)2a 2a (28)
where n = i, 3, 5, 7 for a symmetrical case and 
72 =  2, 4, 6, 8 for an antisymmetrical case.
For a =30° the smallest values o fp  and q are:
P i= 4-0593, qi=  1-9520 (29)
Using the equations (25) and (19), the stress 
components of the corrective secondary solution 
may be obtained. These have the form
o=ae(v-v)z[U cos q(z+b) + V  sin q{z+b)\
(30)
where U and V  are functions of 9 only. It may be 
observed that the expression in the square 
brackets in equation (30) is a periodic function of 
z with the period 27rjq. This means that for any 
particular values of p  and q the ratio of the stress 
components for z = z0+ 77/# and z = z 0 is constant 
along any radial line for any value of z0.
It is found that for 77=4.0593 and q=  1.9520 
this ratio is equal to —137.5 and applies to any 
two points Px and P 2 whose co-ordinates are 
related by: 91= 62 and p x=s.or2. It is seen that 
the effect of this corrective solution dies out as 
the vertex of each wall is approached. An 
example of stress distribution along the radial 
lines 9=o  and 9= a is shown in figure 13a. A 
typical pattern of stress values along a horizontal 
line can be seen in figure 13b.
In a trapezoidal plate the stress distribution 
at the top of the plate may differ from that given 
by equations (5) and a corrective solution could 
be applied also to that case. Substituting 
77=— 4.0593 and # =  — 1.9520 it is found that 
the ratio of stress components for 9X= 92 and 
71 =  0.27*2 is —3437, which means that, with the 
exception of the immediate vicinity of the top of 
the plate, the effect of this self equilibrating 
loading is insignificant. For higher values of n 
in the inequality (28) the damping of stress 
waves becomes even more pronounced and, for 
practical purposes, it is often sufficient to 
consider only the solution corresponding to 
72= 1. By a suitable choice of constants a and b 
in equation (25) the actual boundary conditions
(a)
(b)
Figure 13.
along the base can be expressed with sufficient 
accuracy.
A system of self equilibrating stresses 
distributed along the pyramid base and symmet­
rical with respect to only one vertical plane 
parallel to two sides of the base causes shearing 
stresses to appear along the inclined corners. 
It is found that for such boundary conditions the 
constant k  in equation (18) must satisfy the 
equation:
k  sin 4a— sin 4&a=o (31)
which is of the same type as equation (22). This 
implies that also in this case the effect of the 
secondary solution dies out as the apex is 
approached.
When the wall thickness is not constant a 
recourse to purely numerical methods of 
analysis seems to be necessary.
Bending moments, shearing forces and deflections 
in double-layer structures
It has been explained earlier that for a large 
number of pyramidal units a space grid structure 
may be analysed with sufficient accuracy as a
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grid of torsionally flexible beams. For a 
preliminary design it is often sufficient to know 
only the maximum bending moment and shearing 
force. These can be calculated for a two-way 
grid, simply supported along a square boundary, 
by means of the following approximate formulae:
•Mmax= 0.077 wbl2 
*Smax =  0.3I wbl (32)
where w is the intensity of uniformly distributed 
loading, b the modular width and / the span. 
The maximum moment and shear in these 
formulae are given for the modular width a.
In the final design more accurate values of M  
and S  may be needed at several grid intersection 
points and the finite difference method has 
proved itself to be convenient for this purpose. 
Once the bending moments and shearing forces 
are determined for the two directions parallel to 
the grid lines, the stresses in the upper and lower 
layers as well as apex loads acting on each 
pyramid are found according to the rules of 
elementary statics.
The maximum deflection can be estimated 
fairly accurately by adopting an approach 
commonly used in the design of one-way 
sandwich panels, for which the deflection at the 
centre of a uniformly loaded and simply 
supported span is given by:
M n
bd dtEf Gc (33)
where d  is the effective depth, t the thickness of 
each facing, Ef its Young’s modulus and Gc the 
modulus of rigidity of the core. The second term 
in the square brackets represents the effect of 
shear distortion of the core on the maximum 
deflection.
Observing that in adaptation of equation (33) 
to a double-layer space grid the quantity bt 
would represent the average cross-sectional area 
A  of the grid members and the quantity bGc the 
horizontal apex force Hs causing a unit horizontal 
displacement of the apex, the expression (33) 
may be rewritten:
M-n 5 /2 + -d  \24 dAE Hs (33a)
The quantity Hs, which may be also defined as 
the stiffness factor of the pyramid, can be
determined experimentally or analytically. If the 
grid is simply supported along a rectangular 
boundary, / should be taken as the shorter span.
Square pyramids in the post-buckling stage
Tests on g r p  pyramids of large plan area rein­
forced with a single layer of 2 oz/ft2 chopped 
strand mat demonstrate that the walls of these 
pyramids buckle locally at very moderate loads. 
The ultimate apex load causing failure by 
crushing of the material is in those cases several 
times larger than the load at which buckling 
becomes visible. The post-buckling behaviour of 
plates is one of the more difficult problems in the 
analysis of stressed skin structural components 
and, with the exception of a very few simple cases, 
its complexity defies so far a purely analytical 
treatment.
A recourse to an experiment is usually the 
simplest method of estimating the ultimate load- 
carrying capacity of thin walled elements.
When a pyramid is loaded by a compressive 
force applied at the apex it can be assumed that 
in the final stage this load will be resisted by two 
narrow strips of each wall adjoining the inclined 
corners of the pyramid. It lias been observed that 
these corners remain approximately straight 
almost up to the ultimate load. A similar state 
exists in thin walled prismatic hollow columns 
of a square cross-section for which several 
empirical formulae have been evolved. One of 
the better known ([7], p. 418) is
Puit =  Ch%Eoult) (34)
where P uit is the ultimate load resisted by each 
corner, h the wall thickness, E  the Young’s 
modulus and o-uit the yield stress of the material. 
The coefficient C depends upon the properties of 
the material and upon the width to thickness 
ratio of the column walls. It has been found 
([7], p. 425) that for a wide range of these 
parameters the value of C varies between 0.8 
and 2.0, with the average 1.4. It should be pointed 
out that g r p  specimens tested in tension do not 
exhibit yielding characteristics, and presumably 
this will apply, perhaps to a smaller degree, to 
compression. For this reason alone the results 
obtained by the use of equation (34) must be 
treated with great reservation. Substituting 
E=()oo 000 lb/in2, cruit=  12 500 lb/in2, h = 0.06 
in and C = i.4  into equation (34) results in
Fuit=564lb
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W hen the angle of inclination of the pyramid 
corners is 450 the ultimate vertical apex load is 
found to be
V0 uit = 564\/8 = 1600 lb
The actual breaking load of the pyramid 
shown in figures 14 and 15 was 1900 lb. This 
comparison of the theoretical and experimental 
values is not fully justified, because the corners 
of the pyramid used in the test were chamfered 
with the average thickness over the width of the 
chamfer equal to about 0.1 in and the choice of 
the value of C as 1.4 is somewhat arbitrary. In 
conclusion, one could say that the equation (34) 
in application to g r p  pyramids should not be 
used at present for any other purpose than a 
very approximate estimate of the ultimate load 
in a preliminary design stage.
Since a typical pyramid in a double-layer roof 
structure is generally loaded by a vertical and a 
horizontal force, the question arises how to 
predict the actual factor o f safety from a simple 
test of loading the pyramid by a vertical force 
alone. The simplest approach is to resolve the 
forcesP1,P2,P Z into the components Q {, Q 2, Q.{ 
as is shown in figure 6a and to compare the 
largest compressive force acting along one of 
the corners with the value of this force due to 
the ultimate vertical apex load.
ow
0°LnCO
CY|
Figure 14.
Practical considerations
Because of the scarcity of available information 
on the subject o f thin walled pyramids much 
attention is given to theoretical considerations 
o f a fundamental nature. Practical aspects are 
no less im portant and of these the connection 
details deserve special consideration. Two 
examples are shown in figure 16. The grid 
members at the apex level are metal tubes 
flattened at intersection points and connected 
to each pyramid by a single bolt (figure 16a). At 
the base a square metal frame is bonded to the
g r p  flanges and forms an integral part of the 
pyramidal unit. These units are interconnected 
by bolts passing through a cruciform connector 
whose main purpose is to preserve the continuity 
of the grid consisting principally o f the metal 
frame (figure 16b).
Bolting is often criticised as no t the best 
m ethod of connecting plastics components. An 
alternative is offered by adhesives bu t these are 
not suitable for site work which for many 
reasons should involve only ‘dry’ processes. 
Adhesives come into their own in the factory 
work and could be used, e.g. in producing large
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pyramids out of flat sheets and special corner 
sections.
The load carrying capacity of g r p  pyramids is 
considerably increased if certain portions of the 
pyramid are thickened. For example, a 4 in 
wide strip of chopped strand mat added to each 
corner of the pyramid seen in figure 14 has 
increased the ultimate load from about 2000 lb 
to over 5000 lb. The test apparatus is shown in 
figure 15 and a full size test structure may be seen
Figure 16.
in figure 17. The areas of stress concentrations 
near the apex and at four corners could be easily 
strengthened to any required degree.
Pyramids may also be strengthened by 
introduction of corrugations in the form of 
shallow grooves in a flat wall surface or by 
addition of stiffening ribs. An interesting example 
of the latter method is provided by aluminium 
pyramids used in the 1961 I.U.A. congress 
building ([8], p. 323).
Conclusions
Some of the theoretical and practical problems 
associated with the use of plastics pyramids in 
roof structures have been described. The subject, 
however, is by no means exhausted. A thin 
walled pyramid is only one example of a much 
wider group of structural elements that can be 
made from flat triangular sheets.
Whether this is the most suitable form for use 
with plastics, as yet, cannot be decided. Because 
of the low Young’s modulus, a thin plastics sheet 
under transverse loads carries these loads by a 
membrane action to a greater extent than would 
be the case with a similar sheet made of a more 
rigid material. Since the membrane stresses in this 
case are tensile, there may be some advantage in 
using fiat sheets in preference to sheets formed 
into an anticlastic surface in which one of the 
principal membrane stresses is always com­
pressive. Although a thin flat sheet is relatively 
flexible, the overall stiffness of the structure 
containing sheet elements need not be signifi­
cantly impaired and can be achieved by a choice 
of a naturally rigid structural form.
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Recent developments in plastics stressed-skin pyramidal 
roof systems
R. C. Gilkie, b sc , b e(civil), m e(civil), ameic and D. Robak, d ip l in g
The system of flat and barrel-vault roof systems, in which thin-walled plastics 
pyramids are used as structural components, is an adaptation of double-layer space 
grids, and is suitable for flat roofs of spans up to 60 ft; larger spans are possible with 
the barrel-vault form. A theoretical study followed by a variety of tests has led to 
reliable approximate methods of analysis which confirm the wide scope for the use 
of thermoplastics and glass-reinforced polyester resins. Composite structures of 
plastics and metals may also have promise.
1 Introduction
New materials create new architectural and structural 
forms. This is even more true of plastics than of 
other materials, since the good surface finish and ade­
quate weather resistance of plastics components 
allows their incorporation into finished structures 
without any additional treatment. Plastics can be 
easily formed into intricate shapes dictated by structural 
requirements, which often is not practicable in metals 
or timber. The post-war trend of giving an architectural 
meaning to the structural concept has gained in 
plastics a new and exciting medium.
This paper is concerned with the investigation and 
development of an adaptation of double-layer grid 
structures, in which thin-walled plastics pyramids are 
employed as load-bearing elements. The pyramids, 
which are either square or hexagonal in plan, are 
suitable for both flat roofs and roofs of single curvature, 
and can be made of rigid pvc or glass-fibre-reinforced 
polyester resin.
Two distinct arrangements are possible. In one the 
apexes of the pyramids point downwards, in the 
other upwards. In the first case a continuous top deck 
is necessary to drain the roof, while in the second 
arrangement a lattice of tubular members connected 
to the apexes may often be found sufficient, since valleys 
formed by the interconnected edges of the pyramids 
can be used as the drainage channels.
2 The case for pyramidal systems 
In double-layer space grids of the skeletal type, which 
as a rule are of steel or aluminium, the upper and lower 
members resist bending moments while the inclined 
members take the shear. When these structures are 
simply supported at the edges, the maximum force due 
to bending is usually several times larger than the force 
in the most severely stressed inclined member. A 
comparison can be made with a sandwich panel, where 
a relatively weak core is adequate to ensure the com­
posite action of the two skins. This analogy indicates 
that the latticework of inclined members in a skeletal 
grid can be substituted by a stressed-skin system of
T
FIG 1
pyramids made of a material of lower modulus of elast­
icity without impairing the structural efficiency of 
the system.
■ I
FIG 2
F ig u r e s  1 and 2 illustrate two basic variations for 
square-based pyramids. A model of a roof constructed 
with hexagonal pyramids is shown in f ig u r e  3. 
If a top deck is provided, the draught-free air space 
between the pyramids and the deck would improve
M r. Gilkie and M r. Robak are in the Department o f  Civil Engineering, Battersea C ollege o f  Technology.
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FIG 3
the thermal-insulation properties of the roof. Viewed 
from below, the pyramids present a soffit of interesting 
three-dimensional pattern (f ig  4).
The wide interest in stressed-sheet space grid systems 
is largely due to the researches of Professor Z. S. 
Makowski, whose original work influenced to a great 
extent the recent developments of the pyramidal 
systems 1>2.
Working in 1958 on double-layer grids, Professor 
Makowski carried out a series of tests on skeletal 
pyramids loaded by concentrated loads applied at the 
apex. As expected, the pyramids failed by buckling 
of the compression members acting as struts. Similar 
tests carried out by him on pyramids of the same 
over-all dimensions, built up from thin sheets of the 
same total weight as the component tubular members in 
the skeleton pyramid, proved that their load-carrying 
capacities were considerably higher.
3 Theoretical considerations
The question of stress distribution in thin-walled 
pyramidal units presents an extremely difficult theor­
etical problem. As yet, even with the help of simplifying 
assumptions, it has not been possible to produce 
design formulae of general application.
Nevertheless, some theoretical considerations are 
helpful in interpreting and extrapolating the experi­
mental results. On the assumption that only plane 
stresses exist in the pyramid walls, and from known 
boundary conditions, the stress pattern was determined 
by the finite-difference method. A triangular net 
containing 36 internal points was used for finding the 
stress function values, from which the required stresses 
were determined. Two examples are shown in f ig u r e  
5.
It has been found that the stresses in the immediate 
vicinity of the apex are mainly dependent on the load 
applied at the top of the pyramid, and to a much smaller 
extent on the support conditions. In a square pyramid 
extending to infinity and loaded by a concentrated 
force applied at the apex, a state known in the theory 
of elasticity as simple radial stress distribution3 is 
compatible with the assumption o f negligible trans­
verse stiffness of the walls. It has been found by the 
authors that, according to this theory, a horizontal
p, lb /in 2
60*6 0 '
0 .5 0 s0 .5 0 p
0 .8 6 6 s
0 .4 6 8 p
4 a
fig 5 Middle-plane stress distribution in trapezoidal plates by finite-difference method
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force H  at apex is distributed between the walls 
facing the force and the walls parallel to it in the 
ratio
H  ' sin2a 2a -f- sin 2a
H "  cos2a *  2a — sin 2a
where 2a is the angle contained between two adjacent 
corners at the top of the pyramid, and H = H '  +  H " . 
These are shown in f i g u r e  6  with their values 
calculated for 2a = 60°. If the pyramid is truncated 
at the top, in addition to radial stresses tangential 
stresses appear, with the effect that a higher proportion 
of the horizontal external force is resisted by the walls 
parallel to the line of application of this force.
2 a =60'
0.1 IH 0 .5 H ' = 0 .39H0 .3 9 H
0 .5H " = 0 .11H
fig 6 Stress resultants at apex of a horizontally loaded square 
pyramid
In the investigation of rectangular thin-walled 
tubes loaded in compression, the so-called effective 
corner width is a useful notion. By dividing the 
actual compressive force acting along each corner by 
the maximum compressive stress, we obtain the 
effective area, which is the product of the effective 
width and the wall thickness. The experimental values 
of the effective corner width are compared in f i  g  u r e  7 
with results obtained from the formula
w = 0-95t^ /E /fc 
where w is the effective width of one arm of the corner
300
P = 0 .3 5 4 V
45‘
6 0 ‘
200
w =0.95
>‘
100
+  EXPERIMENTAL RESULTS 
AT A AND B
100 200 600300 400 500
COMPRESSIVE STRESS fc, lb/in.2 
f i g  7 Effective corner width in square pyramid model
fig 8 Two-way grid as analytical model of double-layer space 
grid
strut, t is the thickness, E  is the modulus of elasticity 
and f c is the compressive stress. The value of E  has been 
assumed to be 400000 lb/in2. The above empirical 
formula has been evolved for infinitely long metal 
sections, but has been suggested by A. S. Heyser as 
also suitable for reinforced plastics.4 This approach 
allows the use of design assumptions and methods of 
analysis which have been developed for skeletal space 
structures. In double-layer grids the bending moments 
and shearing forces can be determined with sufficient 
accuracy by the adoption of an analytical model of 
elastically equivalent intersecting beams, coinciding 
with the grid lines of the pyramidal network ( f i g  8). 
For a two-way square grid simply supported on un­
yielding supports at the boundaries, the following 
approximate formulae for maximum bending moment 
and shearing force at the support may be used:
M  =  0-077 waL2 
S  =  0-31 waL 
where w is the intensity of a uniformly distributed 
surface loading, a is the module of the grid and L  is 
its span. Values of M  and S  are given for the modular 
width a. These formulae are not sufficiently accurate 
if the ratio of L/a is less than 8. For other outlines and 
different support conditions the finite-difference method 
may again prove a useful tool of the numerical analysis.
This method is particularly suitable when the number 
of pyramids is'large. For a 10 X 10 grid the maximum 
values of bending moments and shearing forces 
calculated by the finite-difference method differ by only 
about 0-5 per cent from those determined by the more 
exact link-force approach. Once the bending moments 
acting in two orthogonal planes are known at each 
point of the grid, the forces in the top and bottom 
layers can be obtained simply by dividing the moments 
by the effective depth of the grid.
The forces in the inclined members are found from 
the condition of vertical equilibrium of each joint of
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the grid by treating the shearing forces Sx  and S Y, 
acting in two orthogonal planes, as external loads 
applied at the joint. Such a simplifying approach is 
based on the assumptions that transverse stiffness of 
the upper and lower layers is small in comparison with 
the stiffness of the grid, that the shear deformations are 
negligible, and that the forces in the members are not 
influenced by the elastic properties of the various 
components of the structure to any significant degree. 
Exact analyses for several typical examples have proved 
that these assumptions are sufficiently accurate for 
practical purposes for all grids with a large number of 
modular units.
The approximate maximum deflection of a simply 
supported two-way space grid under uniformly dis­
tributed loading can be expressed by the formula
y = M  [ 0-107 — (Kt +  Kb) +  rKt
h 2
where M  is the bending moment per modular width 
at the centre, L  is the span and h is the effective depth 
of the grid. KT, KB and Kj represent the elastic properties 
of the top, bottom and inclined members respectively 
and are calculated from the relation
K =  —
AE
where A  is the cross-sectional area and E  is the elastic 
modulus. The value of the coefficient r depends upon 
the angle y contained between the inclined members 
and a horizontal plane, thus
r= -y/2  cosec y cosec 2y 
For y = 45°, r is equal to 2-0.
In the formula for y  the last term in the square 
brackets represents the contribution of shearing 
forces to the total deflection. Their effect is usually small.
4 Experimental apparatus, results and discussion
As a preliminary step in the development of pyramidal 
roof systems a number of tests were carried out on 
square and hexagonal pyramids.
The model of a square pyramid was made from 
Perspex and consisted of four trapezoidal sheets, 
•jk in thick. These were cemented together along the 
inclined edges, with a |-in-thick capping piece at the 
top and a stiffening frame at the base. Four ball 
bearings, one at each corner of the base, provided the
0 .0 6 2  in.
.5 in.
7 .2 5  in. 7 .25  in.
'I-
in
fig 9 Perspex model of square pyramid
supports. Details of this model are shown in f i g u r e  9. 
Stresses were measured by means of electrical-resis- 
tance strain gauges.
It has been found that under small vertical loading 
applied at the apex, the axial stress distribution is in 
good agreement with the theoretical results of a plane 
stress solution. This is based on the assumption that 
all four walls carry equal shares of the apex load and 
that at inclined boundaries of the walls only normal 
stresses, parallel to these boundaries, can exist.
As the vertical load increases, bowing of the central 
portion causes the compressive stresses along the 
corners to increase at a faster rate than the load.
F ig u r e  10 indicates th a t the axial com pressive 
stresses along  the cen tral line o f  the  pyram id  wall
10.0
/, OUTSIDE— 
//FACE I INSI DE­
FACEINSIDEFACE
6.06.0
-  V=6I.4 lbs V= 3 0 7  lbs ,4.04.0
202.0
COMPRESSION TENSIONCOMPRESSION TENSION
-80-120 -40 40 -1000 -800 -600 -400 -200 0 200 400
fv, .  Ib /in 2 fy, lb /in2
fig 10 Experimental stresses/^  in square pyramid model under vertical apex load
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f i g 11 Variation of f y  at point M  under vertical apex load
increase at a diminishing rate, except at the apex, 
where the rate remains constant. It can also be seen that 
some significant bending stresses appear in the central 
zone. At the apex they can reach quite high values and 
a careful detailing of the connexion of horizontal grid 
members with the apex of the pyramid is very important 
( f i g  11). It is interesting that these stresses are not 
caused by the truncation of the pyramid, and at 
least one investigator has found that they also appear 
in point-ended pyramids.5 The transverse bending 
stresses in the middle part of the walls ( f i g  1 2 )  are
2 .6  irri 
3 .9  in . '
6 .5  in . ,60°
INSIDE AVERAGE |^-OUTSIDE 
f -  FACE
/
-400 -200 0 200
fx, lb /in 2
f i g 12 Variation of f x  at point N  under vertical apex load
less serious. Tests to destruction on pyramids 2 ft 6 in 
square, vacuum moulded from 0-15-in-thick pvc 
sheet, indicate that these pyramids always fail either
by local buckling at apex or by crushing of the material 
at the inclined corners ( f i g  13).
The hexagonal pyramids were constructed from 
chopped-strand glass mat bonded by polyester resin, 
and they were formed by the hand-lay-up (contact) 
process. The resin/glass ratio was approximately 
75:25. The average skin thickness was 0-070 in (approx­
imately ik in), but the hand-lay-up process gave a 
wide variation in thickness, with a standard deviation 
of 0-0095 in within a single pyramid. This variation 
made experimental stress analysis impossible and the 
tests were limited to deformation studies of • the 
structures.
Loads were applied both horizontally and vertically 
to the apexes of complete and reduced pyramids, 
shown in f i g u r e  14. The latter form was obtained by 
removing the centre triangular sections of the plate 
portions of the complete pyramid along a line 3 in 
away from, and parallel to, the pyramid edges.
3  Vz 
in.
Zin.
FIG 13
f i g  14 Dimensions of hexagonal pyramids: upper diagram 
complete pyramid, lower diagram reduced pyramids
Two types of support conditions were employed: 
complete fixity around the base and simple support 
on roller bearings at the six corners of the hexagon.
These tests showed that the deflection properties 
of the reduced and complete pyramids were very 
similar up to the maximum test loading of 500 lb 
(38 lb/ft2 on a 13-13-ft2 plan area).
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Comparisons of the apex deformations for the 
complete and reduced pyramids with rigidly fixed 
bases, and under vertical and horizontal loading, 
are shown in f i g u r e s  15 and 16.
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f i g  15 Comparisons of apex deflections under vertical load
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f i g  16 Comparisons of apex deflections under horizontal load
At very low loads the centres of the triangular 
sides of the complete pyramid began to deflect, and the 
compression faces were in the range of post-buckling 
behaviour at 500 lb for both the vertical and horizontal 
loading cases. The junctions of adjacent sides, however, 
remained virtually straight. These deflection properties 
are in agreement with the type of stress distribution 
found in square pyramid tests, and confirm that the 
direct compressive forces are found mainly in the 
region of the junctions, with bending predominant in 
the central regions of the triangular sides.
The simply supported pyramids under vertical 
load gave the same range of deflection ratios of the 
complete and reduced forms, while giving approxi­
mately three times the total vertical deflections due to 
the change in geometry with extension of the tension 
members.
Ultimate load tests on pyramids with fixed bases 
showed the importance of the deflected centre portions 
of the sides as stiffening agents for the junctions. 
The reduced pyramid failed at a load of 800 lb. The 
complete pyramid, on the other hand, failed at a load 
of 2500 lb. In both cases failure occurred at the 
junction of the sides, halfway between the base and 
the apex. It was of a local nature and took the form of 
buckling of the corner with subsequent crushing of 
the reinforced polyester. On reloading, the pyramid 
failed in the same location at 2400 lb.
From these tests it was decided that some type of 
strut approximation could be used to predict the 
behaviour of these pyramids in larger structures. 
Assuming an equivalent strut structure, equivalent 
areas were calculated from the load/deflection data
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f i g  17 Variation of effective strut areas with load, as determined 
from experimental results
of the tests. The results are shown in f i g u r e  17. 
An effective width of compression strut was then 
calculated in the following manner. Referring to 
f i g u r e  18, the shaded area was expressed in terms of 
the pyramid dimensions and the unknown quantity 
hb thus
T 2H  Dhb-A shaded  £ ,0 4/
This was then multiplied by the laminate thickness t to 
give an effective volume of strut, which was in turn 
divided by the length of the junction forming the 
diagonal to give an expression of effective area, thus
Aef = t (A shaded)D [  1 - (H t /H )]
As A eff is known from the deflection properties, it is 
possible to find ba since
bd =  hd—hb
f i g  18 Dimensions for calculation of effective strut width
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The similarly derived expression for the effective 
area of the tension strut is
[ I  3/i,2'
A ' , { -  t z  +  v -  —
H
where bt,=  — ■ hr.
The ranae of effective strut widths is shown in f i g u r e
19.
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f i g  19 Effective strut widths for complete pyramid under 
vertical load
5 Loads and permissible stresses
It has been already mentioned that the pyramids could 
be made of glass-reinforced polyester or of thermo­
plastic materials. In the latter case their behaviour 
under a sustained load and at elevated temperature has 
to be considered. In this country, roofs are designed 
for a snow load of 15 lb/ft2 and a wind load of which the 
intensity depends upon the location. Since the snow 
load is unlikely to act in combination with a tem­
perature higher than the room temperature, it is 
suggested that the permissible working stresses in 
thermoplastics for the combination of dead load and 
snow load should be based on the maximum ambient 
temperature of 20°C. The dead load alone is unlikely 
to exceed one-third of the total design load, and the 
condition of reduced working stresses at highest 
summer temperatures will be automatically more than 
satisfied.
Reduction of working stresses at higher temperatures 
is nothing new to structural engineers. It is a common 
design practice in timber structures. Russian regu­
lations, for example, prohibit the use of timber alto­
gether at the ambient temperature of 50°C.
Wind load is generally not critical. It is of transient 
character and, since it acts in the opposite direction 
to that of the dead load, its total effect on flat roofs of 
low-rise buildings is usually small.
6  Jointing
Recent progress in the use of adhesives and solvent 
cements allows prefabrication of large units without 
visible joints. There are, however, instances, for 
example site connexions, when adhesives by themselves 
are, as yet, not always suitable. Bolting is often used, 
although it is realized that this type of connexion in its 
present form has some disadvantages.
In structural steelwork, friction-grip bolts have been 
used for some years. The steel components are drawn 
together by tensioning the bolts to a stress approaching 
the yield point, and the relative movement of two 
mating surfaces is prevented rather by frictional 
resistance than by shearing or bearing strength of the 
bolts.
It is thought that modifications of this idea could 
be employed for plastics. Metal washers of large 
area should be preferably bonded to an underlay of 
thin rubber to alleviate stress concentration. This type 
of joint can incorporate suitable resilient, gap-filling 
adhesive. A detail of a similar joint is shown in f i g u r e
20. It is used for connecting the lower gridwork of 
steel bars to the plastics pyramids in a flat roof struc­
ture.
HIGH STRENGTH 
STEEL BOLT
PLASTICS
PYRAMID
RUBBER PACKING 
PRE-BONDED TO 
METAL METAL CASTING
BOTTOM TIE
f i g  20 Suggested detail of site connexion at apex of pyramid
7 Case for composite structures
The remarkable structural affinity between synthetic 
resins and various reinforcing fibres is well known and 
widely used. On the other hand, the behaviour of 
plastics when they are combined with other materials 
into a single structure has received less attention, 
although the principle of making the best use of 
available materials often favours a composite type of 
structure. Taking as an example a two-way grid, in 
which plastics pyramids are used, there is a good case 
for using metal ties to take the concentrated tensile 
forces of the bottom layer. This arrangement has also 
the advantage that, in the case of partial collapse 
of the roof-covering due to fire, the metal ties will 
allow the structure to stand for a considerable time. 
The top deck could be of plastics sandwich panels, or of 
any other material and construction meeting func­
tional and structural requirements as well as economic 
ones.
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Good design and careful execution can overcome the 
difficulties connected with differential thermal ex­
pansion. In the pyramidal roof systems the discon­
tinuity at the base lines of the pyramids helps to contain 
thermal deformations within these limits and to 
avoid the danger of build-up of thermal stresses.
When plastics are used in combination with other 
materials in the same structure it is important that 
these materials reach the working stress level before 
plastics components are overstressed, t a b l e  1 
shows that, at the same strain level, the stress in plastics 
is a smaller proportion of the permissible working 
stress than is the case with other building materials. 
At ultimate load, the deformations of all ductile 
materials, including most plastics, could be practically 
of any magnitude consistent with the structural 
continuity. These considerations lead the authors to 
the conclusion that metal components could be usefully 
employed in plastics structures both as reinforcing and 
as principal load-bearing elements.
The last column of t a b l e  1 shows the expected 
elongations of completely unrestrained specimens 
when they are subjected to a rise of temperature of 
25 deg C.
Table 1 Typical properties of some building materials
MATERIAL W ORKING ELASTIC STRAIN AT THERMAL
STRESS MODULUS W ORKING EXPANSION
lb/in2 lb/in2
STRESS
°//o
FOR
A T =
25 degC
°//oTypical
thermoplastic 1000 400000 0-25 018
GRPchopped- 
strand laminate 2500 1000000 0-25 0-04
Timber 1200 1000000 0-12 001
Aluminium 16000 10000000 0-16 006
Mild steel 22000 30000000 0-07 0-03
8 General appreciation of the system
Unreinforced thermoplastics pyramids are at present 
suitable for spans up to 30 ft. They can be easily and 
cheaply formed from flat sheets by vacuum-moulding 
techniques, and the minimum convenient size would 
be about 2x 2 ft in plan. Rigid pvc may show a 
tendency to demould at direct-sunlight temperatures, 
but since the pyramids in a flat roof structure are in the 
shade this danger is remote, even under stressed con­
ditions. Moreover, copolymers of pvc and other 
thermoplastics are available which have the property of 
a higher demoulding temperature or possess better 
moulding characteristics than pvc, while retaining its 
good weathering properties and fire resistance. Larger 
spans require stronger materials, and G R P  or rein­
forced pvc is the obvious choice. Spans of up to 60 ft 
and possibly more are feasible and the pyramids should 
be correspondingly larger.
If the demand justified the outlay on tooling, 
matched-metal-die moulding is one of the processes 
suitable for factory-type production. As plastics are 
particularly amenable to prefabrication, the industrial­
ized technique could be advanced a stage further by 
having large units, covering about 100-  150 ft2 of 
roof area, completed in every respect in the factory, 
so that the site work could be limited to joining these 
units together.
f i g  2 1
The role of pyramids in barrel vaults depends on the 
span. In short spans they assist the tubular metal 
skeleton to carry the external loads to the foundations. 
In large spans, when the buckling criteria become an 
important design consideration, their main structural 
purpose is to provide transverse stiffness. In both cases 
they also form an attractive, translucent covering.
A good example of a recently built plastics barrel 
vault, consisting of prefabricated glass-reinforced- 
plastics units of hexagonal base, is shown inFiGURE21. 
This structure covers a swimming pool at Mill Hill, 
near London, and is 25 ft in width and 48 ft in length. 
Its light transmission is over 80 per cent. The plastics 
pyramidal units are bolted together along their mating 
flanges and tied at their apexes by light aluminium 
tubes, forming on the surface a three-way grid.
9 Potentialities
The development work on pyramidal roof systems is 
in the early stages and only the most obvious ideas are 
being investigated.
The remarkable degree of rigidity of the pyramidal 
form can be further increased by introducing radial 
corrugations running from the apex downwards. 
This would result in more economical use of material. 
If  such pyramids were to be made of thermoplastic 
materials, they could be shaped from conoidal blanks 
formed from thin sheets by welding or cementing two 
edges along a generatrix.
Another possibility is to join two tiers of pyramids 
along a horizontal plane, fill the upper spaces with 
cellular plastics and cover it with a thin layer of 
reinforced structural screed.
Although a square and a hexagon are two basic 
shapes, other forms could be derived from them. By 
chamfering the corners of a square pyramid we obtain
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an octagonal pyramid. It is also possible to have pyra­
mids which are square in plan at the base and octagonal 
or circular at the apex.
Some of the possibilities are shown in f i g u r e s  22 
and 23.
fig 22 Some pyramidal forms
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fig 23 Double tier roof
10 Conclusions
The future of plastics in building depends on close 
co-operation of plastics technologists, structural 
designers, architects and building contractors. New 
structural forms are being devised so that special 
properties of plastics and their potentialities are 
properly utilized. In this paper a roof system employing 
plastics pyramids has been described. Other research 
workers throughout the world are investigating other 
structural forms. Exchange of information would be 
stimulating to thought and conducive to progress.
Plastics are bound to enrich the variety of our 
man-made environment, and judging from the acceler­
ating rate of progress in the structural field noticeable 
changes should take place in the building industry in 
the course of the next few years.
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